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Abstract 

Recently, developments in the understanding of low-energy N — 1 supersymmetric gauge 
theory have revealed two important phenomena: the appearance of new four-dimensional 
superconformal field theories and a non-Abelian generalization of electric-magnetic duality 
at the IR fixed point. This report is a pedagogical introduction to these phenomena. After 
presenting some necessary background material, a detailed introduction to the low-energy 
non-perturbative dynamics of iV = 1 supersymmetric SU{Nc) QCD is given. The emergence 
of new four-dimensional superconformal field theories and non-Abelian duality is explained. 
New non-perturbative phenomena in supersymmetric SO{Nc) and Sp{Nc = 2nc) gauge theo- 
ries, such as the two inequivalcnt branches, oblique confinement and electric-magnetic-dyonic 
triality, are presented. Finally, some new features of these four-dimensional superconformal 
field theories are exhibited: the universal operator product expansion, evidence for a pos- 
sible c-theorem in four dimensions and the critical behaviour of anomalous currents. The 
concluding remarks contain a brief history of electric-magnetic duality and a discussion on 
the possible applications of duality to ordinary QCD. 
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1 Introduction 



During the past several years there has been a great progress in understanding the non-perturbative 
dynamics of supersymmetric gauge theories. The breakthrough has been made in two aspects. 
One is in = 2 supersymmetric gauge theories pioneered by Seiberg and Witten |jl], |2|. Based 
on the low energy effective action obtained by Seiberg earlier from the non-perturbative f3 func- 
tion analysis Q, which has now been verified up to at most two derivatives and not more than 
four-fermion coupling by various calculation methods @, ^, |6|, Seiberg and Witten found that 
in the Coulomb phase N = 2 supersymmetric Yang-Mills theory can admit a self-dual electric- 
magnetic duality. This kind of duality was originally proposed by Montonen and Olive Q and 
previously it was believed that it could only exist in an = 4 supersymmetric Yang-Mills theory 
1^. Furthermore, with this duality Seiberg and Witten explicitly showed that the confinement 
mechanism is indeed provided by the condensation of magnetic monopoles and justified in su- 



persymmetric gauge theory the original conjecture by 't Hooft and Mandelstam 10 1. In the 
presence of = 2 matter multiplets, they also showed that the chiral symmetry breaking is 
driven by the condensation of magnetic monopoles. 

Another direction in which progress has been made is A'^ = 1 supersymmetric gauge theory, 
mainly based on ideas by Seiberg. From an analysis of the quantum moduli space, a series 
of exact results has been obtained in A'^ = 1 supersymmetric gauge theory, and an almost 
complete phase diagram of A^ = 1 supersymmetric gauge theory including the dynamical features 
and the particle spectrum in each phase has been wor ked out in|, H, m, Ill, In 
particular, Seiberg found that the electric- magnetic duality can also exist in the IR fix point 
of A^ = 1 supersymmetric gauge theory, where the theory is described by an interacting four- 
dimensional superconformal field theory. This report concentrates on these new four-dimensional 
superconformal field theories and A^ = 1 duality. 

It is not accidental that so many non-perturbative results can be obtained in supersymmetric 
gauge theories. Supersymmetric quantum field theory is much more tractable than usual quan- 
tum field theory. One of the most remarkable characteristics of supersymmetric gauge theory is 
the non-renormalization theorem |17, |l^, |l^, which claims that an interaction vertex of a su- 



persymmetric gauge theory is not spoiled by quantum corrections. If the theory is expressed in 
superfield form, this immediately implies that the classical superpotential withstands quantum 
corrections and thus remains holomorphic. This property imposes a very strict constraint on 
the form of the interaction vertex at the quantum level. 

In addition, there is another direct consequence of the non-renormalization theorem. Since 
the vertex receives no quantum corrections, one can always define the vertex renormalization 
constant to be one. Thus the renormalization of the coupling constants is only related to the wave 
function renormalization constants. This means that the beta function of the theory depends 
only on the anomalous dimensions of the fields. In supersymmetric gauge theory with gauge 
group G and Nf species of matter field in the representation Tj {i = 1,2, ■ ■ ■,Nf), this fact is 
quantitatively manifested in the NSVZ (Novikov-Shifman-Vainshtein-Zakharov) beta function 



©HI: 



^(NSVZ). ^ ^ ff3 3T(G)dimG-E£im)[l-7^] 

' 167r2 l-T(G)52/(87r2) ' ^ ' 

where ■ji are the anomalous dimensions of the matter fields, and the group invariants T(G) and 
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T(i?) are defined as follows: 



Ti jiiT^T^) = T{R)6°'\ T{G) = T{R = adjoint representation). (1.2) 

The explicit form of this beta function provides a possibility to determine the non-trivial IR 
fixed points. It should be emphasized that the NSVZ beta function ( |1.1D is a non-perturbative 
result and is valid to all orders. Furthermore, recalling that there exists a direct connection 
between the trace anomaly and the beta function, for example in a pure Yang-Mills theory 

m 
25 



0^ = ^F,,F^\ (1.3) 



one can see that at fixed points, the trace anomaly vanishes and hence conformal symmetry 
emerges since 9^^^ is the measure of quantum conformal symmetry |23]. Therefore, an interacting 



super conformal field theory can arise at the IR fixed point. The NSVZ beta function says that 
for an asymptotically free supersymmetric gauge theory, such an IR fixed point must exist. 

The origin of the non-renormalization theorem lies in the super symmetry, which ensures 
the cancellation of quantum fluctuations from the bosonic and fermionic modes, since in a 
supersymmetric field theory the same number of bosonic and fermionic degrees of freedom 
occur in a supermultiplet, and they contribute to a virtual process with the same amplitude 
but with opposite sign. The basic building blocks of a quantum field theory are the Green 
functions. As manifested in the Green functions supersymmetry, just like a usual local internal 
symmetry, leads to relations between various Green functions, which take the form of Ward- 
Takahashi (WT) identities. With the assumption that the supersymmetry is not spontaneously 
broken, these WT identities impose strong constraints on the form of the Green functions. For 
example, the chiral supersymmetric WT identities not only determine that the Green function 
of the lowest component field in a chiral multiplet is space-time independent, but also, together 
with the internal symmetries, renormalization group invariance and other physical requirements, 
specify the explicit dependence of the Green functions on the parameters of the theory such as 



masses and coupling constants 25]. This is another important reason why supersymmetric 
gauge theories are under better control. 

The algebraic foundation of a supersymmetric field theory, superalgebra, is an extension 
of the usual Poincare symmetry. It unifies some of the most fundamental conserved currents 
such as the energy-momentum tensor, the supercurrent and the axial type i?-current into a 
supermultiplet. Consequently, the quantum anomalies of these currents should also fit into a 
supermultiplet [26|, B^]. Furthermore, there exists a new type of anomaly, which was originally 



found in Ref. ] and independently re-derived by Konishi |2S]. This anomaly gives a connection 
between the squark condensation and the gluino condensation. All these new features provide 
possible ways to explore the non-perturbative aspects of a supersymmetric gauge theory. 

The vacuum structure of a supersymmetric gauge theory and the relevant non-perturbative 
dynamics have a rich physical content. Unbroken supersymmetry requires that there exists 
at least one ground state with zero energy ||3^, In a four-dimensional supersymmetric 



gauge theory there usually exists a continuous degeneracy of inequivalent ground states |32]. 
Classically, these ground states correspond to the flat directions of the scalar potential and thus 
form a classical moduli space. Along these flat directions, some of the squarks can acquire 
expectation values which break the gauge symmetry. As a consequence, some fields will acquire 
masses due to the super-Higgs mechanism and the moduli space will be characterized by the 
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light degrees of freedom. At the origin of the classical moduli space the gauge symmetry will 
be restored fully. Quantum mechanically, a dynamically generated superpotential can arise 
and dynamical supersymmetry breaking occurs. Consequently, the vacuum degeneracy will be 
lifted [p2|. Note that the non-renormalization theorem only refers to the perturbative quantum 
correction and it does not pose any restriction on the non-perturbative quantum effects. The 
vacuum degeneracy may still persist after inclusion of non-perturbative effects, and then the 
theory has a quantum moduli space of vacua. The holomorphy of the quantum superpotential 
makes it possible to determine the light degrees of freedom and hence the quantum moduli 
space 1 34]. By analyzing the structure of the quantum moduli space, one can get a handle 
on some of the important non-perturbative features such as confinement and chiral symmetry 
breaking since many non-perturbative physical phenomena are related closely to the vacua such 
as mass generation and fermion condensates etc. If the dynamically generated superpotential 
has erased all vacua, then dynamical supersymmetry breaking occurs. Supersymmetry breaking 
induced by non-perturbative quantum effects was proposed by Witten nearly two decades ago 
[30, pT|. Only in recent years have its possible physical applications been considered. This 



kind of supersymmetry breaking mechanism introduces very few physical parameters and thus 
has a great advantage over the soft supersymmetry breaking mechanism. At present dynamical 
supersymmetric breaking is a popular topic in supersymmetry phenomenology |35|. 

The non-perturbative aspects of an = 1 supersymmetric gauge theory exhibit a rich phase 
structure, depending heavily on the choice of gauge group and the matter contents ||l^, |l5|, 
The most remarkable non-perturbative dynamical phenomenon is that in a special range of 
colour number and flavour number, i.e. in the so-called conformal window [14|, the theory may 
have a non-trivial infrared fixed point implied from by NSVZ beta function (1.1), at which 
the theory becomes a superconformal field theory. In particular, it now admits a physically 
equivalent dual description but with the strong and weak coupling exchanged [p!^]. 

The emergence of A = 1 superconformal symmetry in the IR region has a great significance. 
In addition to A = 4 supersymmetric Yang-Mills theory and A = 2 supersymmetric gauge 
theory with vanishing beta function, this is a new non-trivial conformal field theory in four 
dimensional space-time. Especially, the A^ = 1 supersymmetric gauge theory has in general 
the property of asymptotic freedom, at high energy it can be regarded as a free field theory. 
Thus the existence of the IR fixed point means that an off-critical quantum field theory can be 
regarded as a radiative interpolation between a pair of four dimensional conformal field theories 
[36|. A conventional method to observe the physical phenomena at different energy scales is to 
investigate the flow of some physical quantity along the renormalization group trajectory from 
the UV region to the IR region. In two-dimensional quantum field theory, there is a famous "c- 
theorem" on the renormalization group flow proposed by Zamolodchikov |37]. It states that there 
exists a c-function C{g) of the coupling g associated with the two-point function of the energy- 
momentum tensor, which decreases monotonically along the renormalization group flow from 
the UV region to the IR region and becomes stationary at the fixed point, where the theory is a 
two-dimensional conformal invariant quantum field theory and the c-function coincides exactly 
with the central charge ( the coefficient of the conformal anomaly). Since the central charge 
actually counts the number of dynamical degrees of freedom of the theory |38, 39], this theorem 
shows precisely how the information about the dynamical degrees of freedom at short distance 
is lost in the renormalization group flow to long distance. Therefore, it would be helpful for 
the study of some non-perturbative dynamical phenomena in four dimensional quantum field 
theory if a four dimensional analogue of the c-theorem could be found. For example, one could 
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get insight in a number of non-perturbative phenomena such as confinement, chiral symmetry 
breaking, supersymmetry breaking and even the Higgs mechanism. 

However, unexpectedly the search and verification of a four dimensional c-theorem turned 
out to be extremely difficult. Soon after the proposal of the two dimensional c-theorem, much 
effort was put into looking for a candidate for a c-function and checking its evolution along 
the renormalization group flow was made |4C, 41, but a general proof of the existence of 



a monotonically decreasing c-function is still lacking. Recently, some progress has been made 
in this direction [43|. The availability of a series of exact results in = 1 supersymmetric 
gauge theory and especially the discovery of superconformal symmetry in the IR fixed point 
has provided useful tools for testing c-theorems and finding the right c-function. As in the 
two-dimensional case, a candidate for a c-function should be related to the central function |44], 
which is the coefficient function of the most singular term in the operator product expansion 
of the energy-momentum tensor and should coincide with the conformal anomaly coefficients 
at the fixed points. A qualitative analysis using the exact results give the first indications of 
the possible existence of a four dimensional c-theorem in = 1 supersymmetric gauge theory 
[45|. Furthermore, asymptotic freedom implies that various quantities at the UV region can be 
determined in the framework of a free field theory, while the superconformal invariance at the IR 
fixed point allows an exact calculation on the anomaly coefficients at the IR region |36]: the trace 
anomaly of the energy-momentum tensor and the chiral anomaly of i?-current lie in the same 
supermultiplet and the latter can be exactly calculated through the 't Hooft anomaly matching. 
An explicit calculation suggests that the central function coinciding with the coefficient of the 
Euler term of in the trace anomaly at the IR fixed point is the most appropriate candidate for 
the c-function 46]. 

The = 1 four dimensional superconformal field theory arising at the IR fixed point has also 
some remarkable features in comparison with the two dimensional case p7| , The operator 
product expansion of two energy-momentum tensor operators or of an energy-momentum tensor 
and a conserved current does not close, another current called the Konishi current must be 
introduced to ensure closure. Consequently, a four dimensional superconformal field theory is 
characterized by two central charges and a conformal dimension. The central charges are four 
dimensional superconformal invariants in the sense that they receive no higher order (more than 
two-loop) quantum correction and remain at their one-loop values (i.e. always proportional to 
the number of dynamical degrees of freedom), while the conformal dimension does not, it can 
receive quantum corrections from every order |48|. 

The dual theory arising at the IR fixed point is of significance since it gives an equivalent phys- 
ical description to the low energy dynamics of the original theory but in terms of a fundamental 
Lagrangian of a supersymmetric gauge theory with one (or several) additional superpotential(s). 
The dynamics of the mesons and baryons in the original theory can be equivalently replaced 
by the dynamics of dual fundamental dynamical degrees of freedom and one (or several) gauge 
singlet particle(s). Especially, the gauge couplings of the original and the dual theories are in- 
versely related. This provides a possibility to study the low-energy non-perturbative dynamics 
of the original theory through the perturbation theory of the dual theory. 

There have already appeared several excellent reviews on = 1 duality with different 
emphasis such as those by Intriligator and Seiberg Shifman Shifman and Vainshtein 
[ |50| and Peskin The present review mainly emphasizes superconformal field theory. It 

is written a pedagogical manner, giving detailed mathematical derivations and explanations of 
these new developments and including much of the preliminary knowledge needed to understand 
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the new progress such as the representation of conformal algebra, the renormahzation group 
equation, anomaly matching, phases of gauge theory and the Wilson effective action, etc. This 
report is based on a series of discussions and seminars in the theoretical physics group of the 
University of Helsinki and Helsinki Institute of Physics. We hope that it may prove helpful for 
beginners interested in this topic. 

The organization of this report is as follows: Sect.^ contains some background material. We 
first review the definition of conformal transformations, the derivation of the conformal algebra 
and the field representation of conformal algebra in terms of Wigner's little group method. In 
a renormalizable relativistic quantum field theory, scale symmetry implies conformal symme- 
try, the anomalous breaking of scale symmetry means the violation of conformal symmetry at 
quantum level. We thus introduce scale symmetry breaking in the context of a massless scalar 
field theory and the renormahzation group equation, which plays the role of anomalous Ward 
identity of scale symmetry. Since new developments occur in supersymmetric QCD, the super- 
symmetric extension of the non-supersymmetric theory, we introduce the chiral symmetry of 
ordinary QCD and its breaking. We discuss the possible (external) chiral anomaly in QCD and 
the 't Hooft anomaly matching. We shall see that the 't Hooft anomaly matching is an impor- 
tant tool to investigate electric-magnetic duality. The non-perturbative dynamical structure of 
a quantum field theory is quite rich and the theory can present several phases. The discovery 
of new non-perturbative phenomena in supersymmetric gauge theory has verified this. Hence 
it is necessary to introduce the various phase structures and their dynamical behaviour. The 
= 1 superconformal algebra is the algebraic foundation of constructing a super conformal field 
theory, and thus based on the current supermultiplet and the Jacobi identities, we give the full 
superconformal algebra. Further, we review the representation of the superconformal algebra 
in field operator space. It is much more complicated than the ordinary conformal algebra: the 
ordinary conformal algebra can be realized on one type of fields, whereas the superconformal 
algebra must be realized on a supermultiplet. In particular, the representations realized on dif- 
ferent supermultiplets, such as the chiral and the vector ones, have their own specific features. 
In particular, the representation of the superconformal algebra on the chiral multiplet yields a 
simple relation between the conformal dimension of the chiral superfield and its i?-charge, which 
has played a key role in determining Seiberg's conformal window. 

From Sect.m, we begin to introduce the low-energy dynamics of supersymmetric QCD. Super- 
symmetric gauge theory exhibits some new characteristics compared with the non-supersymmetric 
case, the most important of which are i?-symmetry and holomorphicity. Thus we first give a 
detailed introduction to these two aspects. We explain in detail how to combine the anomalous 
i?-symmetry and the axial vector Ua{^) symmetry to get an anomaly- free i?-symmetry, and 
then introduce the low-energy dynamics of supersymmetric QCD. Since supersymmetric QCD 
is a theory sensitive to flavour number Nf and colour number Nc, we analyze the theory with 
respect to different ranges of Nj and Nc- Using the Georgi-Glashow model to illustrate the 
general definition of a classical moduli space, we explain how to describe the classical moduli 
space of supersymmetric QCD in the cases of Nf < Nc and Nf>Nc, respectively. Especially 
for Nf = Nc and Nf = Nc + 1 the constraint equations characterizing the classical moduli 
space are explicitly given. A large part of this section is devoted to describing the quantum 
moduli space and low energy dynamics of supersymmetric QCD. In the case Nc < Nf, we give a 
detailed derivation of the ADS (Affleck-Dine-Seiberg) superpotential and argue the reasonable- 
ness of this non-perturbative superpotential by considering its various limits and the physical 
consequences obtained from this superpotential. When A'^^ = Nc, we show how the quantum 
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corrections have modified the classical moduli space and what physical effects are produced, and 
check the reasonableness of these physical pictures using the anomaly matching condition. For 
Nf = Nc + 1, we introduce the effective superpotential to determine the quantum moduli space 
and the physical effects resulting from the quantum moduli space, 't Hooft anomaly matching 
providing a strong support. For the case Nj > Nc, we show that the NSVZ beta function implies 
a nontrivial IR fix point in the conformal window 3Nc/2 < Nf < 3Nc. Then we briefly explain 
the situation in the range Nf > 3Nc, where the asymptotic freedom of the theory is lost. 

In Sect.^, we concentrate on non-Abelian electric-magnetic duality in the conformal window 
by first introducing the dual description of supersymmetric QCD and showing the reasonableness 
of this duality conjecture using 't Hooft's anomaly matching. Then we explain what non-Abelian 
electric-magnetic duality is and how the duality arises in the conformal window and show how the 
duality remains valid in various limits. The duality in the Kutasov-Schwimmer model is briefly 
reviewed since it provides a possibility to study the non-perturbative aspects of supersymmetric 
extensions of the Standard Model. This model also gives a deep understanding to the duality 
of A'^ = 1 supersymmetric QCD. Sect.^ mainly summarizes the non-perturbative phenomena of 
A^ = 1 supersymmetric SO{Nc) gauge theory. In contrast to the SU{Nc) case, the gauge group 
SO{Nc) is not simply connected and has only real representations. Depending thus heavily 
on the number of colours and flavours, the theory has richer and more novel non-perturbative 
dynamical phenomena. When Nf<Nc — 5, a dynamical superpotential is generated by gaugino 
condensation. In the cases Nf = Nc — 3 or Nc — 4:, the theory has two inequivalent ground states, 
and some exotic particle states appear. When Nf = Nc — 2, the theory is in a Coulomb phase 
and the particle spectrum contains magnetic monopoles and dyons, and the oblique confinement 
conjectured by 't Hooft occurs naturally. As in the SU {Nc) case, in the range A^/>4, Nf>Nc — l, 
the theory has a dual magnetic description, a supersymmetric S0{Nf—Nc+4:) gauge theory. The 
most novel dynamical phenomenon is that the 5*0 (3) gauge theory exhibits electric-magnetic- 
dyonic triality. In the one-flavour and two-flavour quantum symmetry with a non-local 

action on the matter field arises. If the theory has three flavours, it was surprisingly found 
that the A^ = 1 duality in the 50(3) theory can actually be identified as the electric- magnetic 
duality of A^ = 4 supersymmetric Yang-Mills theory. Further, the concrete form of the dyonic 
dual of the SO{Nc) gauge theory with Nf = Ac — 1 is introduced since its dual magnetic 
theory is an 50(3) gauge theory, while the 50(3) gauge theory has a dual dyonic theory. This 
means that the SO{Nc = Nf + 1) theory should also admit a dual dyonic theory. Another 
typical supersymmetric model showing duality, the Sp{Nc) gauge theory, is briefly reviewed. In 
Sect.p we introduce some of new progress in exploring four-dimensional superconformal field 
theory and non-Abelian electric-magnetic duality including 't Hooft anomaly matching in the 
presence of higher quantum corrections, the universality of the operator product expansion in 
four-dimensional superconformal field theory and the explicit evidence supporting a possible 
four-dimensional c-theorem in supersymmetric gauge theory. In the concluding remarks, Sect.0, 
we briefly recall the history of searching for electric-magnetic duality symmetry in relativistic 
quantum field theory and explore the possible applications of the non-perturbative results of 
A^ = 1 supersymmetric gauge theory to ordinary QCD by softly breaking the supersymmetry. 



2 Some background knowledge 
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Translations 




h{x) = 


Scale transformation 




h{x) = -2e 


Lorentz transformation 




h{x) = 


Special conformal transformation 


^ ~ 1 + 2b-x + b'^x'^ 


h{x) = —Ab-x 



Table 2.1.1: Conformal transformations. 



2.1 Four-dimensional conformal algebra and its representation 

Conformal transformations preserve angles but change the scale. In a flat space-time, they are 
defined by the following transformation of the line element |^2| , 



ds 



12 



rj^^dx^'dx'" = f{x)ds^ = f {x)rio,pdx"' dy^ , 



(2.1.1) 



where f{x) is a scalar function and r]^y is the space-time metric. The concrete form of the 
conformal transformation can be found by considering infinitesimal transformations 



Eqs. pTID and ( pT^ ) give 

d^eu{x) + due^{x) = -{f{x 
and further, after contracting rj^^^ with ( p. 1.3 ), 

h{x) 

d^iey{x) + dye^{x) 
where n is the dimension of space-time. Thus 

{n-2)d^dMx) = - 



e^{x). 



fiu- 



h{x)rj^ 



n 



n 



-dae"{x)r]^ 



-{n-2)d^d,dPep = Q. 



n 



(2.1.2) 
(2.1.3) 

(2.1.4) 
(2.1.5) 

(2.1.6) 



For n > 2, Eq. ( 2.1.6| ) implies that h{x) is at most linear in x and from ( pni) that (x) is at 
most quadratic in x^. The general form of e^(x) is 



e^'{x) = a^ + ex'^ + oj^'^Xy + 26-xx^ - b^x^, 
where a and b are constant n-dimensional vectors, e is an infinitesimal constant and a; 



(2.1.7) 



-Ijj 



UfJ,' 



The finite form of the above infinitesimal conformal transformations is listed in Table ( p.l.ll ). 
Counting the number of the generators, the dimension of the conformal group is (n + l)(n + 2)/2. 
It is isomorphic to the orthogonal group 0(n, 2) in Minkowski space. For n = 4, it is a 15- 
dimensional space-time symmetry group. 

The infinitesimal version of the conformal transformation clearly shows that the conformal 
group is a generalization of the Poincare group. Thus, in addition to and M^i,, the set of 
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generators consists of n+1 new ones, D and K^, which correspond to scale and special conformal 
transformations, respectively. 

According to the relation between symmetry and conservation law (Noether's theorem), 
corresponding to each continuous global invariance, there exists a conserved current j^. The 
space integral of the time component gives a conserved charge, = J d^xj^, and the conserved 
charges yield a representation of the generators of the symmetry group. It is well known that 
the conserved current for and M^jy are, respectively, the energy-momentum tensor 0^^^ and 
the moment M.ij.,vp of Oi^u-, 

M^^yp = 9^uXp - O^pXy. (2.1.8) 

The generators of the Poincare group are hence 

Pp = Jd^xeop, Mpy = J d^xMo,py{^,t). (2.1.9) 

In a quantum field theory with conformal symmetry, the energy-momentum tensor Op^ is 
traceless, 

6)^^ = 0. (2.1.10) 

Using this condition of tracelessness, one can construct the conserved currents for the scale and 
special conformal transformations, 

dp — X Oypj kpv — '^XpX^ pp X Oyp^ (2.1.11) 

and the corresponding generators 

D = Jd^xdoix,t), Kp = Jd^xkop{x,t). (2.1.12) 

The full conformal algebra can be worked out in a model independent way, 

[Mp^,Mal3] = i{r]pl3M^a+riuaMp/3-rjpaM^i3-r]t,pMpa), 

[Mp^,Pp] = -ii^ppPy + ir]ypPp, 

[Mpy,Kp] = -ir]ppK^ + iri„pKp, 

[D,Pp] = -iPp, [D,Kp]=tKp, 

[Kp,P,] = -2i{i]p,D + Mp,), 

[Kp,K,] = [Mp,,D] = [Pp,P,] = 0. (2.1.13) 

The four-dimensional conformal group is isomorphic to the pseudo-orthogonal group 0(4, 2), 
whose covering group is SU(2,2). The conformal algebra (2.1.13) can be brought into a form 
which exhibits the 0(4, 2) (or SU (2,2)) structure by the identification 

Mab = {Mp^,Mp5,Mpe,M56), 

Mp5 = ^{Pp + Kp), Mpe = ^{Pp-Kp), M5G = D. (2.1.14) 
Then Mat satisfy the algebraic relation of the group 0(4, 2) (or SU{2,2)) 

[Mab, Med] = -iVacMbd + irjadMbc + iribcMad - ir]bdMac, (2.1.15) 
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where rjab = diag(+l, —1, —1, —1, +1, —1), a, 6, c, d = 0, • • -3, 5, 6. Therefore, the representations 
of the conformal algebra can be obtained through those of 0(2,4) (or S'f7(2,2)). 

The conformal group in a quantum field theory is realized through unitary operators T{g), 
which are exponential functions of the generators and which transform the field operators as 



T{g)ipr{x)T{g) ^ = Srs{g,x)ips{g ^x). 



(2.1.16) 



Here r is a generic index labelling the fields and the matrices Srs form a representation of 
the conformal group. The infinitesimal form of Eq. ( |2.1.16| ) involves the commutators of the 
generators with the fields, and thus the action of the conformal group on the fields is determined 
by these commutation relations. We can deduce the form of these commutators using the method 
of induced representations. 

The starting point are the translations, generated by the momentum operators P^, 



or, equivalently. 



AP-x 



(^r(O)e" 



iP-x 



(pr[X). 



(2.1.17) 



(2.1.18) 



Prom ( 2.1.16 ) we see that if is a transformation belonging to the stability group or little group 
of X = 0, i.e. leaves x = invariant, then the commutator of a generator of the little group with 
a field operator at x = will only involve the field at that point. Let {5"^} be the generators of 
the little group obeying the algebra 



(2.1.19) 



(2.1.20) 



If we now posit the commutation relations 

[S»,(/p,(0)] = -(a'^),,</.,(0), 

the matrices {cr"} will form a representation of the little group algebra ( |2.1.1S| ): 

a^a''] =ir''V, (2.1.21) 

as can be easily checked from the Jacobi identities involving two generators and the field 

(/5r(0). Translating the relations ( p.l.2[l| ) to a general point x. 



and evaluating 



exp[ix^P^]S''exp[-ix^P^] = ^ 



n=0 



-{(J°-)rs'^s{x), 



x'^"[P^„[---,[P^„,5'^] 



(2.1.22) 



(2.1.23) 



the equations for the commutators [S", (pr{x)] are obtained, i.e. a representation of the conformal 
algebra on the field operators is induced. 
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From Table 2.1.1 we see that for the conformal group, the generators of the httle group are 
Mpi,, D and K^. Thus we can write 



[Kp,iPrm 



-(S^,y)r-sV's(0)) 



(2.1.24) 



and the matrices A and Kn obey the same algebra as the corresponding generators, viz. 



[A,Kp] 



[A,S, 



0, 



IK. 



Vpv^p}^ 
crp-^pu Vpp^o 



Vcru^pp + Vpu^ 



ap ) 



(2.1.25) 
(2.1.26) 
(2.1.27) 
(2.1.28) 



Note that if the S^^,, which according to (2.1.28) form a representation of the Lorentz algebra, 
generate an irreducible representation, Schur's lemma implies, by virtue of ( p.l.25| ), that the 
matrix A is proportional to the unit matrix: 



(2.1.29) 



Here d is called the scale or conformal dimension of the field. In this case it follows from ( |2.1.26D 
that = 0. 

The relations ( p.l.24| ) can now be translated to a general x. We need to evaluate 



— Mpu XpPjj -\- Xi/Pfj_, 

D-x-P, 



AP-x 



K„e- 



iP-x 



K„ 



2x^D + 2x''M^^ + 2xp{x ■ P) - x^P^. 



(2.1.30) 



Inserting (|2.1.30| ) into (|2.1.22D and using ( p.l.l7| ), we finally get 

[Mp^, iPr{x)] = -i{Xpdu - Xudf,)ipr{x) - {T,)rs'~Ps{x), 



[D,ipr{x)] 
[Kp,ipr{x)] 



-i{x-d)ipr{x) - Ars(Ps{x), 

iix^dp - 2Xp{x-d))Lpr{x) - 2Xp,ArsiPs{x) 



+2x'^(S^jy)rsV^s (x 



^p Jrs 



(fsix). 



(2.1.31) 



Together with ( 2.1.17 ), these give the action of the conformal group on the fields. 

Finally, let us briefly mention the finite dimensional representations of the conformal algebra 
on the state space of a quantum field theory. Usually, to find a representation of a Lie algebra, one 
should first find the lowest (or highest) weight state, then use the raising (or lowering) operators 
to construct the whole irreducible representation. Each irreducible representation is labelled 
by the quantum numbers associated with the eigenvalues of the Casimir operators. For the 
conformal group, the finite-dimensional irreducible representations of its subgroup, the Lorentz 
group, are labelled by the angular momentum quantum numbers (ji,j2); since the Lorentz 
group is locally isomorphic to SU{2)xSU{2). The lowest weight states are (— ji, — j2)- Since P^ 
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Weight (magnetic) quantum numbers 
(d, jl,j2) 


Poincare quantum numbers 
(m, s) or (m, A) 


d = ji= J2 = 


Trivial 1-dimensional representation 


J2/O, (i>ii+j2 + 2 


m > 0, s = |ji - j2|, • • ji + J2 (integer steps) 


Jii2 = 0, d> ji+ 32 + 1 


m > 0, s = ji + j2 


ii/O, J2/O, d = ii+i2 + 2 


m > 0, s = ji + J2; 


hh = 0, d = ji + j2 + 1 


m = 0, A = ji - j2- 



Table 2.1.2: Unitary representation of conformal algebra. 



and M^y constitute the Poincare algebra, the quantum numbers classifying its representations, 
the particle mass m and spin s for m?' > or the helicity A for = 0, also play a role 
in characterizing the representations. In particular, the commutation relations [D,K^ = iK^ 
and [DjP^] = — i-P^ imply that the conformal dimension d, the eigenvalue associated with 
the scale transformation generator D, is another (magnetic) quantum number labelling the 
representations of the conformal algebra and P^, are the raising and lowering operators, 
respectively. This can be easily seen as follows. Assume that |</'(0)) is an eigenstate of —iD, 



iD\Lp{Q)) = d\Lp{{))) . (2.1.32) 



Then 



DKM^)) = {[D,K^]+K^D)\^m =i{d + l)KM^)), 
DPM^)) = {[D,P^] + P^D)\m) =Kd-l)PM^))- (2-1-33) 
Thus, given a conformal dimension d, the lowest weight is 

A = (d,-ji,-j2). (2.1.34) 

It was found that there are only five classes of unitary irreducible representations of the four- 
dimensional conformal algebra. They are listed in Table ( ^.1.2 ). They differ in their Poincare 
content (m, s) or (m, A) [p^. 

A state in the Hilbert space is generated by the action of an operator on the vacuum, 

|O) = O|0). (2.1.35) 

Without spontaneous (conformal) symmetry breaking, the quantum states and the quantum 
operators are in one-to-one correspondence. An operator generating a quantum state with the 
lowest weight (d, — ji, — J2) is called a primary field. An operator with conformal dimension d+n 
is called an nth-stage descendant field. 

Although the conformal symmetry must be broken in physics, we see that these unitary repre- 
sentations of the conformal algebra have imposed highly nontrivial constraints on the conformal 
dimensions of the fields. 
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2.2 Scale symmetry breciking and renormalization group equation 

The scale symmetry is at the heart of conformal symmetry. In fact, in a renormalizable relativis- 

tic quantum field theory, scale invariance imphes conformal symmetry. However, scale symmetry 
cannot be an exact symmetry in the nature, since in a field theory with exact scale symmetry 
the mass spectrum must be continuous or massless. To break scale invariance, three roads are 
open to us. The first would be to break the symmetry explicitly by introducing terms containing 
dimensional parameters into the Lagrangian. We shall not consider this case. A second way 
is spontaneous breaking, D\0)^0. In this case, Goldstone's theorem implies that there will be 
a corresponding massless Goldstone boson, which is awkward from a phenomenological point 
of view. There remains the third alternative, anomalous symmetry breaking. This means that 
although the classical theory is symmetric, there is no quantization scheme that would respect 
the symmetry. In a quantum field theory, renormalization introduces a scale into the theory and 
scale symmetry is broken. 

To discuss the anomalous breaking of scale symmetry, we shall first derive the naive Ward 
identity corresponding to scale transformation and then compare it with the renormalization 
group equation. The renormalization group equation can in fact be thought of as a kind of 
anomalous scaling Ward identity since it reflects the scale dependence of a physical amplitude. 

We take the massless scalar field theory 

C = ^d^^d''cp-^X<j>\ (2.2.1) 
as an example. Consider a general Green function with the dilatation current, 

(O|r[d^(y)0(xi)---0(x„)]|O). (2.2.2) 
Taking the derivative with respect to gives 

A.^O\T[d^{y)<l>{x,y ■ •<^(x„)]|0) = {0\T[d^d^{y)cP{x,y ■ •<^(x„)]|0) 

n 

+ E<^(^° - y'mT[<p{x^y ■ ■[d\y),^ixi)y ■ •<^(a;„)]|0). (2.2.3) 

i=l 

Integrating over y, using the scale transformations 

i[D, cp{x)] = ScPix) = {d^ + x''d^)<t>, (2.2.4) 
the classical relation 9*^^ = d^d^={) and discarding the surface term, we get the Ward identity 

/n 
A(o|r [r^(y)<^(xi)- • ■<i>{xn)\ |o) = (o|r [<^(xi)- • ■5<i>{xi)- ■ ■<i>{xn)] |o) 
i=l 



X(o|r 



i=l 



|0) 



= i (nd^ + x^-^ + ■■■ + (0|r [0(xi)- • •</>(xO] |0) = 0. (2.2.5) 
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In momentum space, this gives 

rt-l 



(2.2.6) 



where D=nd^ — 4n + 4 is just the canonical dimension of the Fourier transform of the Green 
function {0\T[(j){xi)- ■ ■(p{xn)]\0)- Parameterizing the momenta = e^p[^^ with pj*'^ being certain 
fixed momenta, and considering the corresponding IPX Green function T^^\e''pf'^), we have 



(-| + ^)r(")(eVr) = o, 



and hence 



r(«)(p| 



(0)^ 



(2.2.7) 



(2.2. 



This means that the Green function has canonical scahng dimension. However, this is not 
correct, since the naive scaling Ward identity ignores quantum effects. As a consequence of 
renormahzation, anomalous dimensions have to be added to the canonical ones. 

Renormalization is a necessary procedure to deal with UV divergences. Its basic idea is to 
absorb the divergences into a redefinition of the parameters and a rescaling of the fields. To 
extract the UV divergences, one should impose renormalization conditions on the renormalized 
Green functions. Under different renormalization prescriptions, the renormalized Green func- 
tions can differ by a finite quantity. Physical results should, however, be independent of the 
renormalization prescription. Since the renormalized parameters depend on the renormalization 
prescription, a change in the prescription is compensated by simultaneous changes of the renor- 
malized parameters of the theory. Hence the physical amplitude can remain invariant and this 
is described by renormalization group equations (RGE). For massive Xcp^ theory, the renormal- 
ization group equation for the IPI part of the renormalized Green function G^'^\pi, ■ ■ •,Prt_i) 
is 

d d d 

+ /3(Ar)^t h "lni{'^R)mR- njiXu) 



' drriR 



(2.2.9) 



where I3{Xr), 7(A/j) and 7m(A_R) are the /^-function of the scalar self-coupling, the anomalous 
dimensions of wave function and mass renormalization. However, this equation is of little practi- 
cal use since it only describes the dependence on ^. It allows us, however, to derive an equation 
describing the behaviour of Green functions under a variation of the external momenta. We 
rescale the momenta. 



— (0) • in 

Pi=PPi , ^ = l,2,---,n, 



with pf^^ being certain fixed momenta, and get 



d d d 

+ ^^ir + '^R'^ — 
op Ofj. oniR 



D^]T'^n\ppf\mR,^l,XR) = 0. 



The combination of (|2. 2.111) and (|2.2.g| ) gives the RGE we prefer, 



d d d 

P-^ - /^(-^r)7tt— + (1 - 7m{^R))mRT, h n7(Aij) - Dr 

dp dXR dniR 



TPippr\mR,p,XR) 



(2.2.10) 



(2.2.11) 



0.(2.2.12) 
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The solution to the RGE ( p.2.12| ) can be worked out by defining the running functions A(p) 
and m{p) with the boundary condition, 



X{1) = Xr, m{l) = mR, (2.2.13) 
and the running /^-functions and the anomalous dimension 7^ for the mass renormalization, 



/?(A(p))=P^A(p), 



d 



hmiKp)) - 1] m{p) = p—m{p). 



(2.2.14) 



With the replacement of the renormalized parameters m/j and Xr by the corresponding running 
coupling, the RGE ( 2.2.12| ) is converted into an integrable differential equation, 



±+n^[X{p)]-D 
dp 



Tf{ppf\x{p)Mp\^A = ^■ 



(2.2.15) 



The solution can be easily written out 
Tt\m,XR.mn,p) 



Dr 

p ^ exp 



p ^ exp 



-n 



-n 



Xn /3(A') 
l{Kp))y 



T''^\pf\x{p)Mp),p) 
T^R\pf\x{p)Mp\p)- (2.2.16) 



The solution ( |2.2.16| ) shows why 7 is called the anomalous dimension. 

Comparing with the naive scale Ward identity ( 2.2.8| ), one can see that the scale symmetry 
is broken by renormalization effects. Only when in a massless theory the /3-function and the 
anomalous dimensions vanish, i.e. the theory is finite, can the Green function have canonical 
scaling behaviour 

/3 = 7 = 0, (p^ - Dr)Tf{ppf\p, Xr) = 0, 



v^-\pjI^\p,Xr)=p^'t^r\i^\p,Xr). 



(2.2.17) 



A main application of the RGE is to discuss the large or small momentum behaviour of 
quantum field theory, giving information about the physics at different energy scales. According 
to the definition p^=pp^^\ the case p^oo is called the UV limit and p^O is called the IR limit. 
We assume Eq. ( p.2.14| ) 



In p 



Mp) dX' 



/3(A') 



(2.2.18) 



is valid in the whole range < p < cxd. Otherwise, the renormalization scale p could not vary 
arbitrarily and the theory would need a cut-off. ( ^.2.1g| ) is divergent when p^oo or p^O. If an 
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integral over a finite interval is divergent, the integrand must be singular at either endpoint (or 
both). Then one must have /3(A)^0 when p^oo or >0. Thus we have 

hm A(p)=A/, /3(A/) = 0, (2.2.19) 

p— >cxD or 

that is, X{p) must approach a zero of the /? function. The zeroes of /3 are cahed fixed points. If 
P'{Xf) < with /3'(A) = df3/dX, and hmp^oo A(p) = A/, A/ is called an UV stable fixed point. 
If P'{Xf) > and limp^o -^(p) = -^/j -^Z is called an IR stable fixed point. 

For theories with only one coupling constant, Xj = must be one of the fixed points. If 
A/ = is a UV stable fixed point, the theory is called asymptotically free. If A/ = is a IR 
stable fixed point, the theory is said to be IR stable. For example, QCD is asymptotically free, 
while Xcj)^ theory and QED are IR stable. 

One can now see that some theories have asymptotic scale invariance at high energy. From 
the solution to the RGE of A(/>^ theory. 



T^^\e'pf\x,m,p) = e^i^*rW[pf), A(t),m(i),/.]exp 



n / -f{X{t'))dt' 







(2.2.20) 



Near the UV fixed point Xj, with the definition p=e , we can approximately write 

rt 

tJ 



exp 



-n f\{X{t'))dt' 
J 



p-n,iXf)+eit)^ e(0 = -7 f'dtUm)-^iXf)]. (2.2.21) 



If e(xO{l/t) as t— >oo, the theory is called asymptotically scale invariant. The asymptotic scale 
behaviour of r^^\e^p[^\ X, p) can be obtained by expanding A(t) around Xj. The leading term 
is 

T^^\e'pf\x,m,p)r^p^^--^(^f^T^^\pf\X,m,p). (2.2.22) 
Rigorously speaking, only 7(Aj) is called the anomalous dimension of the field. 

2.3 Chiral symmetry in massless QCD 
2.3.1 Global symmetries of massless QCD 

The Lagrangian of massless QCD with Nf flavours and Nc colours (colour gauge group G = 
SU{N(.)) reads as follows: 

^ = T.J2Y.^ar^il^pD^.rsS^J^Pf3sj " ^^i^'^'^", D^rs = d^5rs " ^^^^T" , (2.3.1) 

a/3 rs ij 

where for clarity we explicitly write the various indices; a, (3 = 1, • • -,4 are the spinor indices, 
a = 1, • • •, dimG = A'^^ — 1 are group indices, i,j = 1, • • •, iVj are the flavour indices and r, s = 
1,- ■ - jNc are the colour indices. The Lagrangian ( ^.3.1 ) has an explicit SUv{Nf)xUB{i) flavour 
symmetry, 

^ — .e'"^' , — ^e"*""^, (2.3.2) 
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where A = l,---,N'j — 1 are the SUY{Nf) flavour group indices and are NfxNf matri- 
ces. The Noether theorem gives the conserved vector current, baryon number current and the 
corresponding charges: 

= j Sxj^ = j d^x-^hH , Qb = jd^xjQ = j(fx^^^. (2.3.3) 

Since {75,7^} = and there is no quark mass term, the Lagrangian (|2.3.1|) possesses yet other 
global flavour symmetry SUA{Nf) x Ua{^)'- 



^^e»"75^ ^ ■^^■^ei«75, (2.3.4) 
The corresponding conserved axial vector current, U{\) axial current and charges are as follows, 

Qi = Jd^x^^j^t^^ , Q5 = Jd^x^^^5^f. (2.3.5) 

The vector and axial vector conserved charges form representations of the Lie algebra of the 
SU{Nf) group 

[Q^, Q^] = [Qt gf ] = z/^^^Q^, [Qt Q^] = z/^^^g^, (2.3.6) 

where f^^^ are the structure constants of the Lie algebra of SU{Nf). The Lagrangian ( ^.3.1 ) 
explicitly exhibits the chiral symmetry 

SUL{Nf)xSUR{Nf)xUL{l)xUR{l) (2.3.7) 

if it is rewritten by means of chiral spinors, 

£ = '^Lh^'D^^L + '^Rh'^Df^^R - ^F;,^^'^", (2.3.8) 
where the left- and right- handed chiral spinors are associated with the Dirac spinor as follows: 



^L=^(l-75)*, ^-^=^(1+75)*. (2.3.9) 



The chiral transformation under ( |2.3.7D are: 

^'L(i?) = e^"^L(i?), ^l(fi) =^L(i?)e-*". (2.3.10) 
and the corresponding Noether currents and charges are, respectively, 

QtiR) = J d'xj^^^^, = J d^X^l^j^^t^LiR), 

Ql{R)= Jd^xjL{R)0 = jd^X^l^^^^L^Ry (2.3.11) 
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These conserved charges give the representations of the generators of the symmetry groups 
( 2.3.7 ), for example, 



[QiiRyQiiR)] = ^/^""""QSi?), [QtQR] = 0, (2.3.12) 

and their relations with the the vector and axial vector conserved charge are 

Qi = \{Q'' + Qi) , Qt = \iQ^-Qiy, 
QR = liQ + Q5) , Ql = 1{Q-Q5)- (2.3.13) 

Note that there are dynamical vector conserved currents, which correspond to global gauge 
transformation in colour space, 

= ^7m^"^> " / "^^^"^o ' t^"' " iC^^Q^^ (2.3.14) 

where is the NcXNc matrix representation of the generators of the SU{Nc) colour gauge 
group and C"^*^ are the structure constants of SU{Nc). 



2.3.2 Chiral symmetry breaking 



Although the Lagrangian ( 2.3.1| ) possesses a large global flavour symmetry SUL{Nf)x SU{i{Nf) 



xUb{^) xC/yi(l), the observed symmetry is only SUv{Nf)xUB{^)- This means that a chiral 
symmetry breakdown must occur: SUL{Nf)xSUji{Nf) — >SUY{Nf), and that the C/a(1) sym- 
metry also breaks. Unfortunately, up to now the mechanisms for both breakdowns have not 
been understood completely. 

In fact, the observed hadron spectrum tells us that chiral symmetry should be broken. 
Otherwise there would naturally exist parity degenerate states, whereas this is not a feature 
of the hadron spectrum. The argument runs briefly as follows. First, according to Coleman's 
theorem, if there is no spontaneous breakdown of symmetry, the symmetry of the vacuum should 
be that of the world, i.e. if Q\0) = 0, then [H, Q] = 0, H being the Hamiltonian of the theory. 
Then consider a state |^), which is an eigenstate of both the Hamiltonian H and the parity 
operator P, 

Hl"^) = El"^), P|«') = l^*). (2.3.15) 
If chiral symmetry were not spontaneously broken, we would have 

HQL\^) = EQLm, HQr\^) = EQr\^), 

PQLiR)^ = PQLiR)P^Pm = QiJ(L)l^). (2.3.16) 



Defining the state 



we obtain 



\^') = ^iQR-QL)\^), (2.3.17) 



H\^') = Pll-') = -l^-'). (2.3.18) 
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Therefore, we come to the conclusion that |^'') and |^') describe parity degenerate particles, 
hence the assumption Qr\0) = QlIO) = is not correct. The breaking pattern should be 

Qg|0)/0, Q10)=0, (2.3.19) 

i.e. the axial symmetry is spontaneously broken. Although the mechanism of the spontaneous 
breaking of chiral symmetry is not yet understood, the consequences of the breaking pattern 



( 2.3.19 ) agrees with experimental observations. The first consequence of the spontaneous chiral 



symmetry breaking which agrees with experimental data is the Goldberg- Trieman relation |55, 
57 1 . The second piece of evidence is that some pseudoscalar mesons can be explained as the 
Goldstone bosons of the spontaneous breakdown of the chiral symmetry. For example, if we 
consider the spontaneous breaking of SUl{2)x SUr{2) in QCD, the triplet of pions has the right 
quantum numbers and are candidates for Goldstone bosons. A concrete phenomenological model 
which manifests chiral symmetry breaking is the a model describing the interactions between 



nucleons and mesons [^, [53] • 



Usually, a spontaneous symmetry breaking is described by a non-vanishing vacuum expec- 
tation value. However, unlike in electroweak theory, there is no scalar field in QCD. The 
characteristic of chiral symmetry breaking is the appearance of a non-vanishing quark conden- 
sate 

(0|^^'|0)/0, (2.3.20) 

or equivalently, 

(0|^L^i?|0)/0, (0|^/j^l|0)/0. (2.3.21) 

Roughly speaking, the dynamical reason for this condensation could be that the coupling con- 
stant of QCD becomes strong at low energy. Thus it is possible that in the ground state of QCD 
there is an indefinite number of massless fermion pairs which can be created and annihilated due 
to the strong coupling. These condensed fermion pairs have zero total momentum and angular 
momentum and hence make the ground state Lorentz invariant. Therefore, the QCD vacuum 
has the property that the operators which annihilate or create such fermion pairs can have 
non-zero vacuum expectation values ( ^.3.20| ) or ( 2.3.211) . This can be regarded as a qualitative 



explanation of the chiral symmetry breaking in QCD. 



2.3.3 Anomaly in QCD 

QCD is a vector gauge theory. The couplings of left-handed and right-handed fermions with 
gauge field are parity-symmetric, thus no dynamical chiral anomaly arises. This is unlike a 
chiral gauge theory such as the electroweak model, where the left-handed and right-handed 
fermions can be either in different representations of the gauge group or coupled to different 
gauge groups, and the axial vector currents or the chiral currents are dynamical currents. At 
the quantum level, if we require that the vector current is conserved, the conservation of the 
axial vector currents is violated and this is reflected in the violation of a Ward identity. One 
typical amplitude is given by the triangle diagram consisting of one axial vector current and 
two vector currents or three axial vector currents. An anomaly will make the quantum chiral 
gauge theory non-renormalizable. Thus one must choose appropriate fermion species to make 
the anomaly cancel, otherwise we have no way to quantize a chiral gauge theory. 
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In QCD, there are two kinds of axial vector flavour currents, the non-singlet one, j^^, and 
the singlet one, j^. The singlet axial vector current usually becomes anomalous, while the 
non-singlet one remains conserved. However, if the quarks participate in other interactions, the 
non-singlet axial vector current may become anomalous. Like the dynamical chiral anomaly, 
these non-dynamical anomalies still reflect the violation of Ward identities. We consider the 
triangle diagrams (jfiJ^Jp) and (jf/^J^Jp)- At the classical level all the currents are conserved 

In terms of the Fourier transforms of the triangle diagrams: 

r,tp(p, q, r)(2vr)45W(p + q + r)= j d^x(i4ydSe*('--+P-^+''-)0-5(:,) J-(y) J^fe(^)), 
vXiP, Q, r)i27r)^5^^\p + q + r) = J d4xd42/dSe^(--+^'-^+'?-)(j^^(x) J,^(y) J,^(z)), (2.3.22) 

the naive Ward identities read as follows, 

{p + qrVji^ip, q, r) = p'T-^ip, q, r) = q^T^^ip, q, r) = 0, 

iP + Qr^XiP^ q, r) = p-'Tffpip, q, r) = (z^r^X-p(p, q, r) = 0. (2.3.23) 

Usually the gauge symmetry is required to be preserved, 

p-T%p{p,q,r) = q'r%p{p.q,r)=Q, 

pX'piP^Q^r) = qPTXiP,q,r)=0. (2.3.24) 

( 2.3.24[) are actually the renormalization conditions for evaluating the triangle diagrams. With 
these (physical) renormalization conditions, explicit calculations yield 

{p + qrrf,p{p,q,r) = ^e^papP^'MT'^T') 

{p + qrTffpip,q,r) = ^6,p„^p^^Tr(^^{^^ n) = 0, (2.3.25) 

where the trace is taken over both colour and flavour indices. The corresponding operator 
equations in coordinate space are 

f_ 
167r^ 



= -r^e^^'^^^F^^F'^pTTiT-T'), S^j^^ = 0. (2.3.26) 



Therefore, only the singlet axial current is anomalous. However, if the quarks interact elec- 
tromagnetically, an anomaly for the non-singlet current may exist. As an example, consider the 
case of two flavours {Nf = 2), 

* = ( ^ ) ^ (2.3.27) 

Correspondingly, = a°'/2 and the Ts are replaced by the electric charge matrix Q 

Q=(^^^ _^/3 ) , d^fp"" = --^e^'^^^Fp^F^pTriQ'a^). (2.3.28) 
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If we choose ^ = 3, we obtain the operator anomaly equation, 



e2 



d'^T^ = -iT^e^^'^^F.^F^f,. (2.3.29) 



327r 

It is well known that this anomaly contributes to the decay vr*^ — >2'y. 
2.3.4 Anomaly matching 



Anomaly matching [gSj is a basic tool in testing non-Abelian duality conjectures of A = 1 
supersymmetric QCD. Roughly speaking, the matching condition means that in a confining 



theory like QCD, the anomaly equations should survive confinement |58, ^ Concretely, 
let us consider SU (Ac) QCD with Nf flavours. The fundamental building blocks are quarks 
represented by V'ir with i and r being flavour and colour indices, respectively. The general form 
of the conserved flavour singlet current is 

J'm = i'irlf^lAijil - 75) + Bij{l + 75)](Jrs^js, (2.3.30) 

where A and B are Hermitian matrices in flavour space. This singlet flavour current will suffer 
from a chiral anomaly. Since the observed particles in QCD are colourless bound states of quarks 
— mesons and baryons, we should consider the matrix elements of the above current between 
these particle states. Let \u,p,a) denote a massless baryon state, where ti is a solution of the 
massless Dirac equation, p is the four-momentum of the particle and a labels the other quantum 
numbers of the baryon. The matrix elements of the current operator between these hadron 
states are 

{u',p,a\jf,\u,p,P) = n'7^[Ca/3(l - 75) + 1)0/3(1 + 75)]u. (2.3.31) 

If the symmetry associated with does not suffer spontaneous breakdown, then the following 
relation should hold: 

Tr{C - D) = NcTr{A- B). (2.3.32) 

This is the matching condition suggested by 't Hooft. Obviously, the matching condition is 
connected with the current triangle anomaly. Recalling the Fourier transformation of the triangle 
Green function, 

T^,p{p,q,r){27T)'6^^\p + q + r)^[d'xdSd'ze'^P-^+''-y+^-'\0\T[J^^^^^ 



J being the gauge symmetry current, we obtain the anomalous Ward identity, 

r'r^,p{p, q, r) = ^T>(A - i?)e^.„/3P"/ = ^Tr(C - D)e^,^pp''qf^ . (2.3.34) 

It is well known that this anomaly equation is true to all orders of perturbation theory and 
it even survives non-perturbative effects such as instanton correction ||6^. Although T^j^p can 
receive contributions from every order of perturbation theory, the anomaly equation remains 
the same as given by the zeroth order triangle diagram. Therefore, the anomaly matching can 
be formulated in a stricter way: If one treats the massless baryons as if they were fundamental 
spin 1/2 particles, i.e. quarks, and ignores all other particles, one still gets the correct anomaly. 
This is the reason why ( 2.3.32| ) is satisfied. In fact, this matching condition reveals the deep 



origin of the anomaly [^]: the anomaly is connected with the IR singularity of the amplitude, 
which gets contributions only from the massless spin 1/2 particles. 
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2.4 Various phases of gauge theories 

The possible phases of a field theory model are associated with symmetries of the theory. Phase 
transitions are usually associated with changes of the symmetry. In different phases, the particle 
spectrum and the dynamics of the theory can be greatly different. The quantity characterizing 
the phase is the order parameter. 

In a gauge theory the phases are classified by the symmetry that is realized in the phase. 
The order parameter should be gauge and Lorentz-invariant. There are several ways to define an 
order parameter. The most common choice is the Wilson loop, which was proposed by Wilson 
in 1974 [^]. The definition of the Wilson loop can be illustrated by a simple example of an 
Abelian gauge field: Assume that two charges ite are created at some point in the Euclidean 
plane (x, r), then separated to a distance R and kept static. Finally they come together and 
annihilate at another point after some Euclidean time T. The world lines of these two charges 
will form a contour. The interaction of these two external charges with the gauge field is 



int 



e / d'^xfA 



xj^Af, = ef Af.dx''. 



The current density for two point charges moving on the perimeter of a loop is 

ji^ = e^6^*\x-x{s)), 0<s<27r, 
as 



(2.4.1) 



(2.4.2) 



with s being the parameter describing the contour. In the path integral formalism, this source 
will introduce into the vacuum functional integral an extra factor, the Wilson loop 



Wu]=exp [iSint] = exp 



ie <p Afj_dx^ 



(2.4.3) 



The generating functional with this point electric charge interaction is just the "quantum Wilson 
loop", 



(2.4.4) 



In the non-relativistic limit, the quantum Wilson loop is associated with the static potential of 
two particles with opposite charges. To see this, we calculate the quantum Wilson loop over a 
rectangle with width R and length T. Choosing the gauge condition ^0(^1 ^) = 0) '^^ then have 

m 



(VF^) = (VF^(i?,T)) = (v^(o)vt(r)), 



(2.4.5) 



where 



V'(O) = Pexp 



/ ds— •Ax,0 

JO as 



ip{T) = Pexp 



(2.4.6) 



P denoting the path ordering. Performing the sum over the intermediate states in Eq. ( p. 4. 5 ) 
and using the translation invariance (in Euclidean space) 



-HT 



(2.4.7) 
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phase 


static potential V{R) 




at large R 


Coulomb 


1/R 


free electric 


l/[Rln (RA)] 


free magnetic 


In (RA) /R 


Higgs 


constant 


confining 


kR 



Table 2.3.1: Various phases in gauge theory (k is the string tension and A is the renormahzation scale). 



we get 



(VF^(i?,r)) =5](V'(0)|n)(n|^t(r)) =^|(^(0)|n)|2e-^"^, 



(2.4. 



where H is the Hamiltonian and {En} is the energy spectrum of the system. In the limit T ^ oo, 
only the ground state with the lowest energy Eq contributes to {Ww{R,T)) , 



(2.4.9) 



Wilson's prescription for obtaining the static potential between the pair of charges as a function 
of their distance is the following: 



V{R)= lim 



ln{W{R,T)) 



(2.4.10) 



Thus, the phase can be characterized by the static potential defined in this way. Since the vacuum 
expectation value of the Wilson loop operator is determined by the full quantum theory, the 
general form of the static potential at large R should be 



ViR) 



a{R) 
R 



(2.4.11) 



The generalization of the above discussion to the non-Abelian case is straightforward. The two 
test charges should be in conjugate representations r and r of the gauge group and the Wilson 
loop operator is the trace of the holonomy operator in the representation r. 



Tr rP exp 



(2.4.12) 



In Eq. ( ^.4.1l| ), a is classically a constant, a = j (47r), with g being the gauge coupling constant, 
but the quantum corrections make a be a function of i?, since a runs due to renormahzation 
effects. Depending on the functional form of a.{R) at large R (up to a non-universal additive 
constant), the phases are classified as listed in Table ( |2.4[ ). 

In the following we shall give a detailed explanation of each phase and mention the known 
field theories possessing such a phase. 
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Coulomb phase 



This dynamical regime has long-distance interaction behaviour. One typical theory present- 
ing this phase is massive QED, where the running of the coupling constant is given by the 
Landau formula, which in momentum space reads: 

aeff(g^) = z //o ?? n 21/ 2^ ' (2.4.13) 

1 - Q;o/(37r)ln(|g^|/m^) 

where m is the mass of the charged particle. Thus a decreases logarithmically at large distances. 
However, it stops running at R^m~^, the corresponding limiting value of a being 

als = aes{R^m-^) (2.4.14) 

and the static potential at large R being 

V{R) ~ ^ oc i. (2.4.15) 

The Coulomb phase also appears in a non-Abelian theory with massless interacting quarks 
and gluons, and is then called the non-Abelian Coulomb phase. The Coulomb potential can 
emerge at a non-trivial infrared fixed point of the renormalization group. Thus, such a theory is 
a non-trivial interacting four dimensional conformal field theory. One known field theory having 
this feature is super symmetric QCD with an appropriate choice of flavours and colours. We 
shall give a detailed discussion of this theory later. 

Free electric phase 

This dynamical feature is also familiar. It occurs in massless QED. Prom the running of the 
coupling constant in momentum space, 

"^^^^'^ = l-ao/(3;01n(|,2|/A2)' ^'•'•''^ 

one can see that the electric charge is renormalized to zero at large distance and thus there 
will be a factor In (RA) in the static potential. An intuitive physical reason is that a strong 
screening occurs due to quantum effects, and the photon propagator is dressed by virtual pairs 
of electrons. This dressing makes the running coupling constant behave as follows at large R: 

a(R) ~ (2.4.17) 

Note that this is greatly different from the massive case, where the running of the effective 
charge is frozen at the distance R = . In the massless case, the logarithmic falloff continues 
indefinitely. Thus the asymptotic limit of massless QED is a free photon plus massless electrons 
whose charge is completely screened. This is why this phase is called a free phase. Strictly 
speaking, the model with this phase is ill-defined at short distances, since the effective coupling 
grows continuously and finally hits the Landau pole. Usually, this kind of theory must be 
embedded into an asymptotically free theory. A free electric phase also occurs in the IR region 
of a non-Abelian gauge theory which is not asymptotically free, and it is then called a non- 
Abelian free electric phase. Ordinary QCD with Nj > 16 can have this phase. 
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Free magnetic phase 



The free magnetic phase owes its existence to the occurrence of magnetic monopole states. 
Assume that a magnetic monopole behaves like a point particle and participates in interactions 
like an electron. Analogous to the free electric phase, the free magnetic phase occurs when there 
are massless magnetic monopoles, which renormalize the magnetic coupling to zero at large 
distance, 

Due to the Dirac condition e{R)g{R) ~ 1, the electric coupling constant is correspondingly 
renormalized to infinity at large distance, 

a^fj(ii) ~ln(i?A). (2.4.19) 

There also exists a non-Abelian free magnetic phase. The known examples are N = 2 SU{2) 
Supersymmetric Yang-Mills theory at the massless monopole points fl], || and the dual magnetic 
theory of = 1 supersymmetric SU{Nc) gauge theory with Nf flavours when Nc+2<Nf<3/2Nc 



m 



Higgs phase 



In a Higgs phase, the gauge group G is spontaneously broken to a subgroup H hy a scalar 
field or by the condensation of a fermionic field. The gauge bosons corresponding to the broken 
generators will become massive due to the Higgs mechanism. One typical model is the Georgi- 
Glashow model, which describes the interaction of an SU{2) gauge field with the scalar field in 
the adjoint representation of the gauge group, 

C = -\g%G^^''- + ]^{D,<pr{D^^c|,Y - ^ (c/>>- -v^)\ (2.4.20) 

The non-vanishing expectation value = v leads to the spontaneous breaking of the gauge 
symmetry, SU{2) — ^U{1). Corresponding to the two broken generators, two gauge bosons 
become massive with mass M\\r = \gv\ due to the Higgs mechanism, and one remains massless, 
corresponding to the unbroken generator. The dynamics is a little complicated: at a distance less 
than , the static potential is the Coulomb potential ~ 1/R; at a distance larger than M^, 
the interaction force is short-range and the potential behaves as a Yukawa potential, V{R) ~ 
exp {—M\yR)/R, i.e. the electric charge is exponentially screened. The gauge coupling constant 
runs according to the Landau formula at distances shorter than , since the remaining theory 
is an Abelian gauge theory, and the running is frozen at the distance . Thus, in the Higgs 
phase the static potential between two test charges should tend to a constant value. This can 
also be seen from an explicit computation of the Wilson loop in lattice gauge theory, where the 
quantum Wilson loop obeys a "perimeter law" , 

{Ww) ~ exp [-A X (perimeter)] . (2.4.21) 
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Confining phase 



Confinement means that the particles corresponding to the fields appearing in the funda- 
mental Lagrangian are absent in the observed particle spectrum. One well-known example of 
a confining phase is low-energy QCD. In QCD, the microscopic dynamical variables are quarks 
and gluons, they carry colour charges responsible for the strong interactions. However, all the 
observed particles are colourless hadrons, i.e. bound states of quark-antiquark pairs (mesons) 
or three quarks (baryons) or gluons (glueballs). The microscopic degrees of freedom are always 
confined. This kind of dynamical feature is called a confining phase. Strictly speaking, the 
dynamical mechanism for colour confinement is not quite clarified yet. However, a phenomeno- 
logical picture is believed to be as follows. 

If we place a static colour charge and a conjugate charge at a large distance from each other, 
they will create a chromoelectric field formed like a thin flux tube between the two charges, in 
contrast to the electric-magnetic field in the Abelian case, which is dispersed. The flux tube is 
a string-like object with constant string tension k. Both the cross section and the string tension 
are determined by the energy scale at which confinement occurs. Thus, the potential between 
quarks grows linearly with the distance since the string tension is constant: 



V{R) = kR. 



(2.4.22) 



The quarks cannot leave the hadron since this would need an infinite energy. This dynamical 
feature manifests itself in the Wilson loop as the "area law" . 

This physical picture is reminiscent of the Meissner effect in type II superconductivity. Prom 
the viewpoint of field theory, superconductivity can be thought of as the spontaneous breakdown 
of electromagnetic gauge symmetry created by the Bose condensation of the Cooper electron 
pairs in the vacuum state. One of the most prominent features in the superconductor is the 
exclusion of magnetic fields, the Meissner effect. However, if we put two static magnetic charges 
inside the superconductor, since the magnetic flux is conserved, the magnetic field cannot vanish 
everywhere. The magnetic flux will be pressed into narrow tubes connecting these two magnetic 
charges. A phenomenological model describing this dynamics is the Landau-Ginzburg theory. 



S 



1 1 



^9 ii^pippf 



(2.4.23) 



where i = 1,2,3; p, q = 1, 2; g, m? > and t is the Hermitian U (1) generator. 







(2.4.24) 



This model is the non-relativistic analogue of a U (1) gauge field interacting with a scalar field. 
Defining 



-01 +iil)2 = p exp {2ie(j)) , 
we can rewrite the above action as 
S= i (fx 



(2.4.25) 



(2.4.26) 
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The Landau-Ginzburg action shows spontaneous symmetry breakdown due to the condensation 
of electron pairs. The flux tubes are just the vortex solutions of the classical equations of motion 
derived from the above action. One can calculate the energy carried by the vortex per unit length 
at a distance far away from the magnetic charge source with the result being a constant |64]. 



Thus, the energy between two magnetic charges in a superconductor grows linearly with the 
separation between them. 

We expect a similar dynamical mechanism to exist in QCD resulting in colour confinement. 
However, there are two difficulties to overcome. 

First, in QCD, it is the chromoelectric field that forms fiux tubes. The vacuum medium 
should expel the chromoelectric field, and this can only be achieved by the condensation of 
particles carrying magnetic charge. Thus, if the colour confinement is produced in this way, 
it should be a dual Meissner effect. It is well known that monopole solutions had been found 
in the Georgi-Glashow model independently by 't Hooft ||6^ and Polyakov [^6|. In this model 
there exists a scalar field and the Higgs mechanism can break the original SU (2) gauge group 
to U{1), leading to the emergence of monopoles as soliton solutions to the classical equations 
of motion. But QCD, whose gauge group SU (3) remains unbroken, does not have classical 
magnetic monopole solutions. 

A possible scheme to solve this problem was proposed by 't Hooft. His idea is quite simple 



[S7|: choose an appropriate non-propagating gauge condition to reduce the original SU{Nc) QCD 
to a multiple Abelian theory with gauge group C/(l)^'=~^, i.e. the maximal Cartan subgroup 
of SU{Nc). This procedure is called Abelian projection, which can artificially create monopole 
configurations. Note that the QCD monopoles obtained in this way are not physical objects, 
since they are gauge dependent. Nevertheless, they may play an important role in implementing 
the dual Meissner effect in QCD. 

A non-propagating gauge means a gauge that is fixed in such a way that no unphysical 
degrees of freedoms such as Faddeev-Popov ghosts emerge. A familiar example is the unitary 
gauge. Usually, as indicated by 't Hooft, this kind of gauge choice can render the theory non- 
manifestly renormalizable and therefore, in concrete calculations one should go over to a nicer 
"approximately non-propagating" gauge condition. Another more important feature of the non- 
propagating gauge is that it can induce singularities in space-time, 't Hooft interpreted these 
singularities as the "monopoles", additional physical dynamical variables. 

A concrete method to implement this gauge is as follows. Let us consider some operator that 
transforms covariantly under the local gauge transformation U{x), 

X — > UXU'^. (2.4.27) 

For instance, X = G^j.G'^^, X = Gf^uD'^G^", or X = V'rV's and so on, r,s = 1, - ■ ■ ,Nc being 
colour indices. Then by choosing U (x) appropriately X can be diagonalized. 



X 



/ Ai • • • 
V ••• A;v. 



(2.4.28) 



where the eigenvalues are ordered, 

Ai > A2 > ••• > Atv,. (2.4.29) 
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The gauge is not yet fixed completely, as any diagonal gauge rotation 



/ e^^i • • • ON 



U{x) 



(2.4.30) 



V ••• e^^^c J 

leaves X invariant. These gauge transformations form the group 

U{lf^-\ (2.4.31) 

i.e. the maximal Abelian subgroup of the gauge group. Thus, with this gauge choice SU{Nc) 
gluodynamics is reduced to a dynamics of iVc— 1 "photons" (the gluon components corresponding 
to diagonal generators) and Nc{Nc — 1) "matter fields" (the gluon components corresponding to 
all off-diagonal generators) charged with respect to the "photon" fields. 

Let us see how the QCD monopole configurations emerge. As mentioned above, the monopoles 
correspond to singularities in space induced by the gauge choice. Singularities arise when two 
consecutive eigenvalues of X coincide. Without loss of generality, we consider the case in which 
Ai and A2 coincide at some space point xq, while the other eigenvalues remain distinct. Close 
to xq, a nonsingular gauge transformation brings X into a form comprising a 2 x 2 Hermitian 
matrix 

Al + e"(x)(7", (2.4.32) 

where 1 is the 2x2 unit matrix and a" are the Pauli matrices, in the upper left hand corner; 
otherwise, X is diagonal. With respect to the SU{2) subgroup rotating the 1,2-components into 
each other, the fields e"(x) behave as the components of an isovector. The coincidence Ai = A2 
at xq means that 

e"(xo) = 0, a =1,2, 3. (2.4.33) 

The vanishing of these three real functions can only happen in isolated points in three-dimensional 
space. Thus, e"(x) carries the characteristic features of the Higgs field of the 't Hooft-Polyakov 
monopole. Indeed, performing the final step of the gauge fixing, making = = and > 0, 
generates Dirac strings in the photon fields Aj^ and Aj^. 
If the U{1) charges of the "matter" field are 

Qi = -Qj = 9;(lk = 0,k^ (2.4.34) 

then the magnetic charges of the singularity are 

2-jr 27r 

(/ii, h2, hs,---, hNj = (— , , 0, • • • , 0). (2.4.35) 

9 9 

Note that the "elementary monopoles" only have adjacent magnetic charges different from zero. 
Monopoles with nonadjacent magnetic charges can only arise as bound states of these "elemen- 
tary" poles. 

Although we have been able to identify states that could give rise to a dual Meissner effect 
through condensation, there remains the formidable problem of showing that this actually is 
what happens in QCD. Lattice simulations have given some quite encouraging results, but 
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they are still far from complete and many aspects still remain unclear [^]. It was thus very 
encouraging that a demonstration of this confinement mechanism could be given for N = 2 
supersymmetric Yang-Mills theory [||] and QCD Seiberg and Witten were able to deduce 
an exact low-energy effective action using the electric-magnetic duality conjecture, and showed 
that the dual Meissner effect indeed happens. 



Oblique confinement 



In addition to the various phases introduced above, there still exists another peculiar dynam- 
ical scenario in which states with fractional baryon charges can emerge. This phase is called the 
oblique confinement phase. Since this phase indeed emerges in supersymmetric SO{Nc) gauge 
theory, we shall in the following give a detailed explanation. 

Roughly speaking, oblique confinement is produced by dyon condensation. A dyon is a state 
carrying both electric and magnetic charges. As a soliton solution in the Georgi-Glashow model 
it was first found by Julia and Zee |^9| in the gauge choice of non-zero ^q, the time component 
of the gauge field. The magnetic monopole is the static solution of the Georgi-Glashow model in 



the gauge condition = [65|. The non-zero should give the static solution both electric 



and magnetic charges since the electric field does not vanish. It was further shown by Witten 



that a non- vanishing vacuum angle ^ [70|, 



C = ^Gl^C^^^ (2.4.36) 

affects the electric charge of magnetically charged states. Although this term is a surface term 
and does not affect the classical equations of motion, it makes a particle with the magnetic 
charge h necessarily acquire an electric charge, 

q = g/.. (2.4.37) 

Before discussing the effects of the ^-vacuum, we shall show that for QCD monopole config- 
urations the "electric" charges of off-diagonal gluons and the magnetic charges of singularities 
form a (2A^ — 2)-dimensional lattice. 

Consider two particles, (1) and (2), with magnetic charges h^P and hf''^ and electric charges 

qi^^ and qf'\ i = 1, ■ ■ ■ , Nc labelling the U{1) group. The charges have to obey the Schwinger- 
Zwanziger quantization condition, 

f:{h^^qP-q^^f^^)=2.n (2.4.38) 

i=l 

with 

Y.hi = Y,qi = {). (2.4.39) 

i=l 1=1 

In 't Hooft's terms "the particle (1) has a Dirac quantum n with respect to particle (2)". 
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It is easy to show that a particle, with electric and magnetic charges being integer coefficient 
linear combinations of the charges of the particles (1) and (2), still satisfies the Schwinger- 
Zwanziger quantization condition with respect to both others. Therefore, the whole particle 
spectrum satisfying ( p.4.38| ) and ( 2.4.39 ) can be constructed by finding a basis of 2{Nc — 1) 
particles with charges /i^-^^ and qi\~A = 1, • • • , 2Nc — 2, and then all allowed sets of charges are 

hi= J2 ^Ah\^^^ Qi= J2 f'Al^^- (2-4-40) 
A=l A=l 

So they form (2Nc — 2)-dimensional lattice. 

Since in each of the — 1 U{1) groups, the dynamics is described by Maxwell's equations, 
which are invariant under rotations of the electric and magnetic charges, 



hi hi cos + Qi sin ( 

Qi -hi sin (pi + Qi cos (pi, (2.4.41) 

we can define a "standard" basis by rotating away the magnetic part of the {Nc — 1) basic 
charges: 

/jj^)=0, A = l,--- ,Nc-l. (2.4.42) 
The electrically charged gluons provide us with a set of — 1 basic charges obeying ( |2.4.42| ): 

ql^^ = g5f - g5f+\ A = l,.--,N,-l. (2.4.43) 
The standard basis is completed by the magnetic monopoles with magnetic charges as in 



^{A) ^2^^A+i-N._^^A+2-N.^ A = N,,.--,2N,-2. (2.4.44) 



Quarks, if they occur, would have only electric charges. 



qr-gSiio-j^, i = l,---,iVe, (2.4.45) 



where iq labels a fixed U{1) group and the last term is necessary in order to satisfy the constraint 
( 2.4.39 ). The lattice for the case A'c = 2 is sketched in Fig. l.a. The electrically charged particles 
lie on the horizontal axis. From ( p.4.43| ) the gluons have charges (corresponding to diagonal 
generators), ±g (corresponding to off-diagonal generators). Other particles composed of gluons, 
according to Eq. ( p.4.40| ), have the charge ±2(7 and so on. The quarks, according to Eq. (2.4.45), 
have charges ±(?/2 in the case Nc = 2. The monopoles lie on the vertical axis with magnetic 
charge h = 4:11 /g and the electric charge q = 0. Other states on the vertical axis are the anti- 
monopole, a pair of monopoles and so on. All the points which do not belong to the horizontal 
and vertical axis are bound states of the electric and magnetic quanta. 

Now we switch on the 6 vacuum term. According to Eq. (2.4.37), the QCD monopoles acquire 
fractional U{1) charges, 

g(^) = ^hf\ A = Ncr--,2Nc-2. (2.4.46) 
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Consequently, if 7^ or 2tt, the square lattice shown in Fig. l.a. will become oblique (this 
is why the name oblique confinement is applied). Fig. l.b shows the lattice corresponding to 
6» = 7r + e, 0<e<C7r. 

From the above discussion, we infer that there are three physical dynamical scenarios. If 
one of the purely electrically charged objects is a Lorentz scalar, it can develop a non-vanishing 
vacuum expectation value and then the theory is in the Higgs phase. If the field representing 
a monopole develops a non-vanishing vacuum expectation value, the quarks will be confined, 
and the theory is in the confining phase. If no condensation occurs, the particle spectrum is 
given by the lattice, and the theory is in the so-called Coulomb phase. Therefore, all the phases, 
if they emerge in SU{N) gauge theory, can be characterized by designating those points on 
the charge lattice that develop vacuum expectation values. The quantum in the Schwinger- 
Zwanziger quantization condition for every pair of these points must vanish, 

h^^qP-g^^}^=0, (2.4.47) 

For the case of SU{2) sketched in Fig. 1, Eq. ( p. 4. 47] ) implies that these points should lie on a 
straight line passing through the origin. In the general SU{Nc) case, they can span a linear 
subspace with the dimension not larger than Nc — 1. All particles whose charges lie in this 
subspace show only short-range interactions, and their gauge fields are screened by the Higgs 
mechanism. All the particles that have a non-vanishing Schwinger-Zwanziger quantum with 
respect to one of the points on this subspace are confined. 

Overall, all the possible physical phases of the theory can be characterized by the linear 
spaces spanned by at most N points on the electric-magnetic charges lattice. (In particular, the 
pure Coulomb phase corresponds to choosing only the origin.) Phase transitions correspond to 
moving from one linear subspace to another. 

With this electric-magnetic lattice and its phase description, we can explain what the oblique 
confinement looks like. Increasing 6, we can deform the {q,h} lattice in a continuous way. 
Suppose we have a confinement mode corresponding to the line / sketched in Fig. l.b., i.e. 
monopoles in this direction develop expectation values. If 6 runs from to tt, this line will 
become continuously more tilted. At 9 = tt, the other line //, corresponding to the parity 
image of / with respect to the vertical axis, is also a confinement mode. When 9 is very near 
TT but not equal to vr, vacuum expectation values of the monopoles cannot be developed in the 
direction represented by the line / or //. This follows from the Schwinger-Zwanziger quantization 
condition. It seems that the monopole particles have to move collectively and carry large electric 
charges. However, the monopoles corresponding to / and // carry opposite electric charges. 
There is a possibility that they form a tight bound state, which in turn condenses and hence 
develops a vacuum expectation value. The possible direction in which this condensation happens 
is the line III as shown in Fig. l.b. This alternative is referred to as oblique confinement by 
't Hooft (6^, 0]. However, one can see that this confinement mode is very peculiar. Some of 
the particles with the external quantum numbers of fundamental quarks exist in the observable 
spectrum. Of course, the fundamental quarks are confined, since they do not lie on the line III. 
But the bound state of a quark and a dyon can lie on this line and hence is not confined. Since 
the dyon has no baryon charge, or any other external quantum numbers, this kind of composite 
particle has exactly the same baryon charge as the fundamental quarks, i.e. fractional. In usual 
QCD, the vacuum angle is empirically very close to zero, and oblique confinement cannot occur. 
However, in supersymmetric SO{Nc) gauge theory, this dynamical phenomenon indeed exists. 
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hH = photons 

9 = elementary gluons and monopoles 

O = bound states of gluons and monopoles 

X = quarks 




H— I = photons 

9 = elementary gluons and monopoles 

O = bound states of gluons and monopoles 

X = quarks 

(K) = bound states with quarks 



^ I = one Dirac quantum 

Figure 1: Electric-magnetic charge lattice for the SU{2) case, q — electric charge, h = magnetic charge. 
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phase 


static potential V{R) 




at large R 


Coulomb 


1/R 


free electric 


In (RA) /R 


free magnetic 


l/[Rln (RA)] 


Higgs 


pR 


confining 


constant 



Table 2.3.2: Static potential obtained from the 't Hooft loop and corresponding phases in gauge theory 
[p is the string tension and A is the renormalization scale) . 



More order parameters 



In the following, we shall introduce two other order parameters, which are very convenient 
for describing monopole condensation (quark confinement) and dyon condensation (oblique con- 
finement). 

The first order parameter is the 't Hooft loop Wt, which is defined by cutting a contour out 
of the space-time and considering non-trivial boundary conditions around it. This definition 
itself has geometric meaning. In a fashion similar to the Wilson loop, it can be interpreted 
as the creation and annihilation of a monopole and anti-monopole pair. With the choice of a 
rectangular contour, one can define the static potential between the monopole and anti-monopole 
at large distance R, 



T 



lim {Wt) = e-^^*(^). (2.4.48) 



It can be argued from some concrete calculations |16] that the potential between the monopoles 
can be classified as that listed in Table 2.3.2| . 



Comparing the static potential between electrically charged particles obtained from the Wil- 
son loop with that of magnetic monopoles from the 't Hooft loop, one can see that the dynamical 
behaviour of free electric and free magnetic phases are exchanged. The Higgs phase and the 
confining phase are also exchanged. This is in fact a reflection of electric-magnetic duality: the 
Wilson loop and the 't Hooft loops are exchanged with the exchange of electrically charged par- 
ticles with magnetic monopoles. In fact, the exchange of the Higgs phase and confinement phase 



is a conjecture by Mandelstam and 't Hooft 10 1 based on the the exchange of the free electric 



phase and the free magnetic phase. As mentioned above, this conjecture provides a conceivable 
mechanism for colour confinement. It can be understood as a dual Meissner effect produced 
by the condensation of monopoles, since the Higgs phase is associated with the condensation of 
electrically charged particles, and the magnetically charged particles are confined. 

The Coulomb phase goes into itself under the electric-magnetic duality transformation. This 
is the unique self-dual phase. For an Abelian Coulomb phase with free photons, this can be easily 
seen from a standard duality transformation. The search for duality in non-Abelian Coulomb 
phase has become very popular in recent years. The original conjecture for the existence of 
this duality was made by Montonen and Olive [Q]. Osborn Q found that this duality can exist 
in = 4 supersymmetric Yang-Mills theory. Some years ago a major progress was made by 
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phase 




dynamical behaviour 






W 


Wt 


Wd 


Coulomb 


perimeter law 


area law 


area law 


Confinement 


area law 


perimeter law 


area law 


Oblique confinement 


area law 


area law 


perimeter law 



Table 2.3.3: Dynamical law of the phases described by the order parameters. 



Seiberg and Witten ^ . They found that the electric- magnetic duality in the low-energy N = 2 
supersymmetric Yang-Mills theory play a crucial role in understanding the non-perturbative 
dynamics. The electric-magnetic duality transformation turned out to be the monodromy, i.e. 
the transformation of a complex function relevant to the coupling around the singularity in the 
Riemann surface of the moduli space of the theory, while the singularities represent the various 
particles implied from the duality such as monopole and dyon etc. In this way an exact coupling 
of low-energy N = 2 supersymmetric Yang-Mills theory is thus determined and consequently, the 
full low-energy quantum effective action (including the non-perturbative contribution) is given. 
This effective action is confirmed by some explicit instanton calculations |^^. Furthermore, 
Seiberg has shown that the non-Abelian electric-magnetic duality can emerge in the infrared 



fixed point of = 1 supersymmetric QCD [11, 12, 13 1. This is the main topic we shall discuss 
in the following sections. 

With the Wilson and the 't Hooft loops, we formally define another gauge invariant order 
parameter as the product of them, 

Wd = W^Wt, (2.4.49) 

which is called a dyon loop since it can describe the dynamics of the particles with both electric 
and magnetic charges. This order parameter is particularly suitable for describing the oblique 
confinement phase. To compare the dynamical behaviour of each phase refiected in these pa- 



rameters, we collect them in Table 2.3.3 



2.5 = 1 superconformal algebra and its representation 
2.5.1 Current super mult iplet 

The algebraic foundation of a superconformal invariant quantum field theory is superconformal 
algebra. To introduce superconformal symmetry, a natural way is to start from the supercurrent 



supermultiplet. Like in the derivation of ordinary conformal algebra in Subsect. 2.1, we exhibit 
the structure of the supercurrent multiplet without resorting to a particular model and only by 
demanding that the currents and their supersymmetric transformations yield the supersymmetry 
algebra. 

According to the Noether theorem, corresponding to supersymmetry invariance of a relativis- 
tic quantum field theory we have the conserved supersymmetry current j^a{x), dfj_j^a{x) = 0, 
and the supercharge 

Q = I Sxj^. (2.5.1) 
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The supercharge generates the supersymmetric transformation, 6(l){x) = i[CQ,(f){x)]. Here we 
use four-component notation, 

^=(^"'^")' CQ = QC. (2.5.2) 

In two-component notation, = C°Qa + QaC ■ The supersymmetric variation of the super- 
symmetric current gives 

5j^{x) = -i[j^{x),CQ]. (2.5.3) 

Taking the space integral of the time component of the above supersymmetry variation and 
requiring that the = 1 supersymmetry algebra {Q, Q} = 2^^P^ is reproduced, we have 

J d^x6jo{x) = -i[Q,CQ] = -i[Q,QC] = -^h'^CP,. = -2irC J d^xeof,. (2.5.4) 

In view of Lorentz covariance, the supersymmetric transformation of supersymmetry current 
must have the following general form: 

<5iM = 27"^./. + d'R^p, (2.5.5) 



where Rp^ = —R^p. The second term of ( p. 5. 5 ) vanishes when taking = and integrating 



over / d?x. Furthermore, the chiral Ur{1) rotation of the supercharge yields 

[Q,R] = 75Q, R = j d^xjl 

[CQ,J d^xjl] = -ij d^xdjl = Cl5Q = Cl5 J d^xjo. (2.5.6) 

Hence 

^jl = ild^ + d'r,^, (2.5.7) 



with ryp = —rpy. ( 2.5.5| ) and ( p.5.7| ) imply that the i?-current j^, the supersymmetry current 



j^a and the energy-momentum tensor Op^p belong to a supermultiplet 



^tiu, j/i, jp)- (2.5. 



At quantum level, each member of the above supermultiplet will become anomalous. It was 
shown that the trace anomaly 9^^, the 7-trace anomaly of the supersymmetry current, ^^jp,, 

and the chiral anomaly of the i?-current, d^jp, lie in a chiral supermultiplet, {^^jp, 0^^, d'^j 



In a concrete classical superconformal invariant field theory - the massless Wess-Zumino 
model - the explicit but model independent supersymmetry transformations among the members 



of the current supermultiplet ( 2.5.8| ) follows: 



6jp = -2iYC0^.u + iYl^C {dufp - Vpud'^fp) + ^iepupal^Cd^f'', 



SOp, = -MappdPj. + a.pdPjp). (2.5.9) 
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Consequently, the supersymmetry transformation of the members of the anomaly multiplet is 

'2 



<5 I 



(2.5.10) 



Like in the non-super symmetric case discussed in Sect. 2.1, if we require that the conformal 
symmetry is preserved at the quantum level, $ = 0, i.e. 



(2.5.11) 



then the supersymmetric transformation (|2.5.9D reduces to the form of the naive supersymmetry 
transformations ( p.5.5| ) and ( 2.5.7 ), 



(2.5.12) 



In particular, with the vanishing of the quantum anomalies ( 2.5.11 ), we have not only the 
conserved currents and k^i, and their charges D and shown in ( 2.1.12| ), but also a new 
conserved fermionic current 



Sp = ix^-jujii, d^Sp = ij^jp + ix^jiyd^jp = 0, 
and the corresponding supercharge 



S= 



d xsq. 



(2.5.13) 



(2.5.14) 



S is called the generator of special supersymmetry transformations. Like the supersymmetric 
charge, S is a Majorana spinor, 



(2.5.15) 



2.5.2 = 1 superconformal algebra 



In this section, we first derive the whole superconformal algebra and then work out in detail 
the representation of the superconformal algebra following Ref. [27|. In particular, we shall 
introduce the relation between the conformal dimension and the i?-charge of a chiral superfield, 
which plays a crucial role in determining the conformal window in = 1 supersymmetric gauge 
theory. 

Like the ordinary conformal algebra, the superconformal algebra can be derived directly from 
the transformation property of the current given in ( 2.5.121) . We first get 



Q,QC 



d^xjo,QC] 



d^x5jo 
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1 



[R,CQ] 

where we have used 



[ J d^xOof^XQ] = J d^ocS9of, = J d^x {aopdPj^ + a^pd^jo) 
^< J d^x (aoid'j^ + af^id^jo - a^o^^jj) = 0, 



(2.5.16) 



(2.5.17) 



i / d^x {x^50yo - Xjj59^q) 



1- 



1- 



C / d'^x [{cF^Qj^ - a^^jQ - ao^ji, - (^< — = --((Ju^^Q, (2.5.18) 



4' 7 ""-"^ "^■'■^ 2 

[ / d^xjlCQ] = i [ d^xSjl = -C75 / d^xjo = -Cl^Q, 



(2.5.19) 



j d^a;^^ (anything) = 0, i = 1, 2, 3; = -a^^, d^'j^ = = 0, 
Eqs. ( 2.5.16| )-( |2.5.19D give the fermionic part of the super-Poincare algebra: 



[Q,M^,] = -a^,Q, [Q,P^]=0, {Q,Q} = 27^P^, [Q,R]=-i^Q. 



(2.5.20) 



(2.5.21) 



To obtain the whole superconformal algebra, we only need to calculate two new commutation 
relations, [Q,Kfj\ and [Q,!?]. The others can be determined from the Jacobi identity. Thus, we 
have 



[CQ, J d^xk^o] = y d^x6kfj,o 

-i [ d'^x{2x^x''5e,o - xHe^o) = Cl^.S, 



(2.5.22) 



[CQ, / d^xdo] = -i d^xSdo 



-i I d^xx^l 



-^C / d^x r]'"'{aoiju + (Tudo - (^uoji) 



1- 



C / d XGQ^j 



1- 



C / d^xijold' 



^CJ d-'xjo = -iCQ, 



(2.5.23) 



where the condition 7^^^'^ = was used. Eqs. ([15321) and (|2X23|) yield new commutation 
relations. 



(2.5.24) 
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In addition, since the i?-symmetry is only related to super-coordinate rotations, it actually 
belongs to the internal symmetries. Thus the generator of i?-symmetry must commute with the 
generators of the ordinary space-time transformation, 

[R, P^] = [R, iVV] = [R, D] = [R, K^] = 0. (2.5.25) 

With the algebraic relations listed in (|2. 5.211) , (|2.5.24D and (|2.5.25| ), the Jacobi identities (5, M, K), 
(Q, P, K), {Q, D, K), [Q, K, K) and (Q, K, R) yield the following commutation relations, respec- 
tively, 

[S,M^,] = ]^a^,S, [5,P^]=7^Q, [S,D] = -'-S, [5,/C^]=0, [S,R] = -^^S. (2.5.26) 

As an illustrative example, consider the Jacobi identity {S,M,K). We have 
[[Q, M^,],Kp] + [[Kp, Q],M^,] + [[M^,,Kp],Q] = 0, 

-(7f,u[Q, Kp] - 7p[5', M^^] - [i{rip^K^ - rjp^Kp), Q] = 0, 
^(TpulpS - jp[S, Mpy] + irjpp-yuS - irip,yjpS = 0, 
-^7phf^,lu]S - 'jpiS, Mp^] = 0, 

[S,Mp,] = ^ap,S, (2.5.27) 

where the 7-algebra operation -ypjulp = '^IpVyp - "^Vpplu + Iplplu was used. 

The anticommutators {S,Q} (or equivalently {Q,S}) and {5,5} need some special consid- 
erations. Since both S and Q are fermionic generators, {5, Q} must be proportional to bosonic 
generators, so it must be of the following general form, 

{5, Q} = aD + b-i^Pp + ca^'^Mp^ + d-i^'Kp + eR. (2.5.28) 

The Jacobi identities {Q, S, D); {Q, S, P) and {Q, S, Q) fix the indefinite coefficients as 6 = d = 0, 
a = 2i, d = 1 and e = 875. Hence we finally obtain 

{Q, 5} = 2iD + a^'''Mpy + 875/?. (2.5.29) 

Similarly one shows that 

{5,5} = 27^i^^. (2.5.30) 

The fermionic part of the whole = 1 superconformal algebra consists of the collection of 
the above commutation relations, 

[Q,Mpy\ = ^ap^Q, [S,Mp^] = ^(Tp,yS, 

[Q,D] = ^iQ, [S,D] = -hs, 

[Q,Pp]=0, [S,Pp]=jpQ, 
[Q,Kp]=jpS, [S,Kp]=0, 
[Q,R]=-f5Q, [5,i?] = -755, 
[R,Mp,] = [R,Pp] = [R,D] = [R,Kp] = 0, 
{Q,Q} = 27^P^, {5,5} = 27^K^, 

{5, Q} = 2iD + af'^Mp^ + 875^. (2.5.31) 
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The = 1 super conformal algebra is isomorphic to SU{2, 2|1). For A-extended supersymmetry, 
the supersymmetric algebra is isomorphic to SU{2,2\N). Furthermore, defining a conformal 
spinor. 



Qc 



, S = (5-,gj, (2.5.32) 



and 



o'ab=icrfj,u,afi5,ai_iQ,a5e), a, 6 = 0, • • -,3,5, 6, 

<yf,5 = 7^75, 0-^6 = 7m' ^56 = 75- (2.5.33) 
one can write ( |2.5.31 ) in the form of the fermionic part of an SU (2, 2|1) algebra: 



[S,fl]=S; [S,i?]=-S; [M,fe,ii]=0; 

{S, S} = {S, S} = 0; {S, S} = (T'^^M^f, - 3R. (2.5.34) 
2.5.3 Representations of = 1 superconformal symmetry 

The method of finding a representation of the A = 1 superconformal algebra on field operators 
is the same as for the ordinary conformal algebra, i.e. using Wigner's little group method. 
First, the commutation relation [Q, K^] = j^S shows that the conformal spinor charge S comes 
from the commutator of the supercharge Q with the special conformal transformation generators 
Kfj^. Thus it is possible to construct a superconformal multiplet from a multiplet of Poincare 
supersymmetry by working out the transformation of the fields under the special conformal 
transformations generated by K^. According to ( p. 1.31 ), the transformation of the field under 
a special conformal transformation is 

[K^, ^{x)] = i{2x^x^d'' - x^d^)(^{x) + {k^ + 2ix^d + 2x''S^^)0(x). (2.5.35) 

As shown in Sect.§, in the field operator representation of the ordinary conformal algebra, there 
is no restriction on the little group representation k^, d and S^^, except that d must be a number 
due to [D,M^i,] = 0. However, in the superconformal algebra, the situation is different: there 
is an important constraint for coming from the relation [Q, AT^] = 7^5", thus a should be 
"separated out" from the representation of the commutator [Q, K^. This constraint will restrict 
the possible little group representations on the components of a superconformal multiplet. 

The little group of the superconformal algebra can still be found by requiring that x = 
stays invariant. Then we see that the little group is composed of not only the Lorentz group, 
scale transformations and the special conformal transformations, but also of a C^ij(l) group due 
to the algebraic relations [R, M^y] = [R, D] = [R, = 0. Another difference between the 
representations of the superconformal algebra and the ordinary conformal algebra is that owing 
to the supersymmetry, the representation of the superconformal algebra must be realized on a 
supermultiplet. This is unlike the ordinary conformal algebra, where only one type of field is 
enough. For the superconformal algebra, several kinds of fields such as (pseudo-)scalar fields, 
spinor fields and vector fields are required due to supersymmetry. Thus we consider the most 
general supermultiplet, which can be constructed by starting from a complex field C{x) and 
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performing the famous "seven steps" introduced in Ref. |27|. Since the concrete construction of 
this general supermultiplet is very lengthy, we shall not repeat it explicitly. The basic method of 
finding the chiral multiplet is illustrated detaily in Ref. [27|. Here, we only display this general 
multiplet and the supersymmetry transformations among its component fields |27], 



G{x 
SG{x 
SC{x 
dx{x 
6M{x 
6N{x 
5A^{x 
5Xix 
6D{x 



(C(x), xix),Mix),Nix),A^ix), Xix),Dix)) , 
-i[G{x),CQ] = -i[G{x),QC], 

(M(x) - h5N{x))C - h^iA^ix) - i-f5d^G{x))C, 
aX{x)-ird^x(.x)), 
-iC75(A(2;) - i-ff'd^xix)), 
i(jf,X{x) + (df,x{x), 

-C7^a^75A(x). 



(2.5.36) 



Consequently, the supersymmetry transformations for the fields at the origin (x = 0) should be 
the following: 



G(0 
6G{0 
6C{0 

Sx{0 
6M{0 
6NiO 
6A^{0 

(5A(0 
5D{0 



(C(0), x(0), M(0), iV(0), A^ (0), A(0), D(0)), 
-i[G(0),CQ] = -z[G(0),QC], 
-<75X(0), 

(M(0) - i75iV(0))C - h^'A^m, 

CA(0), 

-^C75A(0), 

<7mA(0), 

i75C^(0), 

0. 



(2.5.37) 



We first find the representation of the little group on this supermultiplet. Since this supermul- 
tiplet is generated from C(x) through a series of successive supersymmetry transformations, as 
the first step, we define the action of the generators of the little group on C(0), 



[GiO),R] 
[G{0),D] 



nC{0), 
idG{0), 
^^.uG{0). 



Then, translating C(0) from the origin according to C{x) 
obtain 



(2.5.38) 

e^x.p{—^x^^P^)C{0)ex.p{ix^^Pf^), we 



[Cix),R] = nC{x), 
[C{x),D] = ix''d^C{x) + idC{x), 
[C(x),M^,] = i(x^9, -x,a^)C(x) + S^,C7(x). 



(2.5.39) 
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The algebraic relations [R, 



require 



0. 



(2.5.40) 



Since T,^u is, by hypothesis, an irreducible representation, according to Schur's lemma, n and d 
must be numbers. They are the conformal dimension and the i2-charge of C{x). The conformal 
dimensions and i?-charges for other fields can be obtained from ( p.5.37| ), ( |2.5.38| ), the supercon- 
formal algebra ( 2.5.31 ) and Jacobi identities. For example, using the Jacobi identities {C,R,Q) 
and {x,R,Q), we have 

[[C{0),R\,Q] + [[Q, Cm,R] + [[R, Q],Cm = 0, 

[nC(0), Q] + [-75X(0), R] + [-75Q, cm = 0, 

-fdx{0),R] = {n + 75)[C(0), Q] = {n + 75)75X(0), 

[X(0),i?] = (n + 75)x(0); (2.5.41) 

[{x{0),Q},R] + {[R,xm,Q} - {[Q,R],xm = o, 

[iM(0) + 75A^(0) + 7^^m(0), R] + {-{n + 75)x(0), Q} + {-75Q, x(0)} = 0, 

i[M(0), i?] + 75[iV(0), i?] + 7n^/.(0), i?] 

= (n + 275)[iM(0) + 75iV(0) + 7^^m(0), i?], 

[M(0),ii] = (n + 275)M(0); 

[iV(0),i?] = (n + 275)iV(0); 

[A^(0), i?] = (n + 275)^^(0). (2.5.42) 

( |2.5.41 ) and ( 2.5.42D show that the i2-charges of x and M, N, are (n + 75) and (n + 275), 
respectively. Similarly, the Jacobi identities {M,R,Q), {N,R,Q), {A^, R,Q), {X,R,Q) and 
{D,R,Q) yield the i?-charges of xi^)i M{0) etc. If we write G(0) as a column vector, 

/ C{0) \ 

x(o) 

M(0) 

G(0) = iV(0) , (2.5.43) 

MO) 
A(0) 

V ^(0) J 

the i?-charges of the component field operators can be written as a diagonal matrix, 

n = n 1 + 75 diag (0, 1, 2, 2, 2, 3, 4) . (2.5.44) 

where 1 denotes the 7x7 unit matrix. The conformal dimensions of the component field operators 
can be worked out in the same way. For examples, from the Jacobi identities (C, D, Q) and 
(C, D, Q), we have 

[[C(0), D],Q] + [[Q, C{0)],D] + [[D, Q], C(0)] = 0, 
[idC{0),Q] + b5X{0),D] + [-'-Q,Cm = 0, 



i5[xm,D] 



i{d + ^h,x{0), 



[xiO),D] 



i{d + -)x{Oy, 



(2.5.45) 
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[{x{0),Q},D]+{[D,xm],Q}-{[Q,D],x} = 0, 
[iM{0)+j5N{0)+j''A^{0),D] + {i{d+^)x{0),Q} + {dQ,xm 
i[M{0),D]+j5[N{0),D]+j''[A^{0),D] 

= i{d + i)[iM(o) + 75iv(o) + rM^)^ R]^ 

[M(0), i?] = i{d + l)Af (0), [N{<d),R] = i{d + l)iV(O), 
[A^(0),Z)] =i(d + 1)^^(0). 



(2.5.46) 



Thus, the conformal dimensions of x ^"^^ A^ are respectively {d + 1/2) and {d + 1). 

Furthermore, the Jacobi identities {M,D,Q), {N,D,Q), {A^,D,Q), {X,D,Q), {D,D,Q) give 
the conformal dimensions of other component fields such as x(0)) M{0) etc. Therefore, the 
conformal dimension of the supermultiplet G{0) is 



d = dl + diag(0,^, 1,1, 1,^2 



(2.5.47) 



Working out the matrix representation of on the supermultiplet is more difficult. The 
relation [K^,D] = —iK^ requires that should satisfy 



[K^,d] = -K^. (2.5.48) 
In terms of matrix elements, since d is a diagonal matrix, the above equation becomes 



{dj - di + 1)(k^) 



0. 



(2.5.49) 
dj + 1. According to 

( 2.5.47 ), the matrix representation of in the basis ( 2.5.43| ) will be of following form (with * 
representing a possible non-zero value). 



This means that the matrix elements (Hfi)ij of will vanish unless di 



/ooooooo\ 











* * y 



* 
\0 * 

x(o) 

M(0) 
iV(0) 
AM 

m 

V ^(0) ) 






*C(0) 
*C(0) 
*C(0) 

*x(o) 

y *M(0) + *iV(0) + *A^(0) ) 



(2.5.50) 



(2.5.50) explicitly leads to 

'«mC(0) = 'tMX(O) 



0, i.e. [C(0),i^^] = [x(0),K^] =0. 



(2.5.51) 
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It seems that k^M{0)^0 and n^N(0)^0, but a careful analysis shows that this not the case. The 
special conformal transformations and supersymmetry transformations of M, N and C imply 
that K^M and k^A^ have the same dimension as C, however, k^M and k^N should be four 
vectors due to Lorentz covariance. Since the transformation is linear, it is not allowed to have 
a non-local operator such as in the action of Kf^i on M and N, hence there is no way of 
constructing a vector with the same dimension as C. Thus, we must have 



K^M(O) = 0, K^N{0) = 0, [Af(0), K^] = [iV(0), 



0. 



(2.5.52) 



The remaining components A, A and D will not vanish under the action of K^. Since the 
calculation is quite lengthy, we only list the main steps: 

First, we must know the matrix representation S^jy of M^,y on the supermultiplet G{0). This 
can be found by means of the Jacobi identities from the known representation ( 2.5.38 ) on C(0) 
For example, using the Jacobi identity {Q,C, M^^), we get 

[[Q, C{0)],M^,] + [[M^„ Q],Cm + [[C{0), M^,], Q] = 0, 



[75X(0),AV] + [-^<T^uQ,Cm + [S^.C(0),Q] = 0, 



ix(o). 



(2.5.53) 



Furthermore, the Jacobi identities such as {Q,X: ^imu), {Q, M, M^i,), {Q, N, M^j,^), {Q, A, M^i,), 
(Q,A,M^^) and {Q,D,M^^) give 



[M(0),M^,] 
[ApiO),M^,] 



(0-/XI/ 



-'/lU 



2 

(2cr^i/ 



5]„,,.iV(0)), 



- S 



fJ,U 



-'liv 



)A(0), 



(2.5.54) 



Secondly, we must know the matrix representation of the special supersymmetry charge S on 
the supermultiplet. The Jacobi identities still play a role. For example, from the Jacobi identity 
(Q, C) we have 



[[g, K^lCm + [[C(0), Q],K,] + [[K,, Cm,Q] = 0, 
[7;.S,C(0)] + [75X(0),i^;.] = 0, 
[7;.5,C7(0)] =0, [5,C(0)]=0, 



(2.5.55) 



where ( p. 5. 51 ) was used. Further, using the Jacobi identity {Q,S,C), we determine {x(0),5'}, 



[{Q, S}, cm + {[C(0), g], 5} - {[S, C(0)], Q} = 0, 
[2iD + a^^'^M^, + S-f^R, C(0)] + {75X(0), S} = 0, 
{X(0), 5} = 75(-2d + a'^'^S^, + 3n75)C(0). 



(2.5.56) 



The third step is to use the Jacobi identities (Q, Kfj,), {Q, M, K^), (Q, A^, K^) and {Q, A, K^) 
for finding the matrix representation of K^^ on A, A and D. For example, the Jacobi identity 
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{Q,X,K^) gives 

[{g,x(o)},K,.] +{[K^,Q],X(0)} - {[x(0),K^],Q} = 0, 

7^[A,(0),i^^] = 7m{S,x(0)} =7M3riC(0) + 7%;.apS-''C(0), 

[A,(0), K^] = 3nC7(0)??^, - e^,,pS'^''C(0). (2.5.57) 

Thus, we can work out 

K^A,(0) = -e^,,pS'^''C(0) + 3nC(0)r?^„ 

«M^(0) = -^ct''^7mS.pX(0) - d7MX(0) - ^n7^75x(0), 

K/,D(0) = -3n^^(0) + e^,^^pS'^''^'^(0). (2.5.58) 

After translating ( p.5.58| ) from the origin, we finahy obtain 

K^Ay{x) = -e^y„pT."PC{x) + 'inC{x)7]^y, 

1 3 

K^D{x) = -3nAf,{x)-2idd^C{x)-2^^^d''C{x) + ef,^^p^''PA''{x). (2.5.59) 

Translating [G(0), S}, combining this special supersymmetry transformation with the Poincare 
supersymmetry transformations in the following way 

SG{x) = -i[V{x),CQ + eS], (2.5.60) 

and defining the convenient combination 

rj = C- ix^l^e, X^ = d- ^n-f,±^af'''Ep,, (2.5.61) 

we finally get the superconformal transformation on the supermultiplet expressed in the following 
compact form, 

6C = -ifjj5X, 

5M = r)[\-iYdpX) + eX-x-2ex, 

5N = -zr/75(A + i-i'^d^x) - i^l^X^x - 2«e75X, 

5A^ = ir]-fpX + 5^(?7x) + i'^X^liiX, 

6X = -ia^^^^^^pA, + ^J5VD-X+{M + i-f5N)e + iJ^'X+{Ap-i^5^pC)e, 

SD = -r]J^^^p-f5X-2^eJ5X-{X-hY^px)■ (2-5.62) 



Eq. (|2.5.62 ) is the representation of the superconformal algebra on a general supermultiplet. 
This supermultiplet is in general reducible. One can impose reality and chirality conditions on 
this general multiplet to reduce it to the representations on vector and chiral supermultiplets, 
respectively. 

First we consider the reduction to a vector supermultiplet. If the lowest component field C 
is real, then the whole supermultiplet will be real, G = , i.e. G is a vector supermultiplet. 
Since C is a real field, its i2-charge n must vanish 

n{C) = 0, (2.5.63) 
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as Uji{l) acts nontrivially only on complex fields. In particular, taking the Hermitian conjugate 
of the last relation of ( 2. 5. 391) , since C = C^ and M^^ = Aft^, we obtain 

[C, M^,] = i{x^d, - x,d^)C - St,C. (2.5.64) 

This shows that S^^, must be a real representation of the generators of the Lorentz group, 

S^, = -Sj,,. (2.5.65) 

Next we turn to the reduction to a chiral supermultiplet through imposing a chirality con- 
dition on the general supermultiplet G . A chirality condition means choosing only the chiral 
(left- or right- handed) part of Dirac spinor. This can be done by imposing the constraint, 

(1-75)X = 0, ((l + 75)x = 0). (2.5.66) 

This is equivalent to the definition of a chiral (anti-chiral) superfield = (-D^^ = 0), 

with C being the lowest component. The chiral condition ( |2.5.66| ) imposes a constraint on the 
superconformal transformation of x hence selects the chiral supermultiplet. According to 
the second equation in ( |2.5.62 ), we should have 

(1 - 75)5x = 0, 

(1 - 75) [{M - i-f^N)rj - ij^{A^ - i-i^d^C)ii - 2iX+75eC] = 0, 

(1 - 75)(M + iN)r^ - (1 - 75)7^(^A. " i^^.C)l^ - 2i(l - 75)^+75eC = 0. (2.5.67) 



Thus we obtain 



and 



M + iN = A^,- idf,C = 0, (2.5.68) 



3n 1 

3n, 1 



(1 - 75)X+ = (1 - 75)(d - —75 + -fT^'^S,,,) 



Eq. (|2. 5.691) gives 



and 



(1 + 75)((i + —) + -(!- 75)a'^'^S^.. (2.5.69) 



2d 

n = -y, (2.5.70) 



(1 - 75)fT^"S^. = 0. (2.5.71) 

Using the self-dual property of 7-matrices j^cr^'^ = z/2e'^'^'^^So-p, we can write ( |2.5.71| ) as 
ai,^{T.'"' - i/2ei""'PT^ap) = 0, and hence we get 

^/^!/ = '^PLVdp^'^^ ■ (2.5.72) 

This means that a chiral supermultiplet must be in a self-dual representation of the Lorentz 
group. Eq. (2.5.70) shows that the i?-charge of the chiral multiplet must be —2/3 times its 
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conformal dimension. These are two important properties of the chiral conformal supermultiplet. 
Furthermore, the superconformal transformations 



5{M + iN) = 0, 5A^, = idf,6C, (2.5.73) 

lead to 

A(x) = D{x) = 0. (2.5.74) 

Thus we are left with a chiral supermultiplet $ = (C, (1 + 75)%) M). 

Finally, we reproduce the important results ( p.5.7C| ) and ( p.5.72| ) concerning the chiral super- 
multiplet from the viewpoint of coset space ||2^. In Poincare supersymmetry, the little group is 
the Lorentz group, and Minkowski space is the coset space of the super-Poincare group modulo 
the Lorentz group. There exist chiral multiplets with arbitrary additional Lorentz indices, the 
chirality condition = is covariant for arbitrary representations of the Lorentz group. For 
example, there exists not only the scalar chiral supermultiplet $ = {(f), ■0, F), but the supersym- 
metric Yang-Mills field strength W = {F^y,\,D) is also a chiral supermultiplet. However, this 
is not the case in conformal supersymmetry. Since a chiral superfield can be written as follows, 

(l){x,e,e) = (t){x + ieae,e) = ^{y,e), (2.5.75) 

a chiral superfield is independent of the (anti-chiral) super-coordinate 0, hence one could from 
the beginning use a superspace G/H with the little group H generated by both M^^y and Q^, G 
being the super-Poincare group. Obviously, this special superspace is parameterized only by 
and 6 and hence this superspace is called a chiral superspace. For a general superfield defined 
in chiral superspace, the action of would be as follows: 

[$(x),Q^} = 2{ean^d^^{x)+qMx), 

[m.Qa) = fe^(O). (2.5.76) 
For a chiral superfield, the matrix representation of should vanish, 

= 0. (2.5.77) 
This is the case of Poincare supersymmetry. For conformal supersymmetry, as discussed in 



Sect. 2.1, the ordinary conformal group can be realized on Minkowski space, and Minkowski 
space is the coset space of the conformal group modulo the Lorentz group, dilation and special 
conformal transformations. Thus the conformal supersymmetry can be realized on Minkowski 
superspace with a complicated x, 6 and 9 dependence of the elements of the little group. It is 
also possible to realize conformal supersymmetry on chiral superspace. The relevant little group 
will now be generated by M^p, K^, D, S", 5" and since the transformations generated by 
these generators keep x = 9 = invariant. In this case the question whether there exists a chiral 
conformal supermultiplet is equivalent to whether the constraint ( p. 5. 77] ) is consistent. This is 
not naturally satisfied since there is a non-vanishing anti-commutator from the superconformal 
algebra, 

{s\q^} = {an%M^, - 25^^ {^R - io) . (2.5.78) 
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Requiring ( 2.5.76 ) to be satisfied when {S ,Q^} acts on a chiral supermultiplet $, we have 

= [</.(0),{5",Q^}] 



{an^-i:^,m - a'^"^ ( + ^ ' ^^^^ 



(2.5.79) 



Furthermore, considering the anti-selfdual property of u^i, |27], a^'^ = —i/2e^ycjp(y^''-, the rela- 
tions ( |2.5.7C| ) and (|2.5.72 ) are reproduced. 



3 Non-perturbative dynamics in A^^ = 1 supersymmetric QCD 

We shall next introduce the non-perturbative dynamical phenomena in supersymmetric gauge 
theory. This section is concentrating on supersymmetric QCD with gauge group SU{Nc) and Nf 
flavours. The methods of analyzing the non-perturbative dynamics include the gauge and global 
symmetries; the holomorphic dependence of the non-perturbative dynamical superpotential not 
only on the chiral superfields but also on various parameters such as the coupling and mass; 
instanton computations and the exact NSVZ beta function given in ( |1 . 1[ ) as well as the decou- 
pling relation of the heavy modes at low-energy. Furthermore, the 't Hooft anomaly matching 
between high and low energy can provide a test of the non-perturbative result. In addition to the 
global symmetries SUL{Nf) x SUR{Nf) x Usil) x Ua{1) (some of them are broken or anomalous 
at the quantum level) as in ordinary QCD, the = 1 supersymmetric QCD has another U{1) 
axial vector symmetry called the i?-symmetry, which becomes anomalous like the Ua{^) at the 
quantum level. However, this i?-symmetry can be combined with the U^i^) symmetry to an 
anomaly- free U{1) symmetry. The global and gauge symmetries together with the holomorphy 
and instanton calculations uniquely fix the superpotential and hence the moduli space in the 
range Nf < Nc- By considering the decoupling relation, the moduli spaces in the cases Nj = Nc 
or iVc + 1 can also be exactly determined. Consequently, a series of non-perturbative physical 
phenomena such as dynamical supersymmetry breaking, chiral symmetry breaking and confine- 
ment are exhibited. The 't Hooft anomaly matching confirms the correctness of the physical 
pictures. The NSVZ beta function implies that in the range 3Nc/2 < Nf < 3Nc, the theory has 
a non-trivial IR fixed point, at which the theory is a superconformal field theory and the dual 
theory gives a completely equivalent description of the low-energy physics of the original theory 
but with a weak coupling. This phenomenon is similar to the electric-magnetic duality and is 
thus called a non-Abelian electric-magnetic duality. It will be discussed in detail in the next 
section. 

3.1 Introducing = 1 supersymmetric QCD 
3.1.1 Classical action of = 1 supersymmetric QCD 

Supersymmetric QCD (SQCD) is the generalization of ordinary QCD. As required by super- 
symmetry, corresponding to each particle, there exists a superpartner. Corresponding to the 
gluon A'^, the left-handed quark ip and the right-handed quark ip, we have their superpartners: 
the gluino A", the left-handed squark (p and the right-handed squark (p. In superfield form, the 
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Lagrangian of (massive) SQCD is 



1 



Svr L 



+ m{QQ)\e2 + m*{Q^Q%2. (3.1.1) 
Here, Wa is the superfield strength which in the Wess-Zumino gauge takes the form 

(3.1.2) 



The quantity 



e att 

2vr 



(3.1.3) 



combines the gauge couphng constant g and the CP-violating parameter into what can be 
effectively regarded as a constant chiral superfield. Q and Q are chiral left- and right-handed 
quark superfields, respectively. V is the vector superfield of the gluon and the gluino. In Wess- 
Zumino gauge, they take the following forms: 



Qr{y) = My) + V2e''i^ar{y) + o^Fr{y), Qr{y) = My) + V2e''^ar{y) + o^Fr{y), 
v''{x,e,e) = -e''{a'')a6fi''Ai{x) + ie^e6X'\x)-ife''xi + ^e^fD''{x). (3.1.4) 

The notation used is 

= x'^+^r(7^^r, y(A^e)='t^"r«(iVe), y(]Ve)=y»T"(iVc), (3.1.5) 

where T"-{Nc) = T" and T{Nc) are the generators of the gauge group SU (Nc) in the fundamental 
representation and its conjugate representation, respectively. 

Writing out the Lagrangian in terms of component fields, we have 



1 



,-T-ab , 1 



+ iV2g [0-(r")/A«"Va. - Ay (r")/<^, - r'\\{T<^);rr + ^^(r'^)/^d.r 

+ gD'^ (r"),V, - ^"(r"),V:] - mr'^ar - m*^J^r + F^'-Fr + F:F^ 
+ m*4>*F*'- + m^rF' + m^*"^; + mfFr + ^F^.F'""', 



(3.1.6) 



where D, F and F are auxihary fields, a,b = 1, ■ ■ ■, — 1, r,s = I, - ■ ■,Nc and we suppress the 
flavour index. The various covariant derivatives are defined as follows: 

{D^cl>)r = {d,6/ + igAf^{T'')/)cl>s, (L>^</.)- = 5^</.- - z#-(T«)/>l«, 

{D^^Y = d^f -ig4>\T'^):Al, {b^4>); = {d^5,' + igAl{T'^\^)4>l, 

V^T^ = d^T" + gr^''Ap!"^. (3.1.7) 
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Eliminating the auxiliary fields F, F* , F, F* and D through their equations of motion, 

Fr = -m*^:, F^ = -m^*^, = -g[4>*^T-)/(l,s - f {T^W,], (3.1.8) 



we can obtain the Lagrangian given in Ref. |25| 



3.1.2 Global symmetries of massless supersymmetric QCD 

Massless SQCD possesses the global symmetries of ordinary QCD, i.e., SUL{Nf)xSU{i{Nf)xUB{l) 
x{7^(l). In addition, it has a new U{1) symmetry called i?o-symmetry. In terms of superfields 
321: 



iy^(^)^e-^"Ty^(0e*"), Q(0)^Q(0e^°), Q(e)-^Q(0e^°). (3.1.9) 

For the component fields, this means 

A — >e-'°iPr, V^^^e-^"V'^ A"^e^°A". (3.1.10) 

The total global symmetry of massless SQCD at the classical level is then 

SULiNf) X SUniNf) x Ub{1) x Ua{1) x UR,il). (3.1.11) 

However, like Ua{^), the i?o-symmetry suffers from an anomaly at the quantum level. The 
current corresponding to the i?o-symmetry ( |3.1.10| ) is 

jj! = -i^ai'^^.na + r{^f.)aaT + A"^" ((7^)„^ A"", (3.1.12) 

or in four-component form 

jj^ = + J' = ^7m75^ + ^^7^75A^ (3.1.13) 

^ being the Dirac spinor of the quarks and A the four component Majorana spinor of the gluino. 
The operator anomaly equation for the i?-current is 

= (^^ _ Ar^)_|!_eM-PFa^F;^. (3.1.14) 



This anomaly equation arises as follows. Eq. ( 3.1.13 ) shows that j^" is composed of two parts. 



The first part is the ordinary chiral current j^. The triangle diagram {j^{x)J^{y)Jp{z)) gives 
the familiar contribution —g^N j / {\Q'k'^)F^j^F^"°' . The second part is formed by the gluino A. 
The anomalous triangle diagram is (see Fig. ^) 

ff,p{z,x,y) = (jl{z)J^{x)j'p{v)). 
f%p{r,p,q){2n)H^'^\r+p + q) = y'(iWydSe^(P-+'?-^+-^)f f,^(z, x, y). (3.1.15) 

Since A is in the adjoint representation of SU{Nc), is the current corresponding to a 
global gauge transformation in the adjoint representation, 

J- = ir'-x\^X-, (3.1.16) 
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Figure 2: Triangle diagrams r^^p(r,p, 5). 



which couples with the gluon field A^. Requiring 

d'^J^ = 0, p-f-t,(r,p,g) = q''f';i^{r,p,q) = 0, (3.1.17) 
we obtain the anomalous Ward identity 

(p + qrf;%{p, q, r) = 2^'^^ f^^^p^qf^e^^afS = ^N.^p^q^e^^^pS'^^ (3.1.18) 



Combining ( |3.1.18| ) with the anomaly of j^, we obtain ( 3.1.10[ ) 



Since there are two anomalous U{1) transformations, U{1)a and U{1)rq, it is possible to 
combine them to get an anomaly- free U{\) i?-symmetry. Requiring that the linear combination 



has vanishing anomaly, using Eq. (3.1.14) and the corresponding equation for gives 



n = ^— — -m. (3.1.20) 



The simplest choice in (3.1.20) is m = 1. The charges of the fields under this anomaly-free Ur{1) 



symmetry are thus given in terms of the Uii{l) and Ua{^) charges by 

R = Ro + ^^'^^ A. (3.1.21) 

The quantum numbers of every field are listed in Table |3.1.1| . We thus have an anomaly-free 
global symmetry at the quantum level 

SUL{Nf)xSUR{Nf)xUBil)xUR{l). (3.1.22) 

A special consideration should be paid to the Nc = 2 case. Since the fundamental and anti- 
fundamental representations of SU{2) are equivalent, there is no difference between the left- and 
right-handed quarks. Thus, the theory has 2Nf quark chiral superfields Q*, i = 1, • • •, 2Nf, the 
anomaly-free global symmetry is 

SU{2Nf)xUR{l) (3.1.23) 
and the Ur{1) charge of Q is {Nf - 2)/Nf. 
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Ub{1) 


Ua{1) 




Ur{1) 




+1 


+1 





(Nf - N,)/Nf 




+1 


+1 


-1 


-NjNf 




-1 


+1 





{Nf - N,)/Nf 




-1 


+1 


-1 


-NjNf 


A 








+1 


+1 



Table 3.1.1: Anomaly-free i?-cliarges of fields. 



3.2 Holomorphy of supersymmetric QCD 

Supersymmetric gauge theory possesses a powerful property: the superpotential is a holomorphic 
(or anti-holomorphic) function of chiral superfields Q (or anti-chiral superfields Q); Furthermore, 
the supersymmetric Ward identities determine that some Green functions have a holomorphic 
dependence on the mass parameter and coupling constant ^, and so does the low energy 
effective Lagrangian. This property plays a key role in looking for the non-perturbative super- 



potential [132 1 . 



3.2.1 Supersymmetric Ward identity 

In supersymmetric theories, the matter fields are described by the chiral superfields. Chiral 
superfields have the important property that the product of two chiral superfields is still a chiral 
superfield. Thus, a chiral superfield 



Hy) = x{y) + V2r^,(y) + eeF{y), 



(3.2.1) 



where y = x + iOaO, can be thought of as either a fundamental chiral superfield or a composite 
one, and the same goes for the component fields. Under a supersymmetry transformation the 
component fields of a chiral superfield transform as follows: 



a) [g",x] =0, b) {Q",^°(x)} = -i^/2(a^)°"a^x(^), c) [q\f{x) 

d) [Qa,F] = 0, e) {q",M'^(x)} = V2e'"'F{x), f) [Qa,x{x)] = V2^a. 
Assuming that there is no spontaneous supersymmetry breaking, 

g-|o)=o, Q"|o)=o, 



(3.2.2) 
(3.2.3) 



we can derive strong constraints on Green functions from the Ward identities corresponding 
to the above supersymmetry transformations. First, we consider Green functions of the lowest 
components Xii^i) of some chiral superfields $j(xi), here i = 1, • • 



G(xi, • • •X„) = (0|r [Xl{xi)- ■ -XniXn)] |0). 

From item b) in ( |3.2.2| ) and from (|3.2.3D , we get 



(3.2.4) 



{0\T XliXl)■■■{Q",^nx^)}■■■XniXn) |0) 
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(o|r 



Xi{xi'j 



■IJ,\aa 



d_ 

9xf 



|0) 



d 



Gixi, 



(3.2.5) 



Note that when we take the derivative outside the T-product in ( 3.2.5 ), the equal time commu- 
tator terms arise but all vanish. (|]2j) means that the Green function of the lowest component 
of chiral superfield operators is space-time independent. Now we apply this result to supersym- 
metric QCD. 



3.2.2 Holomorphic dependence of supersymmetric QCD 

In supersymmetric QCD, the quark superfields Q{x), Q{x) and the gauge field strength su- 
perfield Wa are chiral superfields. Since the product of two chiral superfields is still a chiral 
superfield, WaW" and QrjQ^^ are chiral superfields, where i and j are flavour indices. Their 
lowest component are, respectively, 



^X--{x)XUx)^^XX{x), r(x)</>.,(x)^(/<V,(a; 



Note that here and the following i,j 
function of these operators. 



(3.2.6) 

, Nf denote flavour indices. Considering the Green 



G^''^r-'^xi,^ 



f'(l)j,{xi)- ■ ■(l)'''(l)j^{x)^XX{xp+i) 



327r2 



XX{xp^ 



|0), (3.2.7) 



we know from 1 ^^ ) that G^f'?) is space-time independent. Furthermore, we shall show that 
q{pa) depends holomorphically on the mass parameters, that is, it depends only on rrii, but not 
on m*, i = 1, • • •, Nf. The path integral representation of G^^''^^ is 



2 

G(P^^) = lvXUl^,^^''cP,,{xk)Ul,^XXixp+i)e-^I^^ 



(3.2.8) 



where £efr is the gauge-fixed effective Lagrangian of supersymmetric QCD, X is a shorthand for 
all fields integrated over, including the ghost fields and their superpartners. From Eq. ( 3.1.6| ) we 
see that the coefficient Fj of rrij in the SQCD Lagrangian is the auxiliary field of the composite 

anti-chiral superfield Q^-'Q\- Hence 



d 



dm'. 



m* / d yF* 



(o|r 



2V2 



jkixkM^i^^xx{xp 



+1) 



] d'yF;\Q) 



dS{0\T 



ni^,c^^^<P,^{x,)Ul,^XX{xp+i) 



(3.2.9) 



{Qa,^t{y)}\o) = o, 
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where is the spinor term of Q^-'Q] and we used item a) and (the conjugate of) item e) 
in ( 3.2.2| ) and also ( p.2.3| ). Thus G^^''^^ is holomorphic with respect to the parameters irij. 
Moreover, we can compute its exphcit dependence on them. Write the complex parameter rrij 
as rrij = \mj\e^'^^ . Then 

m~G^P'i^ = (m,-^-m*-^lG(P'«) = -i^G(P'«). (3.2.10) 
orrij \ orrij ■' dm* j oaj 

The mj-dependence of the Green function G^^''^-* is thus given by the dependence on the phase 
angle of the quark mass of the j-th flavour. This dependence can be determined by defining a 
U^\l) transformation, which is non-anomalous and is explicitly broken by the j-th quark mass 
rrij-. 

A^e-^"/(2iV=)A, (V^',^0-e*"''^/'(V^',V'0, (^', c/'0-e*"^''^"'/'^^^/'('?', ^/)- (3-2.11) 

From the process of combining the Ua{1) and Ur{1) symmetries to get the anomaly-free C/k(1) 
in Subsect. 3.1.2, we know that this is possible. It can easily be checked that this U^\l) 
symmetry is indeed anomaly-free. The only terms in the Lagrangian which are not invariant 
under the transformation ( p.2.11|) are the quark mass term of the j-th flavour. Performing the 
transformation of variables ( |3.2.1l| ) in the path integral ( ^.2.8 ) is the equivalent to changing the 
phase of rrij: rrij — > mje~*°. Thus 

m^^^^^r— = q^^^G^P^'^l (3.2.12) 

where 

qU) = P±l_^j2{k,+Sj,j)- (3.2.13) 
^^'^ ^ 1=1 



Integrating the equations ( 3.2.12 ) we find 



Nf 



dG X - dm 

Q(p,q) ^ - ^ 



^(P,g)^^fe5)n-V ^ C^-tnt^ {mA^'P+'i^'^^~T.W^^H.+^n.)l\ (3.2.14) 



The last equation in (|3.2.14D can be expressed as follows, 

nti(m,m,,)V2G(^;.J-v ^ C7;::J(M,5)n;2i(m,)(^+'')/^, (3.2.15) 

where after taking into account renormalization effects we have written the integration constant 
C as depending on the coupling constant g and renormalization scale /i explicitly. We can use 
dimensional analysis to determine the explicit dependence on ^u. Since /i, A and (0) have 
dimensions 1, 3/2 and 1, respectively, so G^^'*^^ has dimension 2p + 3q. Comparing both sides of 
(|]2l5|), we get 

= C7;-;J(5)/.(^+'^)(=^-^^/^). (3.2.16) 



54 



Furthermore, since the left-hand side of (3.2.15) is the vacuum expectation value of renormal- 
ization group invariant operators, its right-hand side should also be expressed in terms of the 
renormalization group invariant quantities: 



A = //exp 



9 dg' 



1 '^inv 



mexp 



(3.2.17) 



Hence (IsTTsI) can be rewritten as 



n- 



(A 



s{p+g)(3-Nf/Nc) 



m inv ) 



\(P+'^/^^^,,)n-.,^ (3.2.18) 



where i is a dimensionless constant tensor in flavour space, depending only on p, q, the flavour 
number Nf and colour number Nc- 

So far t is undetermined. Since is space-time independent, one can evaluate it in the 

the limit |xj — j;^ | — >oo for all i^j. In this limit, if the vacuum is unique, the clustering condition 
implies that the Green function factors into a product of the vacuum expectation values of each 
composite operator. Applying the clustering property to the Green function G^P''^\ we obtain 



G 



{p,g)h-ip 

h-3q 



(3.2.19) 



Taking p = 0, q = 1 m (3.2.18), we have 

(^AA) = c,(A^,,^,)3-^^//^^ [U^j^mn 
while taking q = 0, p = 1 in ( 3.2.18 ), we get 

[(m.,m,Ji,.]V2(^^.^^.^) = (A^^,^^)3-^//^c 



(3.2.20) 



(3.2.21) 



Inserting ( |3.2.ig| ) and ( 3.2.21 ) into the left-hand side of ( |3.2.18| ) and comparing with the right- 
hand side of ( |3.2.18 ), we see that the tensor factorizes into a product of tensors 



^ 31' 



t 



{p,q)il-ip 



ttP fl 



(3.2.22) 



Usually the vacuum is {U{l)}^f invariant with U{1) being the rotation group in each flavour 
space, 



Qi|0) = 0, i = l,---,Nf. 



(3.2.23) 



The operator {(l)^4>j) is also {U{1)} f invariant and so is fj. Hence t 'j^ should be proportional 
to the identity matrix in flavour space. 



J" 



(3.2.24) 



In ( 3.2.201 ) and (3.2.24), we have introduced two undetermined coefficients cx and c^. From the 
Konishi anomaly, which we introduce next, we can see they are in fact identical. First we have 
to explain this anomaly and then discuss its consequences. 
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3.2.3 Konishi anomaly 

The Konishi anomaly is another important characteristic of supersymmetric gauge theory. In 
operator form, the anomaly equation is [29|, 



{Qa,4^"\x)(f)j{x)} = -mi4>'(t)j{x) + S^>^KxWj- 



2^/2 



327r2- 



(3.2.25) 



A naive supersymmetric gauge transformation gives only the first term (see (3.2.2)). The second 
term on the right-hand side of the above equation is the anomalous term. This anomaly equation 
can generate a series of anomalous Ward identities when it is inserted into the operators of various 
Green functions. 

To prove this anomaly equation, we first look at the composite operator m(jf{x)(j)j{x). Sim- 
ilarly to regularizing operator products in a gauge invariant way by point-splitting |^2| , one can 
write it in a gauge-invariant non-local operator form. To keep supersymmetry manifest, it is 
better to work with superfields. Defining 



o'j{x,u,e,e) = mQ"'{x,e,B)u/{x,u,d,e)Qjs{u,e,0), 

U/{x,u,e,0) = Pexp 



(3.2.26) 



where P denotes path ordering. In a supersymmetric gauge choice |^, the superspace compo- 
nent Aa of the super-gauge potential vanishes, and —l/Aa^'^Dpe~^Dae^ is the usual Yang-Mills 
field A^. One can easily show that O{x,u,0,6) is indeed gauge invariant under the super-local 
gauge transformation, 



(3.2.27) 



where A{x,9,9) is an arbitrary chiral superfield. Correspondingly, a^D^e ^D^e^ transforms 
as follows: 



Using the fact that 

ai^{D^D^)K = ^''{D^, D^}A = -a^«(2ia^^9,)A = -Aid^A, 



(3.2.28) 



(3.2.29) 



where the definition of a chiral superfield, DA = 0, has been used, one can discard the second 
term of ( ^.2.28| ) in the integration, and thus 0{x, u, 6, 9) is gauge invariant. Now we concentrate 
on the lowest component of the superfield operator O{x,u,0,9). In the Wess-Zumino gauge, 



e=e=o 



-2A^(x), 



so we have 

0^(x,u, 



IWZ gauge 



r(x) 



Pexp 



dz^'A^{z] 



(3.2.30) 



(j)js{u) 



(p"{x)U/{x,u)(t)js{u). 



(3.2.31) 
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This is just the ordinary path-ordered integral for gauge invariant non-local operators. We can 
now define the local product (j)^{x)(j)j{x) as 



(t)\x)(t)j{x)= lim O* (x + e,x - e,9 = 6 = 0)|wz gauge- 

e— >0 

Using the classical equation of motion F^^'(x) = —m(jf'^{x), one finds 

m4)\x)(j)Ax) = -YmiF*"{x + e)U/{x + e,x - e)<i)js{x - e) 

= ^" + e)} Ur^ix + e,x- e)(j)js{x - e) 



(3.2.32) 



lim 



{Q, ip^'^{x + e)U/{x + e,x - e)4>js{x - e)} 



(3.2.33) 



2^/2 's-^o 

- e^'T'^x + e)e^^a;?"A J(x)0j,(x - e) 
where we have used the notation A„*^ = (T")^ * and the supersymmetry transformations 

[Qa.K] = -K34''Kix), [Qa,4>]=0. (3.2.34) 



It is possible that the second term does not vanish in the limit e^O since there is a Yukawa 
interaction vertex i(f>^ Xil^ / in the Lagrangian (l3.1.6| ), so that ilj{x + e)\{x)(p{x — e) contains a 
linear singularity ~ (e'^/e^). One can see this from simple dimensional analysis: 



X{x) J <fy{T[i^{y)^{x + e)\)X{y){T[(p{x - eW {y)])^\\x)e''e-\''^X\x)e-' . (3.2.35) 

The exact form of the second term of ( |3.2.33| ) can be obtained from a simple Feynman diagram 
calculation in momentum space (see Fig.|^, 



^75'e^^^^"AJ(x)A^, ^(x) 



d^k d 
(27r)4 



327r- 



:A"(x)A''(x). (3.2.36) 



Combining (gX3^ ) with (|]23|), one can see that this gives (|3.2.25D . It is worth mentioning 
that the superfield form of ( |3.2.25D is 

.2 



1^2, 



9 



(3.2.37) 



whose lowest component (0 = ^ = 0) is just the Konishi anomaly equation. S = Q^e^^Q is 
called the Konishi supercurrent superfield, which plays an important role in the operator product 
expansion in 4-dimensional superconformal field theory [47, 48 1. If one expands the above super- 
field equation, one can see that the 6'^ component is just the usual Ua{^) anomalous equation. 
Hence the Konishi current (the lowest component of the Konishi supercurrent) is the superpart- 
ner of the ?7a(1) current. In this sense, the existence of the Konishi anomaly is not strange since 
the anomalies also form a supermultiplet. Later when we discuss the superconformal current 
multiplet, we shall return to this equation. 

Now we see the consequence of the Konishi anomaly equation. Since the supersymmetry is 
not spontaneously broken for m^O [|^, 31], the operator anomaly equation implies 

„2 



(3.2.38) 
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singular 




Figure 3: Feynman diagram for Konishi anomaly. 



Therefore from (|3.2.18D , (|3.2.20|) , (|3.2.2lD , (|3.2.22|) and ( P^2^ ), we have 
and hence 



Ca 
327r^ 



5*' . 



(3.2.39) 



(3.2.40) 



Thus the Green function G^''^^ can be specified by a single numerical constant ca- Once G^'"^^ is 
determined, most of the other Green functions can also be determined through supersymmetric 
Ward identities. 



3.2.4 Decoupling relation 

Finally we briefly introduce the decoupling theorem in supersymmetric QCD since it will be 
widely used in discussing the reasonableness of the non-Abelian electric-magnetic duality 
The decoupling theorem is a general result in field theory, it describes the effects of the heavy 
particles in the low energy theory In general this theorem states that if, after integrating 
out the heavy particles, the remaining low energy theory is renormalizahle, the effects of the 
heavy particles appear either as a renormalization of the coupling constants in the theory or are 
suppressed by powers of the heavy particle masses. In electroweak model, we have some obvious 
examples such as the decoupling of the heavy and Z, their effects at low energy either 
renormalize the electric charge or are suppressed. Now we apply this decoupling theorem to 
supersymmetric QCD. We assume that one flavour, say the Nf-th flavour, becomes heavy, i.e. 
w-AT^^A. In this large-mjv^. limit, 

{i£^^>^)n.,n, = CA(A^c,iV/)(A^,,^,)'-^/ 



J-/ J'c 
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mjv.3>Ajv , 1^/^7■ r Nt — ^ 1 l/-^c 

^ CA(iVe,iV/ - l)(AAr^,Ar^,_i)3-(^/-l)/^= ^m^inv] , (3.2.41) 

where the exphcit flavour number Nf and colour number Nc dependence of cx is indicated in 
order to show the decouphng of the A^j-th heavy flavour. Atv^tv^-i is the renormahzation group 
invariant scale of supersymmetric SU{Nc) QCD with Nf — 1 flavours. We shall see that the 
effect of the A^jth heavy flavour is reflected in Atv^^tv^-i, since the running coupling constant 
depends on it. At the scale that the decoupling takes place, these two theories should coincide. 
This means that the coupling constants gNfil'^) and gNf-i{q'^) should be identical at the scale 

9Nf{m%^) = alf-Ml^). (3.2.42) 
Prom the one-loop /3-function of A?^ = 1 supersymmetric QCD, 

Pn.,n, = -^(^^o-Nf) = -^Po, (3.2.43) 
and the running coupling constant 

^°lni, (3.2.44) 



^2(^2) A2' 

we obtain at = 



(3iVe - Nf) In = [3iVe - {Nf - 1)] In (3.2.45) 

Thus 

Ajv^AT.-i = Ajve,iv, -r-^ . (3.2.46) 



Later we shall see that this relation imposes a restrictive constraint on the form of the non- 
perturbative superpotential. This relation in fact gives a link between the energy scales of 
theories with different number of flavours. 



3.3 Classical moduli space of supersymmetric QCD 
3.3.1 Classical moduli space 

A field theory, be it classical, quantum or a low energy effective theory, is in general one of a 
whole family of theories, parametrized by a number of parameters. Especially important for us 
are the vacuum expectation values of scalar fields, called moduli, which can range over a moduli 
space. 

Lets us illustrate this concept by considering the classical moduli space of a simple theory, 
the Georgi-Glashow model with gauge group 50(3). The classical action is 



S= (Tx 



(3.3.1) 
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where 



dy^u + ffc'^^'^^u^u! the Higgs field <j) is in the adjoint (vector) represen- 



tation of gauge group of SO (3), = ^^,^p'' + ge'''''' A^^c, 

sates are given by 



and 99 

(up to a gauge transformation) and 



The classical ground 



(3.3.2) 



The classical moduli space is thus the 2-sphere ( |3.3.2 ). Each point on this space defines a 
semiclassical quantum field theory with the chosen point being the expectation value of the 
Higgs field in the vacuum state of the theory. The (semi) classical dynamics of all these theories 
are equivalent. 

Quantum effects will, in general, change the dependence of the (effective) theory on the 
moduli, and might even alter the topology of the moduli space. For the Georgi-Glashow model, 
the structure of the quantum moduli space is not known, but in super symmetric theories we can 
often make definite statement about the quantum moduli space. 



3.3.2 Classical moduli space of supersymmetric QCD 

We now turn to supersymmetric QCD. We first consider the classical moduli space and then 
turn to the quantum case. 

Recall the Lagrangian ( p.l.6| ) of supersymmetric QCD. The scalar potential is^ 



V 



9_j^aj^a 



*r/rria\ s. 



'{T 



(3.3.3) 



Since the chiral superfields Q and Q have both colour and flavour indices, one can arrange them 
in the form of an N^xNj matrix according to flavour and colour indices: 



(Q) 



( Q\ 



Q 



iQ) 



( Q\ 



QNj 



Q 



Nf 
Nf 



(3.3.4) 



Both (Q) and (Q) can be globally rotated in the colour and flavour spaces to make them diagonal 
since the Lagrangian is globally SU{Nc) and SU{Nf) invariant. The £)-flatness condition = 
does not lead to cpq = (p- = 0. This is because, unlike ordinary QCD, supersymmetric QCD is 
very sensitive to the relative number of flavours A'^^ and colours Nc- Depending on the numbers of 
flavour and colour, the restrictions on Q and Q posed by the D-flatness conditions are different. 
In the following we give a detailed analysis of the classical moduli spaces for different ranges of 
Nf and Nc- 



Nf < N, 

^To emphasize that a field is a component of the chiral superfield Q (Q), we add an index Q (Q). 
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In this case, since the chiral superfield matrix Q and Q can be rotated in colour space and 
flavour space, we can always reduce the matrices Q and Q to the following diagonal forms. 



{Q) 



1 ai 


• 


• ° \ 





a2 • 


• 





• 







• 


• 


V 


• 


• / 



ai. 



The Z)-flatness condition in this case requires 



(Q) 



, «Af//0 , ai. 



/ Si 

02 





V 



\ 








) 



(3.3.5) 



(3.3.6) 



whose superfield form is 



Q = Q. 



(3.3.7) 



If ai = ajT^O, the gauge symmetry {SU (Nc) symmetry) will be spontaneously broken and the 
super-Higgs mechanism will occur: some of the chiral superfields will be eaten up and the same 
number of gauge fields and their partners will become massive. 

Now the problem is what kind of quantity describes this D-Rat moduli space. From the 
viewpoint of dynamics, this means how the low energy dynamics is described. According to the 
idea of the effective field theory [^5| , a general method to get the low energy effective action is 
to integrate out the heavy modes (massive fields), the light modes (massless fields) being the 
quantities describing the low energy dynamics. Therefore, for the case at hand, a SU {N^) global 
gauge invariant quantity would be 



Nc 



M)=Y,QjrQ'''=QjQ\ 



(3.3.8) 



■r=l 



In the following we give further arguments why this assumption is reasonable. 
(13.3.51) and ( ^.3.7|) give 



(3.3.9) 



( 3.3.9| ) can be written in the explicit matrix form 



a§ 



V 



\ 




(3.3.10) 



Furthermore, ( 3.3.5| ) and ( 3.3.6D imply that the gauge symmetry SU{Nc) is broken to SU{Nc — 
Nf). The original gauge group has — 1 generators and the remaining gauge group has 
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{Nc—Nfy — 1 generators, the number of eaten chiral superfields is thus [N^ — l\ — [{Nc—Nf)'^ — 1]= 
2NcNf-Nj. This numb er is also the number of particles becoming massive. After these massive 
particles have been integrated out, only the massless particles are left. The number of the original 
matter fields is 2NfNc {Qir, Qir, i = 1, Nf, r = 1, Nc), so there are 2NfNc-{2NcNf-N'j) 
= Nj massless particles left. This is exactly the number of degrees of freedom of M^j, thus we 
can use M'^- to describe the moduli space. Later we shall return to the dynamics. 



Nf>Nc 



In this case, after an appropriate rotation in flavour space and colour space, the (Q) and (Q) 
matrix takes the following diagonal form. 



iQ) 



/ ai 

02 



\ • 








\ 




(Q) 



/ Si 

02 

\ 








\ 




0/ 

(3.3.11) 



AT" 



Let us analyze the D-flatness condition, 

i=l r,s=l 
i=l r,s=l 

i=l i=l 



(3.3.12) 



where (pai ((/>~^) is the scalar component of chiral superfield Oj, T " is the rotated T" in colour 
space, r'" = U'^T"'U with U being certain unitary matrix. So the the condition defining a D-flat 
configuration is 

l0aiP - \^nf = ^ (constant). 



D"" = CTiT " = CTrT" = 0, 



(3.3.13) 



where we have used the fact that T" is the generator of gauge group SU{Nc). Since Nf>Nc, 
the possible gauge invariant chiral superfield operators parameterizing the moduli space are not 
only the meson-type chiral superfield operators, but also the baryon-type chiral field operators: 

= Qj-Q\ 

B^^-iN, = A.er-l-r;VeQil...Q;^c ^Q[n...QiiVel^ 



UjVjNc — f 



(3.3.14) 
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where ik,jk = 1, • " '^^f flavour indices and rp,Sp = 1,- ■ - jNc are colour indices. Since the 
flavour indices in the baryons are antisymmetric, the number of i?*i" *^c (or i?*i "*^c) fields is 

= Nj{N/-N,y: ^^-^-^^^ 

We shall see that not all of M, B and B can be independently used to label the moduli space, 
there are additional constraints imposed on them. We first consider two simple cases. 

a. Nf = Nc 

Since now the SU{Nc) gauge symmetry is completely broken, the number of the eaten 
particles (also the number of particles becoming massive) is — 1= Nj — 1. The original 
number of chiral superfields is 2NfNc = "^^p so the dimension of moduli space is 2N'j — (Nj — 1) 



Nj + 1 = + 1. However, from ( 3.3.14| ), the number of mesons and baryons is Nj + 2, 



so they are not independent in parameterizing the moduli space. From the definitions of these 
mesons and baryons, one can easily see that they satisfy the constraint 

detM = BB. (3.3.16) 

This equation is obvious from the the diagonal form (3.3.11), since Nf = Nc, B (B) has only 



one nonvanishing component, 

M = q^q, M'^j = '^2,0'i5iraj5rj = o.iaj5ij, 

r 

detM = U^J^-^^a-iai = aiar ■ -aN^aNc, B = ar ■ -a^^, B = ay ■ -aN^- (3.3.17) 



We shall see that at the quantum level, the constraint ( 3.3. 16| ) will be modified owing to the 



non-perturbative quantum correction coming from instantons. 
b. Nf = N^ + l 

In this case, like in Nf = Nc, the SU{Nc) gauge symmetry is also completely broken. From 
( |3.3.11 ), the number of the eaten superfields is N^ — 1= {Nf — 1)^ — 1, the number of the 



original chiral superfields is still 2NfNc = 2Nf{Nf — 1), so the number of massless particles is 



2Nf{Nf — 1) — [{Nf — l)"^ — 1] = N'i. However, the number of parameters describing the moduli 



space IS N^ + 2C^^ = Nj + 2Nf, so 2Nf chiral variables in M, S and S are redundant. 
However, one can exactly find 2Nf constraints to remove them. First we write the baryon 
operators in ( |3.3.14 ) in their Hodge dual form 



-^«]Vc + l«JVc+2---«iVy. — (jYj — A^.)! + ' 

= {Nf-Nc)\ 'B,^,-N.- (3-3.18) 
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For the case at hand Nf = A'^c + l, the baryon operators are Bi {Bi). With the definition (3.3.18), 
one can easily find that they satisfy the constraints 



BiM'^ = 0, M\B 



0, 



BjB\ 



(3.3.19) 



where M is the matrix whose elements are defined as (—1 x the determinant of the matrix 
obtained from M by deleting the i-th row and the j-th column. ( [3.3. 19| ) can be written in the 
following explicit form: 



The constraint equations can be checked easily, 



B,B\ 



Ql\---QZ:Ql)Q'j = o. 



Using the fact that 



M\M) = detMJ' •, M*. = detM(M-^)*, 



we can formally write ( 3.3.19 ) in the following form: 

det M(M-^)^. = B'Bj. 



(3.3.20) 



(3.3.21) 



(3.3.22) 



(3.3.23) 



Note that since in this case det M = 0, (|3.3.23D is only a formal expression and the true meaning 
is given by ( p.3.19| ). 

Finally, we consider the special case, Nc = 2. In the classical direction, due to the general 
relation ( 3.3.13 ), the matrix from of the quark superfield is 

iQ)- 



a 
a 








The classical moduli space is parameterized by the gauge invariant 
but subject to the constraint 



(3.3.24) 



(3.3.25) 



(3.3.26) 



since in the flat directions only V^'^ = —V"^^ = o^t^O. For non-zero V , the gauge symmetry 
is completely broken. Furthermore, since V^^ are relevant to the quark mass terms of the 
fundamental theory and V^"^ = —V"^^ ^0 implies that two flavours get equal mass, the global 
symmetry ( 3.1.23 ) is broken to 



SU{2)xSU{2Nf - 2)xUr{1) 



(3.3.27) 
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3.4 Quantum moduli space and low energy non-perturbative dynamics 

In the previous section we have discussed various classical moduli spaces parametrized by clas- 
sical composite fields — mesons and baryons. In some cases these composite field should satisfy 
some constraints. At the quantum level, the moduli space will be parametrized by the vacuum 
expectation values of the corresponding composite operators. The constraints may be changed 
due to possible non-perturbative quantum corrections. The quantum moduli space may differ 
from the classical one and hence the corresponding physical consequences may also change. To 
see the quantum effects on the moduli space, it is necessary to investigate the non-perturbative 
low energy dynamics. Since the moduli spaces vary with the relative numbers of colours and 
flavours, we shall discuss them according to different ranges of the numbers of flavour and colour. 



3.4.1 Nf < Nc'. Erasing of vacua 



Consider the non-perturbative dynamics for this case. Recall that the global symmetry of 
supersymmetric QCD at the quantum level is SULiNf)xSUR{Nf)xUB{l)xUR{l). The dy- 
namically generated superpotential should respect this symmetry. Under the chiral symmetry 
SUL{Nf)xSUR{Nf), Q~(0,iV/) and Q~(iV/,0), APj^{Nf,Nf), and the simplest invariant un- 
der SULiNf)xSUR{Nf) is the determinant detM. Let us determine the quantum numbers of 
detM under the U{1) transformations. Since the U{1) quantum numbers are additive. Table 
|3.1.1| gives 



B{Q) + B{Q) = 0, R{M'j) = R{Q) + R{Q) 

Nf-N, 



N 



f 



B{det M) = 0, i?(det M) = 2N 



f- 



N 



f 



2{Nf-N,). 



(3.4.1) 



To construct the superpotential, we need another quantity with mass dimension. The natural 
choice is the non-perturbative dynamical scale A. It is SUL{Nf)xSUR{Nf) invariant, and its 
transformation under the U{1) symmetries is related to the vacuum angle 6. We can argue this 
from the perturbative viewpoint despite the fact that A is a non-perturbative energy scale. The 
running gauge coupling in perturbative QCD is 



l + 5V(16vr2)/3oln((7V9o')' 



An 



167r2 



, /3o , qo 

H m — 

27r q 



2tt Ar 



(3.4.2) 

where Po is the coefficient of one-loop /3-function and Apert is the perturbative energy scale. As 
a result, 



87r2 



/3o 



^2(^2 



In 



A 



A 



pert 



pert 



,/3o 



^/3oe-8^V[9'(9')]. 



(3.4.3) 



For the non-perturbative scale A, the 9 parameter will arise since it is associated with the 

(3.4.4) 



complex coupling constant ( 3.1.3 ) 
A/3o 



/3Og27ri[(47ri/a2)+0/(27r)]^ 



j3o ^2mT 
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Ub(.1) 


Ua{1) 


Uro{1) 


Ur{1) 


detM 





2Nf 





2{Nf - N,) 







2Nf 


2{Nc - Nf) 






Table 3.4.1: Quantum numbers of detM and A'^". 



Thus A^" should transform as e*^ under the U{1) transformations. Note that the non-perturbative 
scale A is a complex parameter. For clarity the quantum numbers of det M and are listed 



in Table 3.4.1 



Since the low energy superpotential must be a holomorphic function of Q and Q (i.e. det M, 

not Q or Q) and the scale parameter A, it should also be SUL{Nf)xSUji{Nf)xUB{^) invariant. 
Its R charge is 2 since the superpotential is the i^-term of the effective action 

Weff- / d^x f d^eWes. (3.4.5) 



Thus this superpotential must be composed only of det M and A. In addition, from ( |3.4.5D the 
mass dimension of VFefj should be 3 owing to the mass dimensions - [9^^] = [dO] = 1/2. Since 
the dimension of A is [A] = 1, the coefficient of one- loop beta function in = 1 super symmetric 
QCD is /3o = mc - Nf, [My = 2, [detM] = 2A^/, the R-chavge-R{e) = R{de) = -1, the only 
possible combination with R = 2 and mass dimension 3 should be 



A/3o 



l/{Nc-Nf) 



W,„ = C(N,.N,)[^—j , (3.4.0) 

where C{Nc, Nf) is a dimensionless constant depending only on Nf and Nc, and the factor 
l/{Nc — Nf) comes purely from dimensional analysis. The superpotential ( |3.4.6| ) is called 



the Affleck-Dine-Seiberg (ADS) superpotential |32|. Owing to the famous nonrenormalization 



theorem in supersymmetric theory, this superpotential cannot be generated from perturbative 
quantum corrections. However, the non-renormalization theorem only concerns at perturba- 
tion theory and imposes no restrictions on non-perturbative quantum corrections. Thus this 
superpotential can only possibly come from instanton contributions and the constant C can be 
determined from a one-instanton calculation. 

The superpotential can be further determined by considering various limiting cases. First, we 
consider the case that the expectation value of the Nf-i\i flavour {QNf)= {QNf) = becomes 
very large. Using the diagonal fo rm (|3.3.5| ) and the fact that det M is a rotational invariant, as 
well as the Z)-flatness condition ( 3.3.7| ), we have 



r=l r=l r=l 

detM = detg-Q = af- ■ ■a%^_^a%^ = det Q'-Q'a%^, (3.4.7) 

where Q' or (Q') only contains Nf — 1 flavours. At an energy scale less than qat^, the Nf — 1 
flavours can be thought as the light flavours since is very big. Compared with aNf, cli-, 
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i = l,---,Nf — 1, can be regarded as approximately zero on this energy scale. Due to the 
super-Higgs mechanism, the SU {Nc) gauge theory with A'^^ flavours is broken to SU{Nc — 1) 
supersymmetric QCD with Nf — 1 flavours. According to ( 3.4.2| ), at the energy q > a^^- the 
running coupling is 

4, .SA'.-A'/, p^^^g, 



sHq') 27, A- 

while at the energy scale q < aj\f^, the running coupling is 

47r _ 3(iV, - 1) - {Nf - 1) 



Inf-, (3.4.9) 



g2(g2) 2tt Al 

since now the theory becomes supersymmetric QCD with gauge group SU{Nc — 1) and Nf — 1 
flavours, the Nfth heavy flavour having been integrated out. At the energy q^ = the 
running coupling constants should match, 

4^ _ 3iVc-iV/ ^ ^ ?,{N,-l)-{Nf-l) ^^ON^^ 



52(a2^P 27r A 27r A^ 

Thus one can obtain the relation between the energy scales, 

A?--^)-(--^) = (3.4.11) 
Requiring that the ADS potentials should coincide at q = Uf, we have from ( 3.4.6| ), ( |3.4.7 ) and 

(iHD, 

\ l/(Nc-Nf) 



'a: 



Nf 



3(7V,-l)-(7V^.-l)\ V(^c-iV^) 



det Q'-Q' 



(3.4.12) 



This implies 

C{N,, Nf) = C{N, -l,Nf-l) = C{N, - Nf). (3.4.13) 

i.e. C{Nc, Nf) should only be a function of Nc — Nf. 

Further, the explicit form of C{Nc — Nf) can be determined from another limit: giving Qnj^ 
and QNf a large mass by adding a mass term (only the holomorphic part) to the superpotential 
at tree level, 

Wtree = mM^j^^ = mQ^f-QMj- (3.4.14) 

Similarly to the previous case, consider the energy scale m. When the energy q > m, the theory 
is a SU (Nc) supersymmetric QCD with Nf flavours and the running coupling constant is 
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When the energy q < m, the theory is SU{Nc — 1) supersymmetric QCD with Nf flavours. The 
running couphng constant is now 

4. _3(iV.-l)-iV,j ,^ ^^^^^^^^ 



Matching the couphng constants at q = m gives 



g'^{m'^) 2tt A 27r 

Hence we obtain 

~37V.-(7V,-l)^^^3^^_^^^ (3.4.17) 



Now with the mass term mM for the A^j-th flavour, at the energy q > m, the superpotential 
is 

/ Aft' ^ 
T^efr = C(Ar,-A^;) — ^ +mM^^. (3.4.18) 



As we know, the F-term associated with the superpotential is given by 

dW 

F = ^, (3.4.19) 

where (j)o is the lowest component of an elementary or composite chiral superfield O. Since 
the form of the superpotential in terms of chiral superfield is the same as that of its lowest 
component, in the following we shall discuss the F-flatness condition of the corresponding chiral 
superfield to manifest super symmetry. Unbroken supersymmetry requires that the i^-term must 
vanish (i.e. i^-fiatness). The i^-fiatness conditions for M^v^j and Mny^, dWefi/dM^^i = and 
dWes/dMiNf = 0, lead to 

MNf^ = 0, M,Nf = 0, (3.4.20) 
where we have used that for a matrix M Q 

TrM-i(5M = JlndetM = (5detM, ^^^^ = det M M, "\ (3.4.21) 

detM ' dM'j ' ^ ' 

The meson operator hence takes the following form: 



M = ^ , det M = det MM^ . (3.4.22) 



This formula can be derived as follows: 

5 In detM = In det(Af + iM) - In det M = In ^^^^^ ^ 

det M 

= lndet(l + M"^(5A'/)~ln(l + TrAf"^5Af)~TrM"^(5M. 
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As a consequence, the superpotential ( |3.4.18| ) becomes 

/ A/3o 



detM 



A/3o \yiNc-Nf) 

C{N, - Nf) [ ^ 1 (M^g-V(A^-iV,) + ^M%. (3.4.23) 



det M , 



The F-flatness condition for M 



Nf 



5Ty _C{N,-Nf)( A/3o 



{M^''^fyl^+y(^^-m +m = 0, (3.4.24) 



gives 



Nt 



m{Nc - Nf) 
C{N, - Nf) 



-(Nc-Nf)/(1+Nc-Nf) 



' A/30 ^ 
detM 



1/(1+Afc-Af/)' 



(3.4.25) 



Inserting this expectation value into the superpotential ( |3.4.23| ), we get 



T^efT = C{N,-Nf 



m{N, - Nf) 



+ m 



m{Nc - Nf) 
C{N, - Nf) 



C{N, - Nf) 

{N,-Nf)/{l+N^-Nf) 



1/{1+Nc-Nf) 



A/3o 



- l/{l+Nc~Nf) 

detM_ 

A/3o 



detM. 





l/il+N,-Nf) 


'C{Nc 


-Nf)] 


iN,~-Nf)/il+N^-Nf) 


detM_ 






-Nf 





(1 + iVc-iV/) -(3.4.26) 



Using (|XT^), we can write the superpotential as follows, 



A 



/3o 



l/[7Vc~(iV/-l)] 



eff 



detM 



CjN, - Nf) 
Nc-Nf 



{N,-Nj,)/[N,-{Nf^l)] 



[iV, - (iV^ - 1)] , (3.4.27) 



where /3o = 'iNc — {Nf — l) is the one- loop beta function coefficient of S'C/(A'^c — 1) supersymmetric 
QCD with Nf flavours. Recalling that when m becomes big, the theory will become an SU{Nc) 
theory with Nf — 1 flavours. Requiring that ( 3.4.27 ) leads to the correct superpotential in the 
low energy theory (q < m), we must have 

C{Nc - Nf) = (iVc - Nf)C^/^^'-^f\ (3.4.28) 

with C being a universal constant. Hence we get a more transparent form of the superpotential 

'A3iV,-JVAl/(^c-7V^) 



eff 



(iVe - Ar^)C7i/(A^c-iv,) 



det Q-Q 



(3.4.29) 



69 



The universal constant C can be determined by a concrete instanton calculation. Here we only 
cite the result of Ref. |8C]. For Nf = Nc — 1, the superpotential ( 3. 4. 291) is proportional to 
the one-instanton action and thus the constant C can be exactly computed in a one-instanton 
background. In particular, in this case the gauge group SU{Nc) is completely broken since 



detMT^O. There is no infrared divergence and the instanton calculation is reliable. Ref. |80] has 
presented a detailed calculation in the dimensional regularization method and in the modified 
minimal subtraction scheme, and the result shows that C = 1. Thus, for the case of Nf < Nc 
we finally obtain the exact ADS superpotential. 



WeS = (iVc - N 



f) 



det Q-Q j 



(3.4.30) 



Note that this superpotential is the Wilsonian effective potential due to the scale A [pl|]. For 
the case Nf < Nc — 1, this superpotential is associated with the the gaugino condensate of the 
unbroken SU{Nc — Nf) gauge group. 

For Nc = 2, the meson matrix V is a 2NfX2Nf antisymmetric matrix, dety is not the 
simplest gauge and global invariant to constitute the superpotential, since it can be written as 
the square of a simpler invariant, the Pfaffian of V, 



PfV = VdetV 



2^yNf\ 



(3.4.31) 



where P denotes the permutation {ii, • • ■,i2Nf} and ep the signature of P. A similar procedure 
to the derivation of ( p.4.30| ) yields the dynamical superpotential of the SU{2) case. 



Nf 



'A6 



-TV, \ l/(2-JV;) 



PfF 



(3.4.32) 



Let us see what are the physical consequences of the dynamical superpotential ( p.4.30| ) . As 
we know, the relation between the usual potential and the superpotential is 



V 



eS |2 



\FQir[ 
dWeS 

dQir ' " " \ det Q-Q 

l/iN,-Nf]-l 



{Nc - Nf) ( ^ det Q-QTr 

/ \ l/(Nc-Nf) 

(^.-^,)(A3-=-.)-^^-^^^^-V^l Q7r' 



dQir 



det Q-Q ^ 



1 



1 



l/(7V,-7V^) 



Q V det Q-Q, 



(3.4.33) 



where ( p.4.21| ) was employed again. ( |3.4.33| ) shows that the dynamically generated superpo- 
tential leads to a squark potential, which tends to zero only when detM^oo. Therefore, the 
quantum theory does not have a stable ground state. In classical theory we have a vacuum 
configuration, but at the quantum level no vacuum state exists! 
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Finally, we consider the massive case. The mass term is one part of the tree-level superpo- 
tential, 



Wtree = Tim-M = m\M\. 



(3.4.34) 



In the weak coupling and small mass limit, the full superpotential is 

\ detQ-Q J 

The vacua are still labeled by M={M), which is determined by the F-flatness condition 



(3.4.35) 



dWf 



full I 



detM 



d 1 
dM^- det M 



+ m- 



detM 



(3.4.36) 



This gives 



^ . l/iN,-Nf) 



m 



{M' 



det m 



\^ detM J 

/j^3N,-Nf\^f/(^--^f) ^ 

\ detM J 

(^^3N^-Nfs^Nf/{Nc-Nf) 



detM 

I \ N^/{Nc-Nf ) 



1 



detM 

Taking 1/detM back into ( |3.4.36[ ), we get 



detM, 

(detm)(^^-^/)/^^(A3^^~^/)-^//^^ 



(3.4.37) 



(A3^c-^/detM)'^'^^(M-i)V 



m 



MV 



(detm)A3^-^/ (rn^')\- 



When Nc = 2, the quark mass term is wtree = rriijV^^, and a similar calculation gives 



(3.4.38) 



(3.4.39) 



Now we consider the case q < "m^j- This means that the matter fields get very big masses 
and hence will decouple. The theory will become an SU{Nc) Yang-Mills theory. ( 3.4.35| ) and 
(|3.4.37 ) give the full superpotential of this case. 



A3^-^/ det 



m 



+ Nf 



(detm) k^^^-^s 



(detm) A3^^-^/ 



3 



(3.4.40) 
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where A| = (det mA^^'-^/)^/^'^ is the energy scale of the low energy SU{Nc) Yang-Mills 
theory, a many-flavour generalization of ( 3.4.17 ). Comparing with ( |3.2.41 ), one can see that 
the superpotential is generated by gaugino condensation in the low energy SU{Nc) Yang-Mills 
theory. Thus in the case that Nf < Nc — I, the superpotential is associated with gaugino 
condensation, while when Nj = Nc — 1, the superpotential arises from instanton contributions. 

Furthermore, we can show that in the massive case, the Wilsonian effective superpotential 
(|3X30|) is the same as the IPI effective superpotential. Let us first explain the definition of IPI 
effective superpotential in a general supersymmetric theory. 

Consider a supersymmetric theory with the tree-level superpotential 



tree 



(3.4.41) 



X* can be fundamental or composite superfields or their gauge invariant polynomials. ( 3.4.41 ) 
is similar to the source terms in the usual functional integration with Jj being the background 
external sources. The generating functional is 

Z[Ji] = e^^l-^'] = J V[f{Xi)]exp [iS + ij (fx J (fOj^JiX'^ , 



G\J] 



+ d'^x d^eW{J)=- ■ ■ + W[J]. 



(3.4.42) 



G[J] is the generating functional of connected Green functions. Here we only write out its part 
related with the quantum superpotential. Correspondingly, W{J) is the connected superpoten- 
tial. Using the expectation value calculated from W{J) 



SW{J) 



(3.4.43) 



If the omitted part (• • •) is independent of Ji, Xi is the usual vacuum expectation value in the 
presence of the external sources J,, 



Xi 



5G{J) 



V[f{Xi)]Xi e^pliS + iJ d^x J d'^eJ^Ji^" 



(3.4.44) 



Performing a Legendre transformation, we can get the IPI effective action for Xi: 



rdyn(-'^*) 



G{j)- jd'^xjd^eY^JiX' 

■ ■■ + jd^xjd^e {w{j) - J2 J^x" 



(3.4.45) 



where Ji are solutions to ( ^.4.43| ). Correspondingly, the dynamical superpotential part is 



J d^x J d'^e lw{j) - JiX' 



(3.4.46) 
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and obviously, W{Ji) can be obtained from Wdyn(-^*) by the inverse Legendre transformation, 

W{Ji) = WdyniX') +Jd^xJ E Ji^'^ (3-4-47) 



where is the expectation value of the operator X* satisfying the following equation. 



+ J,: = 0. 



(3.4.48) 



The IPI effective potential is defined as 



(3.4.49) 



This procedure is similar to the calculation of effective potential 57]. For the case at hand, 
X = M*^., J = m\. From ( |3.4.38| ) and ( p.4.4q ), we obtain 



(9Weff(m) 



(det m) A'^^~^f] A'^^-^f ^^^^ 



dm''j 



= (detm)A3^=-^/J (m-i)/ = (M)^i. (3.4.50) 
With the definition (3.4.46), using ( p.4.5q ), ( |3. 4.401 ) and the second equation in ( |3.4.37D , we have 
Wdyn(M) = N^Kl - M'jm^- = N^AI - (det mA^^^-^f)^/^-{m-^y ^m^- 



iN^-Nf) [(detm)A3^=-^/ 



{Nc - Nf) 



/ ^3Nc-Nf\^f/(^'=-^f) J^3Nc-Nf 

\ detM ) 



detM 



detM 



(3.4.51) 



Comparing ( 3.4.51| ) with the ADS superpotential ( |3.4.30| ), which is a Wilsonian effective su- 
perpotential, we can see they are identical. Therefore, in the massive case, the IPI effective 
superpotential is the same as the Wilsonian effective superpotential. 

3.4.2 A^^ = Nc'. Confinement with chiral symmetry breaking or baryon number 
violation 

We have seen that in the case Nf < Nc, the non-perturbative superpotential lifts the vacuum 
degeneracy. All the classical vacua disappear. What the situation for Nf>Nc'? We shall see 
that in this case no non-perturbative superpotential can be generated dynamically and hence 
the vacuum degeneracy remains. The reasons are as follows: 



For the case Nf = N^, Table 3.1.1 shows that the i?-charges of the chiral superfield Q{Q) 
and of A^° = A^^-^' both vanish. However, the superpotential should have i?-charge 2, since it is 
an F-term. Thus in this case it is not possible to construct a superpotential. 
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For the case Nf > Nc, considering only the i?-charge and dimensionahty, we could have a 
dynamically generated superpotential 



Woe 



det M 



However, since Nc — Nf < 0, A'^^''~'^f will be in the denominator of the superpotential, and 
this can not match the expression generated by instantons. It is known that the contribution 
from instantons is proportional to A^^''"^/ |^^; it is not possible to have a superpotential of the 
form A~*^^^''~^^). In particular, when Nf > Nc, from the previous diagonal form, detM = 0, 
no non-perturbative superpotential can be generated and the D-flatness still remains. 

However, for Nf>Nc, some more interesting phenomena will arise. First, we see that in the 
case Nf = Nc, although the vacuum degeneracy can not be lifted, owing to non-perturbative 
quantum effects, the quantum moduli space will be different from the classical one. This is 
reflected in the change of the constraint, 

detM - BB = A^^'^; 

Pfy = for Nc = 2. (3.4.52) 

The above constraints must be manifested in the low energy effective Lagrangian. One natural 
way is to introduce a Lagrange multiplier field X to add the following superpotentials to the 
effective Lagrangian, 

Wes = X (det M-BB- A^^^) ; 

Weff = X (Pfy - A^) for Nc = 2. (3.4.53) 



The reasonableness of the modified constraint ( 3.4.52 ) can be argued as follows. We first 
consider a superpotential at tree level by adding a large mass term for the Nfih flavour, 

PFtree = mM'^^. (3.4.54) 

Since for Nf = Nc, no dynamical superpotential is generated, this tree level superpotential 
should be the full superpotential. At the energy q < m, after integrating out the Nf-th flavour, 
the theory is an SU{Nf) gauge theory with Nf — 1 flavours. A dynamical effective superpotential 
( |3.4.30 ) is generated by instanton contributions. 



= ^ ^ = (3.4.55) 

detM detM 



where we have used ( 3.4.171 ) and M gets contributions from the Nf — 1 light flavours. The 



F-flatness conditions dWcs/dMny^. = dWes/dMip^_^ = (i < Nf) lead to 



This gives 



M,^^ = M^^ = 0, M=(^ Jn^Y (3.4.56) 



detM = det MM^^, M^^, = (3.4.57) 
^ ^ det M 
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Inserting ( |3.4.57] ) back into ( 3.4.54| ), we obtain 



m det M 

Wes = (3.4.58) 

detM ^ ^ 



Comparing ( 3.4.58 ) with ( 3.4.55 ), one can see that only by choosing detM = A^^'=, can one 
get the low energy effective superpotential. This is the case for {BB) = 0. In the case that 
{BB)j^O, it can also be proved that ( |3.4.52 ) is satisfied |84]. Since the right-hand side of 



( |3.4.52D is proportional to the one-instanton action |32|, the quantum modification of the classical 
constraint must arise from the one-instanton contribution. 

The quantum constraint (3.4.52) has important physical consequences. The singular point 



B = B = M = (M = means that the eigenvalues of M vanish) has been eliminated 
by quantum effects through the generation of a mass gap since the point B = B = M = 
does not satisfy the constraint. A vivid explanation was given by Intriligator and Seiberg by 
considering a two-dimensional surface defined by XY = /i in three-dimensional space If 
XY = 0, then either X = or Y = 0, and the surface is X-plane or Y-plane. If /^t^O, these 
two cones are smoothed out to a hyperboloid, and the origin is expelled from the surface. So 
the only massless particles are the moduli, the quantum fluctuations of M, B, B satisfying 
the constraint. In geometric language, they are the tangent vectors of the surface determined 
by the constraint ( p.4.52| ) in (composite) chiral superfield space. In the region of large M, 
B and B, the gauge symmetry is spontaneously broken and the the theory is in the Higgs 
phase. In the region of small M, B and B (near the origin), the theory is in the confinement 
phase due to the quantum constraint ( ^.4.52| ). In particular, the anomaly- free global symmetry 
SULiNf)xSUR{Nf)xUB{l)xUR{l) is broken since now the origin B = B = M = is not 
on the quantum moduli space. Different points on the quantum moduli space exhibit different 
dynamical pictures. In the following we shall consider two typical points in the quantum moduli 
space: 

1. M^j = A^5*j, B = B = 0^. Confinement and chiral symmetry breaking 

Obviously, this point lies in the quantum moduli space. In this case a quark condensation 
occurs since M*^- = (5*^/0, so the chiral symmetry SULiNf)xSUji{Nf) is spontaneously 
broken to the diagonal SUv{Nf). However, the Ub{^)xUr{1) symmetry still remains. Thus the 
breaking pattern is 

SUUNf) X SUR{Nf) X Ub{1) X UR{l)^SUv{Nf) x Ub{1) x Ur{1). (3.4.59) 

Let us analyze the transformation behaviours oi M, B and B under SU{Nf)v>iUB{^)>iUR{l). 
From M^j = Q^-Qj one may naively think that the number of the mesons is Nj. However, since 
we are considering quantum fluctuations of the moduli fields around the expectation values 

{M'j) = A^S'j, {B) = {B) = 0, (3.4.60) 

the fluctuation matrix M — A^(^*j should be traceless, 

Tr (^M'j - K^5\^ = 0. (3.4.61) 

'^Strictly speaking, one should write (M'^) = A^5'^, {B) = (B) = 0. 
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SUviNf) 


Ub{1) 


Ur{1) 


Q 


Nf 


1 





Q 


Nf 


-1 







Nf 


1 


-1 




Nf 


— 1 


—1 


A 


1 





+1 


M 


Nf-1 








B 


1 


Nj 





B 




-Nf 





IpM 


Nj-l 





-1 




1 


Nf 


-1 




1 


-Nf 


-1 



Table 3.4.2: SUv{Nf )xUB{i)^Uii{l) quantum numbers of elementary and composite fields. 

Hence there are actually Nj — 1 (super-)mesons; the fluctuations Af ^ span the adjoint repre- 
sentation of the vector group SUv{Nf). The ?7b(1) quantum numbers of these fluctuations are 
since they are meson operators and their C//j(l) quantum numbers should also be from the 
Table |3.4.1| . Consequently, the fermionic component •i/'Af is also in the adjoint representation of 
SU{Nf) and its baryon number is 0. In particular, the R quantum number of ipM is —1, since 
M*j = Q^Qj is a chiral superfleld 

= 4, + ^Vi^i + O'^Fi.j , (3.4.62) 

and R{9) = 1 {9 is the super-coordinate). 

The quantum fluctuations of B and B do not carry any flavour index and hence are in the 
trivial representation of SUviNf). Their baryon numbers are respectively Nf and —Nf due to 
the additivity of the U{1) quantum number. For clarity, we list the quantum numbers of the 
various flelds in Table |3.4.2| . 

A strong support to the dynamical pattern comes from 't Hooft anomaly matching. As 



introduced in Sect. 2. 3. 3, in a theory with confinement, the anomalies contributed by massless 
composite fermions at the macroscopic level and those from the elementary massless confined 
fermions should match. Now we give a detail check whether the anomalies match. Corresponding 



to the global symmetry SUv{Nf)xUB{i)xUji{l) and the quantum numbers listed in table |3A2 



the currents for elementary fermions and massless composite fermions are collected in Table 3.4.3 



In addition, the fermionic part of the energy-momentum tensor is in Table 3.4.4 to allow for a 
discussion of a possible axial gravitational anomaly. 

The above tables give the currents corresponding to the global symmetry SUv{Nf)xUB{l) 
xUr{1) at both fundamental and composite levels: 

• For the elementary fermions: 
SUviNf) current: 
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SUv{Nf) 


f^B(l) 


Ur{1) 


















A 












(M) = /^^^V^M^M^S 












= NfiiBf^lx-^B 


AH) T / 
Jm = -VB(^iJ.WB 












Table 3.4.3: Currents corresponding to global symmetry SUv{Nf)xUB{'^)'xUR{l). 





T 




i/A 




+ < > I/) 






— ^V' 


Q 


A 


i/4 (aV^V^A'^ - V.AV^A'^) 


+ (/i < > u) 






i/A 




) + (/i ^ ^ z^) 




IpB 


i/4 




+ (n < > 


- 9iiv^[^B\ 




V'B — >ip 


B 



Table 3.4.4: Energy-momentum tensor composed of the fermionic components of chiral superfields; 
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A = l,---,N]-l, iJ = l,--;Nf, r = l,--;N,. (3.4.63) 

J7b(1) current: 

4""^ ^ 3^''\Q)+l\F\Q)=i^Q^r^,i^Qir-i^Q,,^>.^Q„. (3-4.64) 

Uli{l) current: 

^i^) - jfHQ)+a^)(Q)+jfHA) 

= -V'Qirf^/^V'Qir-V'Qi^O-MV'Qi^+^^f^M-^"; « = 1 , • • " , ^^c " 1- (3.4.65) 

• For the composite fermions: 
SUv{Nf) current: 

J^^j^m = f^'^'^iiMCj.^g. (3.4.66) 

C/b(1) current: 

4""^ = 3\F\B)+~j[^){B)=N^-^j,a,i;B-Nfi^~a^^j^. (3.4.67) 

f/ij(l) current: 

JI^^ ^ jf)(M)+i(«)+if) = -V^i^^V'M-?BCTMV'B-V^5^M^g- (3.4.68) 

One can directly calculate the anomaly coefficients of various triangle diagrams composed of 
the above currents. In order to calculate the anomaly coefficient, one must introduce the gauge 
fields associated with SUv{Nf), Ub{^) and Ur{1), that is, turn these global groups into local 
ones. In general, these new gauge fields are not physical ones, except in some special cases such 
as electroweak theory, where the gauge symmetry is the local flavour symmetry. Therefore, 't 
Hooft called these assumed gauge fields "spectator gauge fields" |58]. Also the gauge coupling 



constants associated to these "spectator gauge fields" should be very small so that the dynamics 
of the real physical strong coupling gauge interaction cannot be affected. As 't Hooft pointed 
out, one may either think of these "spectator gauge fields" as completely quantized fields or 
simply as artificial background fields with non-trivial topology. 

The calculation of the possible anomalous triangle diagrams shows that the anomaly coeffi- 
cients really are identical. They are listed in Table p. 4. 5 . Note that in Table 3.4.5| (and in what 



follows) we use the groups to represent the triangle diagrams composed of the corresponding 
currents, for example, SUy (N f)'^UFi.{l) represents {jj)^-' J^J^) and Ur{1) means the axial grav- 
itational anomalous triangle diagram (J/j TypTap) etc. In principle, there are many possible 



triangle combinations of the currents, but only the anomaly coefficients listed in Table |3.4.5| do 
not vanish. 



The calculation of the anomaly coefficients listed in Table 3.4.5 is straightforward. For 
example, considering the Uii{l)^ triangle digram. For elementary fermions, the amplitude is 

{Ji^)4^)jf)) = (jf)(Q),^(Q)jf)(Q)) + (jf)(Q)j(^)(Q)jf)(g)) 

+ Of^(A)j(^HA)jf)(A)), (3.4.69) 
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Triangle diagram 


Elementary anomaly coefficient 


Composite anomaly coefficient 




-N'j-1 


-N'j-1 




-2Nf 


-2Nf 


{SUv{Nf)y'URil) 






Ur{1) 


-N'f - 1 


-N--1 



Table 3.4.5: SUv{Nf)xUR{l) 't Hooft anomaly coefficients. . 



and the anomaly coefficient is 

R{Q)R{Q)R{Q)Tv(l) + R{Q)R{Q)R{Q)Tt{1) + R{\)R{\)R{\)Tv{l)^^ 

= -2iV| + iV| - 1 = -N] - 1. (3.4.70) 
For composite fermions, the corresponding triangle diagram amplitude is 

^jmjmjiR)) = of)(B)j(^)(B)jf)(B)) + of)(^)jl«)(5)4«)(^)) 

+ {3f\M)ji^){M)j^^){M)). (3.4.71) 

The anomaly coefficient is 

R{B)R{B)R{B) + R{B)R{B)R{B) + R{M)R{M)R{M)Tr{l)^j 
= 2(-l)3 + (-l)3Tr(l),dj 

= -2 + iV| + 1 = -iV| - 1. (3.4.72) 

Thus the anomaly coefficients at both elementary and composite levels are equal. 

As another illustrative example, take the axial gravitational anomaly Unil). At fundamental 
level, the amplitude is (J^i T^ipT^^), and the anomaly coefficient is 

- TV(l)c.f.IV(l)f.f. - IV(l)e.f.IV(l)f.f. + IV(l)adj = -2Nj + N]-1 = -N}-1, (3.4.73) 

where the subscripts "c.f." and "f.f." denote the fundamental representations of colour gauge 
group SU{Nc) and flavour group SU{Nf), respectively. At composite level, the anomaly coeffi- 
cient is 

- 1 - 1 - S^^S'^^S^^ = -2 - [N] -1) = -{n] + 1). (3.4.74) 
The anomaly coefficients again match exactly. 

2. = 0, B = —B = A^f : Confinement and baryon number violation 
In this case, the symmetry breaking pattern is 

SULiNf)xSUR{Nf)xUB{l)xURil)^SUL{Nf)xSUR{Nf)xUR{l). (3.4.75) 
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SUL{Nf) 


SUR{Nf) 




Q 


Nf 


1 





Q 


1 


Nf 





V'Q 


Nf 


1 


-1 


V'Q 


1 


Nf 


-1 


A 


1 


1 


1 



Table 3.4.6: SUL{Nf) x SUR{Nf) x C/fl(l) quantum numbers for elementary fields. 







SUR{Nf) 













V'Q 









A 








jf)(A) = AV^A« 



Table 3.4.7: Currents composed of the fermionic components of elementary chiral superfields. 

The chiral symmetry does not break since M*^- = 0. The R charges R{M) = R{B) = R{B) = 
R{A) = due to A'^^ = N^ , so R symmetry still remains. Obviously the baryon number 
symmetry is broken, usually B{B) = Nf, B{B) = —Nf, B{A) = 0, and the equation B = 
-B = A^f does not satisfy the baryon number conservation law. Note that a breaking of 
baryon number conservation is not possible in ordinary QCD, as Vafa and Witten proposed 
a strict theorem stating that the spontaneous breaking of vector symmetries is forbidden |7^ . 
However, their proof of this theorem is based on the vector nature of the quark-quark-gluon 
vertex, while in supersymmetric QCD, there exist scalar quarks, and the quark-squark-gluino 
interaction vertex, which is an axial vector vertex, so this spoils the initial assumption of the 
theorem and hence the baryon number symmetry can be spontaneously broken. 

Let us check the 't Hooft anomaly matching conditions. In this case the quantum number for 
the elementary and composite fields are obvious since all the quantum numbers remain intact. 
We list the quantum numbers and the currents for the elementary and composite fields in the 



Tables 3.4.e, 3.4.7, 3.4.8 and 3.4.9 



At elementary level: 

The currents corresponding to the global symmetries SULiNf)xSUji{Nf)xUR{l) are as 



follows: 

tA 



4, - jt(^) = V^Q„.V5V'Q,.; (3-4.76) 

= -'^QirC'fi^Qir-'4^Qi^CF^llj^.^ + \''G^\''. (3.4.77) 



At composite level: 
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SULiNf) 


SUniNf) 


Ur{1) 


M 


Nj 


Nf 





B 


1 


1 





B 


1 


1 





i'M 


Nf 


Nf 


-1 




1 


1 


-1 


IpB 


1 


1 


-1 



Table 3.4.8: Representation quantum numbers for composite chiral superfields. 





SULiNf) 


SUR[Nf) 


Ur{1) 


















j\l^\B) = -iljj^afj,ipB 










ill '{B) = -V'rCt^Vr 



Table 3.4.9: Currents composed of the fermionic components of composite chiral superfields. 



The currents corresponding to SUL{Nf)xSUR{Nf)xUR{l) are as follows: 



•Jrij. 

4^' 



3UM) 

jR,m 

3 ^ 



i'Mi'^fiifji'Mj; 



(«)(M)+jf)(S 



(3.4.78) 



One can easily check that for both elementary and composite fermions only the triangle diagrams 
SUL{ji){Nf)^, SUL(^Fi){Nf)'^UR{l), Ur{1)^ and the axial gravitational anomaly Ur{1) do not 
vanish. The corresponding anomaly coefficients can be calculated in the same way and the 



results are listed in Table 3.4.1C . As expected, the anomaly coefficients match exactly. 

Note that we have used the fact that the fluctuations of B and B are not independent due 



Triangle diagram 


Elementary anomaly coefficient 


Composite anomaly coefficient 


suL(R)iNfr 




+(-)(i^^^'iVj 


SULiR){NfrUR{l) 


-iV/Tr(t^t^) 


-iV/Tr(t^t«) 


URiir 


-(iV^ + 1) 


-{Nf + 1) 


Ur{1) 


-Nf - 1 


-Nf-1 



Table 3.4.10: SU^R^{Nf)xUR{l) 't Hooft anomaly coefficients, d^^'^'=Tr{t^{t^ ,t^}). 
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Triangle diagram 


Elementary anomaly coefficient 


Composite anomaly coefficient 




-2']>(t^t^)4 




URiir 


2x4x(-l)^ + 3 


5x{-lf 




2x4x(-l) + 3 


5x(-l) 



Table 3.4.11: Sp{4:)xUr{1) 't Hooft anomaly coefficients. 



to the constraint 



B 



B + X^f. 



(3.4.79) 



Thus in calculating the anomaly coefficient of Uji{l)^, only the contribution from is consid- 
ered. It should be emphasized that in the above section (and in what follows) we have assumed 
(will assume) that the global symmetries are realized linearly on M, i? and B. 
For Nc = 2, the point 







-la 



f -I \ 

10 

-1 

V 1 y 



(3.4.80) 



is obviously in the moduli space. Consequently, the global flavour symmetry SC/(4) breaks 
to 5*^(4), while i?-symmetry is preserved. The 't Hooft anomaly matching associated with 
the global symmetry 5p(4)xC//j(l) can be checked. The fundamental massless fermions are 
quarks and gauginos, their quantum numbers with respect to Sp(4) x?7/j(l) are 4_i and li, 
respectively. The low energy fields are the quantum fluctuations of V around the the expectation 
value ( |3.4.80| ) subject to the constraint ( 3.4.52 ). Their fermionic component transform as 5_i 
under Sp{4:)xUii{l). With these quantum numbers, the various conserved currents can be 
easily constructed. Considering the relation between the quadratic Casimir operators of the 4- 



and 5-dimensional representations of Sp{A), 2Tr(t'^t^)4 = Tr(t'^t^)5, we see that the anomaly 



coefficients at low energy and high energy levels are indeed equal, as shown in Table [3.4.11 



3.4.3 Nf = Nc + I: Confinement without chiral symmetry breaking 

At the classical level, the gauge invariant chiral superfields describing the moduli space in this 
case are M*^ and the baryon superfields 



Bi 
Bi 



(3.4.81) 



Under the SUL{Nf)xSUji{Nf), the composite superfields M, B and B transform as follows, 

M:{Nf,Nf), B:(Nf,l), B:{l,Nf). (3.4.82) 

Let us first analyze what the quantum moduli space is in this case. The SU{Nc) gauge symmetry 
and the global symmetry SUL{Nf)xSUR{Nf)xUB{^)xUR{l) as well as the mass dimension 3 
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determine that the effective superpotential Wes must be of the following form, 

Wes=^ (a det M + bB'M^ ^Bj) , (3.4.83) 

where a and h are non-vanishing constants which need to be determined. Note that this su- 
perpotential is not the dynamically generated superpotential, it is rather an artificial one for 
describing the moduli space. Owing to the holomorphic decoupling, if we give one flavour, say, 
the A'^^-th flavour, a large mass m, then at the energy scale q < m, the low energy theory should 
be an SU (Nc) theory with Nf flavours. Thus, after integrating out this heavy flavour, we should 
get the nontrivial constraints (3.4.52) of the Nf = Nc case. After giving the last flavour a mass, 
the superpotential becomes 

Wes{m) = ^(adetM + hB'M^^Bj) - mMj^/ . (3.4.84) 

The F-flatness conditions (due to the unbroken supersymmetry) for Mj^^ and AI- with i < Nf 
reduce M to the following form, 

M = ( „ j . (3.4.85) 



With M^^, = and M- =0, the F-flatness conditions for Bi and Bi yield 



( Bn, ) 















B= Z > ^= 5 )• (3-4.86) 



So the effective superpotential takes the following form: 

= -^^{adeiMM^/ +hB''fMj^/BN,)-mMj^/ 



^^(adetMM^^^ + bAlJ^^^BB) - mMj^^^ , (3.4.87) 



N 



where we denoted Bn^.=B and Bn^.=B. The F-flatness condition for Mj^^ gives 



a det M + bBB = mA^" . (3.4.88) 

At the energy q = m, the running coupling constant of the SU{Nc) theory with Nf = A'^c + 1 
flavours should match with that of the SU{Nc) theory with Nf{= Nc) flavours: 

Air 3(Nc + l)-Nc A 3Nc-Nc, Al 

- ^ ^ In— = ^In— . (3.4.89) 



This gives 



I.e. 



g'^{m?) 2tt m 2tt m 

Af^ = mA^''^-\ (3.4.90) 

Af»=mA^o. (3.4.91) 
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SUL{Nf) 


SUiiiNf) 




Ur{1) 


Q 


Nf 


1 





l/Nf 


Q 


1 


Nf 





1/Nf 




Nf 


1 





l/Nf - 1 




1 


Nf 





1/iV/ - 1 


A 


1 


1 





1 



Table 3.4.12: Representation quantum numbers for elementary fields. 





SUUNf) 


SUniNf) 


Ub{1) 


Ur{1) 


M 


Nf 


Nf 





2/Nf 


B 


Nf 


1 


N,i= Nf - 1) 


NjNf = {Nf - 1)/Nf 


B 


1 


Nf 


N,{= Nf - 1) 


NjNf = {Nf - 1)/Nf 




Nf 


Nf 





2/Nf - 1 


i'B 


Nf 


1 


N,i= Nf - 1) 


-l/Nf 




1 


Nf 





-l/Nf 



Table 3.4.13: Representation quantum numbers for composite fields. 



If we choose the undetermined parameters a = 1, b = —1, ( 3.4.88 ) will lead to the constraint 
( |3.4.52 ) in the case Nf = Nc- Therefore, the effective superpotential in the case Nf = Nc + I 
should be of the form 



1 

Aft, 



Weff = ^(detM - B'M^^Bj). 



(3.4.92) 



The moduli space of vacuum states is described by the F-flatness conditions, dW^s/dB^ 

dw,s/dBi = dw,s/dMJ = 



M-B = B-M = 0, det M {M-^^ = B'BK 



(3.4.93) 



Obviously, the origin M = B = B = Oison the moduli space since it satisfies the above 
conditions. Thus the whole global symmetry SUL{Nf)xSUR{Nf)xUB{l)xUii{l) is preserved 
in the origin of the moduli space. If the above dynamical picture is correct, 't Hooft's anomaly 
matching with respect to this global symmetry must be satisfied. 

According to Table p.l.l| , we list the quantum numbers for the elementary fermions and 
composite fermions in Tables p. 4. 12 and 3.4. 13| , respectively. The corresponding conserved cur- 
rents corresponding to the global symmetry SUL{Nf)xSUR{Nf)xUB{l)xUji{l) are collected 



in Table 3.4.14. One can easily find that the non- vanishing anomaly coefficients at both the 



elementary and composite fermion levels are identical. They are listed in Table p.4.15| 
In the case Nc = 2, the superpotential in the low energy effective Lagrangian is 



A3 



(3.4.94) 
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Elementary fermions 


Composite fermions 








SUR{Nf) 












Ur{1) 




jf^ = i-l+_2/Nf)i^M^^^^M 



Table 3.4.14: Currents corresponding to the global symmetry 5?7i,(iV/)x6'f/ij(iV/)x[/s(l)xf/ij(l). 





Elementary level 


Composite level 


iSUL(n^iNf)r 




+ (-)TV(i^{t^,t^'})iVe 


{SULiR^{Nf)rUB{l) 






iSUL(B^{Nf)rUR{l) 




-N'^/NfTiitH'') 


iUB{i)ruR{i) 




-2N'i 


(URiW 


-N'f + 6Nf - 12 + 8/Nf - 2/N'f 


-N'f + 6Nf - 12 + 8/Nf - 2/N'f 


{Un{l)rUB(.l) 








URil) 


-N'f + 2Nf-2 


-N'f + 2Nf - 2 



Table 3.4.15: 't Hooft anomaly coefficients. 
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Elementary level 


Composite level 


{su{6)r 


2Tr(t^{t«,t^'})6 


Tr(t^{t^,t^'})i5 


(sum'URii) 


2x(-2/3)TV(t^t^)6 


-l/3Tr(t^t^)i5 




12x(-2/3)^ +3 


15x(-l/3)^ 


Unil) 


12x(-2/3) +3 


15x(-l/3) 



Table 3.4.16: 't Hooft anomaly coefficients. 



The quarks and the gaugino transform as 61/3 and li, respectively, and the quantum fluctuation 
of the composite field V as 162/3 under the global symmetry group 5C/(6)x[//{(l). The 't Hooft 
anomaly conditions are satisfied as can be seen from Table 3.4. 16| . 



3.4.4 Supersymmetric QCD for Nf > Nc + 1 

Now we continue to add the flavours and the more interesting phenomena will arise. In the 
following we shall concentrate on several typical ranges of the flavour and colours. 

3Nc/2 < Nf < SNc'. Non-Abelian Coulomb phase, conformal window and electric-magnetic 
duality 



We now specialize to = 1 SU (Nc) supersymmetric QCD with Nf flavours. The NSVZ 



beta function (1.1) and anomalous dimension of the quark and squark fields are 



Pig) 
7(5') 



/ 3N,-Nf + Np{g^) 
167r2 1 - A^c5V(87r2) 
^2 iV2 _ 1 



9 



87r2 Nc 



(3.4.95) 



Thus we see that f3(){g) < 0, and the theory in this range is asymptotically free. However, the 
anomalous dimensions of the quark and squark fields imply (3i{g) > 0, i.e. the one-loop beta 
function is negative and the two-loop beta function is positive. This fact will make the beta 
function have non-trivial zero points, i.e. non-trivial fixed points. One explicit nontrivial fixed 
point can be observed in the following way: taking the limit Nf^oo and Nc^oo but keeping 
N^g'^ and Nf/Nc = 3 — e with e<Cl fixed, we have 



7(9') 



87r2 ' 



Nf + Nfj{g^) 53 3 - Nf/N, + A^//jVe7(g') 



167r2 1 - 
e + (3-6) 



87r2 



167r2 



Accordingly, the beta function has a second zero at 



N,g' = -^-^ + 0{e') 



(3.4.96) 



(3.4.97) 
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So, at least for large N^.-, Nj and e = 3 — ^^1, the theory has a nontrivial IR fixed point. At 
this non-trivial IR fixed point a four-dimensional superconformal field theory will arise due to 
the relation between the trace of the energy-momentum tensor and the /3-function. Therefore, 
in the range 3Nc/2 < Nf < 3Nc, the infrared region of = 1 supersymmetric QCD is described 
by a four-dimensional superconformal field theory and this range is called Seiberg's conformal 
window. The quarks and gluons are not confined but appear as interacting (effective) massless 
particles. The effective non-relativistic interaction potential between two static electric charged 
quarks takes the form of the Coulomb potential: y(r)~l/r. Consequently, the theory is now in 
the non-Abelian Coulomb phase. 

Nf > 3Nc: Non-Abelian free electric phase 

In this range, since the one-loop beta function (3q > 0, the theory is not asymptotically free. 
At large distance (low energy) the coupling constant becomes smaller, and the particle spectrum 
of the theory consists of elementary quarks and gluons. Hence in this range of Nf, the theory 



is in a so-called "non-Abelian free electric phase". As mentioned in Sect. 2. 4, a theory in a free 
electric phase is not well defined due to the Landau singularity. This can be easily seen from 
the definition of the beta function (in the modified minimal subtraction scheme) 

Integrating this equation, we obtain 

(,2 = 9o /o 4 QQ^ 

^ l-gi{Nf-3N,)/{l67^^)ln{fL/^,oy ' 
The coupling constant increases with /x, and theory breaks down at the Landau pole |5 

87r2 

^ = ^°'"%g(A^/-3Ar,)- 

However, it can be regarded as the low energy limit of another theory. 

To conclude this section, we explain why one can discuss non-trivial four-dimensional su- 
perconformal theory in the range 3/2Nc < Nf < 3Nc- Nf < 3Nc ensures that the theory is 
asymptotically free. As for the lower bound 3/2Nc < Nf, this requires some knowledge about 
the representations of the four-dimensional superconformal algebra on the chiral supermultiplet 
introduced in Sect.^]^. As we know, for the representation of the superconformal algebra on 
the chiral supermultiplet, there is a simple relation between the -R-charge and the conformal 
dimension of a gauge invariant chiral superfield operator O (see ( ^.5.70| )), 

RiO) = -'^d{0), or d{0) = ^\R{0)\- (3.4.101) 



However, from the unitary representations listed in Table 2.1.2 , we see that except for the trivial 
representation, which is not interesting, the conformal dimension d of a physical operator should 
be larger than 1. Otherwise the highest weight representation of the conformal algebra will have 
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a negative norm state, and this is not allowed in a unitary representation. The simplest gauge 
invariant chiral superfield is the meson M. The -R-charges listed in Table give 



d{M) = -R{M) = 3 > 1, (3.4.102) 

and hence one gets Nj > 3/2Nc- This is the reason why a superconformal field theory arises in 
the range 3/2Nc < Nj < SN^. 



4 = 1 supersymmetric dual QCD and non-Abelian electric- 

magnetic duality 

The global symmetry and the 't Hooft anomaly matching require that for Nf > Nc + 1 the low- 
energy phenomena of supersymmetric SU (Nc) QCD with Nf flavours need a distinct description 
through the introduction of a dual theory, which takes the same form as the fundamental super- 
symmetric gauge theory except for a gauge singlet field and an additional superpotential. In this 
section, we shall concentrate on Seiberg's conformal window 3Nc/2 < Nf < 3Nc and show how 
the non-Abelian electric-magnetic duality arises at the IR fixed point. We shall discuss why the 
two dual theories have inverse couplings and how the theory behaves when some of the heavy 
modes decouple. A generalization of supersymmetric QCD with a matter field in the adjoint 
representation of the gauge group and a non-trival superpotential and its duality will also be 
discussed. 



4.1 Dual supersymmetric QCD 

In general, when the fiavour Nf > A'^c -|- 1, the gauge invariant chiral superfields parameterizing 
moduli space are the meson superfields M^j and the baryon superfields Bij...k and Brr ~. Naively 
one may think that the effective superpotential should have the following form: 

Weff~ (^det M - Bij...kM"M^^- ■ ■M^'^B-r . (4.1.1) 

Although this superpotential is SUL{Nf)x SUR{Nf) and gauge invariant, it cannot be regarded 
as an effective superpotential since its i?-charge is not equal to 2. In addition, one can easily 
find that the 't Hooft anomaly matching condition for the fermionic components of {Q,Q,X) 
and (M, B, B) cannot be satisfied if we adopt the effective superpotential ( [4.1.1| ). A clever way 
out has been found by Seiberg and this has led to the invention of dual supersymmetric QCD. 
Prom the Hodge dual form of the baryon superfields ( |3.3.1^ ) , 

"R. . . = f. ■ ■ U^Ni--iNc 

-^*]Vc + l«JVc+2---«JVj. — _ ^ -jl '^«l---«]Vc«iVc + l-'-*iVj ' 



{Nf - N,)\ 



one can see that B and B have 



N, = Nf- N, (4.1.3) 
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SUR{Nf) 


Ub{1) 


Ur{1) 
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Nj 
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1 - NjNf 
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Nf 


-1 


1 - NjNf 




AT r 


1 
i 


i 


AT /AT . 




1 


J 


1 


-NjNf 

<-•/ J 


X 


1 


1 





1 




Nf 


Nf 





2 - 2Nc/Nf 




Nf 


Nf 





1 - 2iVc/A^/ 


Bi^...i~^ 


NfN, 


1 




A^,(l - NjNf) 




1 


NfN, 




Nc{l - NjNf) 



Table 4.1.1: Representation quantum numbers of the chiral superfields in the original supersymmetric 
QCD. 



indices. Thus one can assume that these baryon superfields are bound states of Nc chiral 
superfields q and q, 



1 ~ ~ r 

ijVc+i«JVc+2---«JV^ = ^ii---i~^ = ^^ri-- r~ ^ ill i2' ' '1 



-^Nc+l^Nc+2■■■^N^ _ _ 1 ^ ^ Ii I2 'nc 

Nc _/V^ 

i,j = 1,---,A^/, F,s = l,---,iV, = iVy-iV,. (4.1.4) 

Obviously g*- and belongs to the fundamental representation of SU{Nf)xSU{Nc)- To bind 
these elementary constituents into gauge invariant baryon superfields, we must construct a 
dynamical Yang-Mills theory with gauge group SU{Nc), which provides the dynamics. 

Seiberg proposed that the low energy supersymmetric SU (Nc) QCD with Nf > A'^c + 1 can 
be described by a supersymmetric Yang-Mills theory with gauge group SU{Nc) coupled to the 
chiral superfields q^^ and q^j as well as a new colour singlet chiral superfield TW/ together with 
an additional gauge invariant effective superpotential 

Wes = q-M-q = q^M'^Tlfj- (4-1-5) 

Note that this new colour singlet superfield Ai cannot be directly constructed from q and q 
like that the meson superfield M is constructed from Q and Q. Its quantum numbers can be 
determined from the superpotential ( [4.1.5 ) once we have determined the quantum numbers for 



q and q. 

Prom ( 4.1.4| ) and the quantum numbers of the original quarks of the meson and baryon 



superfields listed in Table |4.1.1| , we can determine the quantum numbers of the elementary dual 
superfields and their fermionic components listed in Table [4.1.2| . Obviously, the superpotential is 
SU{Nc) gauge invariant and globally SUL{Nf)x SUR{Nf) invariant. Further, the superpotential 
should be C/b(1) x C//j(l) invariant, i.e. the superpotential should have baryon number and R- 
charge 2. This requires that the quantum numbers of the new meson superfield Ai under 
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OTT / AT \ 


OTT / AT \ 

bUji{Nf) 


TT /"I ^ 




Q 


Nj 


1 


NJN, 


NjNf 


Q 


1 


Nf 




Nc/Nf 


% 


Nf 


1 


1 


Nc/Nf - 1 




1 


Nf 


-iVc/iVc 


NjNf - 1 


A 


1 


1 





1 



Table 4.1.2: Representation quantum numbers of the chiral superfields and their fermionic components 
in dual supersymmetric QCD. 



SUL{Nf)xSUR{Nf)xUB{l) xUr{1) should be 

M : (^Nf,Nf,0,2-2^^ . (4.1.6) 

To summarize, the low energy supersymmetric SU{Nc) QCD with Nf > Nc + 1 flavours can 
be described by a dual theory. The dynamical variables in the dual theory are the gauge 
singlet operator Ai, the SU{Nc) gluons and the dual quarks q and q. In addition to the 
standard form of the supersymmetric QCD Lagrangian, the dual Lagrangian includes a ki- 
netic energy term of the colour singlet Ai and the effective superpotential ( 4.1.5| ), which is 



SUL{Nf)xSUR{Nf)xUB{l)xUR{l) invariant as the original supersymmetric QCD. Seiberg fur- 
ther found that these two theories are dual in the sense of electric-magnetic duality in the con- 
formal window, i.e. as the flavour number Nf decreases, the original supersymmetric SU{Nc) 
QCD becomes more strongly coupled, but the dual supersymmetric SU{Nc) QCD becomes more 
weakly coupled. We shall give a detailed explanation in the next subsection. This relation be- 
tween the SU{Nc) gauge theory and the original SU {Nc) is called non-Abelian electric-magnetic 
duality. The original theory is usually called the electric theory and the dual theory is called 
the magnetic theory. In addition, the U{1) quantum numbers (i.e. the baryon numbers and 
i?-charges) listed in Tables ( [4.1.1D and (|4.1.2| ) show that there is a very complicated relation 
between the baryon numbers and ii-charges of the quarks in the electric and magnetic the- 
ories. Since the U{1) quantum numbers such as baryon number and i?-charge are additive 
quantum numbers, this relations implies that the quarks q and q cannot be simply expressed 
as polynomials of the quarks in the electric theory. This connection between "electric" and 
"magnetic" quarks is highly non-local and complicated. Only in some special cases can the 
explicit connection between them be worked out |^3[. The "magnetic" quarks q and q and the 
SU{Nf — Nc) gluons can be interpreted as solitons of the electric theory, i.e. as non-Abelian 
magnetic monopoles. 

Now one question naturally arises: does this SU{Nc) theory describe the real physical dy- 
namics? From the above statements, it seems as if this SU{Nc) gauge theory is only a formal 
device to introduce dual quark superfields q and q supposedly bound together to form the 
baryon superfield. However, in two-dimensional space time, there exist examples where the 
gauge field parametrizing a constraints becomes dynamical. The most famous example is the 
two-dimensional CP^ model [^]. Thus we can assume that this dual SU{Nc) supersymmetric 
QCD is a dynamical theory in which there are gauge bosons and their superpartners — gauginos. 



90 



A strong support for this picture is still the 't Hooft anomaly matching: the anomaly coeffi- 
cients of super symmetric QCD and of the dual supersymmetric QCD are identical, so the dual 
supersymmetric QCD has indeed provided a dynamical description of the composite superfields 
of the electric theory. In the following we shall explicitly show this. 

The quantum numbers for dual quarks superfields listed in Table 4.1.2 mean that the currents 
composed of the dual quarks, the mesons and the dual gauginos A corresponding to the global 
symmetry SUL{Nf)x SUB{Nf)xUBil)xUR{l) are the following: 



Jlpl = '4^qi7'^^itfji^qj7+^Mi'^t^'tij'4'Mj\ (4.1.7) 



SUR{Nf) 
UbH) 

Ur{1) 



= ^qi7'^t^tiji>qjr + '^M(^t^iij'pMj] (4.1.8) 
= AT AT '^ni7^i^^qi7- m ^'^ AT fe'^M'^qif; (4.1.9) 



+A a^A'^ + f 1 - ^ j i;M^^^^i^M^■ (4.1.10) 

Note that in the above currents the range for the flavour indices is i, j = 1, • • •, Nf, for the colour 
indices r = 1, . . - jNf — Nc, for the magnetic gauge group indices a = 1, • • •, {Nj — Nc)'^ — 1 and 
for the flavour group indices A = 1,- ■ ■, Nj — 1. 

The SUL{Nf)xSUn{Nf)xUBil)>iUR{l) currents composed of the electric quarks and gaug- 
inos are listed below: 



SUUNf) 
Ub{1) 



= ^Q'^f.t^i^Q-, (4.1.11) 



4m = ^Q^^^t\-^ (4-1-12) 



= ^Q^i^i'Q + i^Q^f^^Q, (4.1.13) 



4""^ = -^V'Q^mV'Q - ^V'q^^.V'q + AV,A^ (4.1.14) 



It can be easily checked that the non-vanishing anomaly coefficients are those collected in Table 
4T^ . 
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SU{Nc) (or elementary fermions) 


SU (Nc) (or composite fermions) 


{SUL(n-,{Nf)r 


+(-)(i^«^'iVc 




{SULin){Nf)rW) 


AfeTr(t^t^) 


A^cTr(t^t^) 


{SUL(j,^{Nj)rUR{l) 


-iV^/iV/Tr(t^t^) 


-iV^/iV/Tr(t^t«) 


iUB{i){i)ruR{i) 




-2iVc 




N'^ -1- 2N^/N'f 


iV^ - 1 - 2N^/N-f 



Table 4.1.3: Anomaly coefficients of the original and dual supersymmetric QCD, d 
Tr(t^{t^,T^}). 



4.2 Non-Abelian electric-magnetic duality 



Subsect. [4.1| gives a dual description of low energy supersymmetric QCD. However, only at the 
IR fixed point of the range 3Nc/2 < Nf < 3Nc, can the "electric" theory and "magnetic" theory 
describe the same physics. In the following we give a detailed analysis of this non-Abelian 
electric-magnetic duality. 

First, the range 3Nc/2 < Nj < 3Nc implies the inequality 

^N, <Nf< 3iVe, (4.2.1) 

where Nc = Nj — Nc is the number of colours in the dual theory. Hence the range 3Nc/2 < 
Nf < 3Nc for the "electric" theory, for which a non-trivial IR fixed point exists, implies the 
range 3/2Nc < Nf < 3Nc for the magnetic theory. Thus the fixed point of the magnetic 
theory is identical to that of the original electric theory, i.e. they have the same non-Abelian 
Coulomb phase! Note that these two theories have different gauge groups and different numbers 
of interacting particles, but they have the same fixed point, and at the fixed point they describe 
the same physics. In the non-relativistic case, both theories have a 1/r potential in these two 
ranges, and there is no experimental way to tell whether the electric or magnetic gauge bosons 
are mediating the interaction. 

Secondly, we look at the dynamics. Eq. ( 4.1.5| ) gives an additional superpotential of the 



magnetic theory. It can be argued that at the IR fixed point there exists a simple relation 
between an "electric" meson and a colour singlet of the "magnetic" theory 

M) = ijM'y (4.2.2) 

Since both SU{Nc) and SU{Nc) QCD are asymptotically free in the range 3A^c/2 < Nf < 3Nc, 
both of them have an UV fixed point g = 0- (3.4.95) shows that the anomalous dimensions of 



M in the electric theory and of A4 in the magnetic theory vanish at the UV fixed point. Thus, 
their dimensions at the UV fixed point are the canonical dimensions. From its definition (3.3.14) 



the canonical dimension of M is 2 at the IR fixed point, while from the beta function ( 3.4.95 ) 
the vanishing of the beta function gives the anomalous dimension 

7 = -3^ + 1. (4.2.3) 
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Thus, the fuh dimension of M at the IR fixed point is 



D{M) 



IR fixed point 



2 + 7 



f 



(4.2.4) 



This can also obtained from the relation between the conformal dimension and i?-charge of a 
chiral meson superfield operator in a superconformal field theory (see (2.5.70)), 



o ^ Q ^ AT 

D{QQ) = ^RiQQ) = ^[RiQ) + RiQ)] = 



(4.2.5) 



In the magnetic theory, the discussion in Subsect. 4.1 shows that Ad cannot be constructed 
from the elementary magnetic quarks q and q. It should be regarded as an elementary chiral 
superfield, thus its canonical dimension is 1 and so its dimension at the UV fixed point is 1. At 
the IR fixed point, Ai and M should become identical under the renormalization group flow 
and Ai should have the same dimension as M, i.e. 3(A^/ — Nc)/Nf. This can be seen from its 
i?-charge in ( [4.1.6| ). In order to relate to M at the UV fixed point, we must introduce a 
scale /X and hence (4.2.2) arises. In the following, we shall replace Ai by M/fi, and then the 
additional superpotential (4.1.5) in the magnetic theory can be written as follows: 



(4.2.6) 



We shall see that the introduction of this parameter with mass dimension will make the non- 
Abelian electric-magnetic duality explicit. From dimensional analysis, the scale A of the mag- 
netic theory and A of the electric theory should satisfy 



The explicit relation involves a phase factor (— 1)^-''^^'=, 



(4.2.7) 



(4.2.8) 



The necessity of introducing this phase factor will be explained in the following. Let us first see 
the consequences of the relation ( f4.2.8| ) . 

First, ( 4.2.8| ) implies that the gauge coupling of the electric theory becomes stronger while 
the coupling of the magnetic theory will become weaker and vice versa. This can be seen from 
the running coupling constant ( 3.4.5| ), 



The relation ( |4.2.8D leads to 

At a certain fixed scale q = A, we have 



(-1) 



(4.2.9) 



(4.2.10) 



(4.2.11) 
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This can be thought of as the analogue of the usual electric-magnetic duality g — >l/g in an 
asymptotically free theories. 

Secondly, ( f4.2.8| ) gives the connection between gluino condensations of the electric theory 
and the magnetic theory. (4.2.8) gives 

In A^^-^/ + In A3{^/-^^)-^/ = ln(-l)^/-^=/i^/, 

dlnA^^^"^/ = -dlnA^W-^^)-^/. (4.2.12) 

As it is well known, the quantum one-loop effective action of supersymmetric QCD can be 
expressed in the following form: 



J (fx J d^eTvi^Wa) + h.c. 

J d^x J d^ OTiiW Wa) + h.c, (4.2.13) 



1 1 

^lnrl^''■ 



87r2 va; 



where Pq = 3Nc — Nj for the electric theory and /?o = 3(A'^j — Nc) — Nf for the magnetic theory. 
Differentiating the effective action with respect to InA^", we obtain 

{W^) = -{W^), (4.2.14) 

whose lowest component shows that the gluino condensates of the electric and magnetic theories 
are related by 

(AA) = -(AA). (4.2.15) 



(4.2.14) is very similar to the ordinary electric-magnetic duality if we consider its 6^ component, 
which contains the term F^^F^'^ and is in electric- magnetic components 

- B'^ = -{E"^ - B^). (4.2.16) 

Now let us see the effect of the phase factor (—1)^/"^'=. A duality transformation of the 
relation (|4.2.8| ) (i.e. Nc — >Nf - Nc) gives 

^3{Nf-N^)-Nf]-iN^-Nf ^ (_i)^c^iV, ^ (^_lf.-Nf ^Nf ^ ^4_2.17) 

Hence 

Jl = -11. (4.2.18) 

( 4.2.171) and ( 4.2. 18|) imply that the dual of the magnetic theory (i.e. the dual of the dual) 
is an SU{Nc) theory with scale A. We denote its quark fields as d*^ and dir. Now there are 
two independent colour singlets, one is the original M"^- and another is constructed from the 
magnetic quarks 

N{ = q, ■ q^. (4.2.19) 

The mass dimension 3 and i?-charge 2 of the superpotential imply that the possible gauge invari- 
ant and SUL{Nf)xSUji{Nf)xUB{l)xUR{l) invariant superpotential for the dual description of 
the magnetic theory must be of the following form: 

W = ^N^d'dj + -M'jN{ = -N\{-d'dj + M'j). (4.2.20) 

/X /X /i 
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M and are massive chiral superfields and they can be integrated out by their equations of 
motion: 



M'j = d'dj, N = 0. (4.2.21) 

This shows that the duals of the magnetic quarks can be identified with the original electric 
quarks Q and Q. Therefore, the dual of the magnetic theory coincides with the original electric 
theory. The phase factor (— 1)-^/"-^'= plays an important role in revealing this. 

Finally, we stress the correspondence between the operators in the electric and magnetic 
theories. As mentioned above, the explicit connection between the electric quarks and magnetic 
quarks is very difficult to find. However, the relation between gauge invariant composite oper- 
ators in both theories is obvious. The meson operator M*^- = Q^Qj is identical to the colour 
singlet operator -M-^j at the infrared fixed point. As for the baryon operators, ( [4.1.2 ) shows that 
at the IR fixed point the baryon operators are related as follows: 

Bh-iNc = Qh.. .QiNc = C7e*'"''^=^'"^'^c5,. .... = Ce'"'''^^''"^^cq... .q. , (4.2.22) 
where the normalization constant C is 



C = ^-(-/i)^--^/A3^--^/, (4.2.23) 
which is required by the various limits to be discussed in following subsection. Note that the 



dual relations (4.2.8) and (4.2.22) respect the idenpotency of the duality transformation. 



4.2.1 Various deformations of non-Abelian electric-magnetic duality 



By deformation we mean the various limiting cases mentioned in Subsect. 3.4.1 . We shall show 
how in these limits the electric-magnetic duality exchanges strong with weak coupling and the 
Higgs phase with the confinement phase in the dual theories. 

First, we consider the limit of a large mass of the A'^^-th flavour in the electric theory {SU{Nc) 

supersymmetric QCD with Nj flavours) by introducing a superpotential Wtree = mM^^ . After 
integrating out this heavy mode, the low energy theory will be an SU{Nc) supersymmetric 



QCD with Nf — 1 light flavours. As stated in Subsect. ^.4.1 , the matching of coupling constants 



at the energy scale q = m gives a connection between the scale A of the high energy theory 
and the scale A^^ of the low energy theory (see ( pTzl) ), aJ^^^"^^^"^^ = mA^^-" '^f . Since 



supersymmetric QCD in the range 3Nc/2 < Nf < 3Nc is an asymptotically free theory, the 
low energy electric theory will have the stronger coupling. Let us see how the dual magnetic 
theory {SU{Nc) supersymmetric QCD with Nf flavours) behaves. With the added tree-level 
superpotential, the full superpotential is 

W = ^q^M'jq) + uiM'^^ , i, j = 1, ■ ■ ■ , Nf . (4.2.24) 

Nf ■ Nf 

The F- flatness conditions for M ~ , M*~ and M~ yield 

Nf' Nf i ■' 

QNfQ^^ = qNfvqr^ = -fim, qiq^f = qNfq" = 0. (4.2.25) 
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So the lowest components of q^f and q^j, will break the magnetic gauge group SU (Nf — Nc) to 
SU{Nf — Nc — 1) with Nf — 1 light magnetic quarks. The equations of motion of the massive 
quarks q^f, q^^ and the composite quantity qNjQ^^ lead to 

M^I = M'~ = = 0. (4.2.26) 

Thus the low energy superpotential is composed of the light fields M, q and g, 

W = -q^M'.f = -q^sM%, iJ = l,--;Nf-l, s = I, ■ ■ ; Nf - N^ - 1. (4.2.27) 
IJ. ■' H ■' 



Similarly to the electric theory, the coupling constants of the high energy theory {SU{Nc) with 
Nf flavours) and the low energy magnetic theory {SU{Nc — 1) with Nf — 1 flavours) should 



match at the energy scale q"^ = {qNfQ^^), 



47r 



3Nc-Nf ^^ \/{QNfq^^) 



gHigNrQ^'f)) 27r A 



3^N^_l)_(^N^_l) ^^^ ^{qNfq''f) 
Af-^^-^^-^^ - ~f^- (4.2.28) 

{qNfq'^n 



Using the above relation, one can easily find 



^3^.-(^,-l)^3(i^.-l)-(A.,-l) ^ ^^3N.-NfA^^ 



m(_-\\Nf-Nc Nf 
-/im 



(4.2.29) 



Thus the relation ( 4.2.8 ) is preserved in the large mass limit. Further it can be easily verified 
that ( [4.2.22 ) is also preserved. Therefore, under the mass deformation duality is preserved. 
From the running gauge coupling, one can see that the duality makes a more strongly coupled 
electric theory equivalent to a more weakly coupled magnetic theory at the IR fixed point. 

However, for the case Nf = Nc + 2, the magnetic theory is an SU{2) gauge theory and has 
only two colours. In this case the above discussion of the mass deformation is incomplete. If 
we introduce a large mass term for the Nf{= Nc + 2)-th flavour, the SU{2) magnetic gauge 
symmetry will be completely broken. The low energy electric theory contains the mesons M*^-, 
i, J = 1, • • •, A'^c + 1, while in the low energy magnetic theory, after integrating out the massive 
quarks, there are only massless, colourless magnetic quarks qi and q^ left. The low energy 
superpotential is still of the form ( [4.2.6| ) but with no summation over colour indices. From the 
relation (4.2.22), which gives the connection between the baryons Bi and i?* of the low energy 



electric theory and the colour singlet magnetic quarks of low energy magnetic theory, we have 

Qii -iNc = gn. . .QtN. ^ Ce'^-'^-%, (4.2.30) 



96 



where C = w A-^-^c-i/^. if we adopt the dual form ( [4.1.2| ) of the baryon, one can see 



I A 



2Nc-l 



1 



I A 



1 



I A 



2JVc-l 



/A' 



2Afc-l 



(4.2.31) 



This means that the gauge singlet magnetic quarks are in fact the baryons of the low energy 
electric theory, i.e. the baryons are magnetic monopoles of elementary quarks and gluons. This 
idea was actually proposed many years ago by Skyrme. Later Witten further showed that at 
least in the large N^. case, the baryons can be regarded as solitons of the low energy effective 
Lagrangian of ordinary QCD [^]. In supersymmetric gauge theory, this idea comes out naturally 
in the context of electric-magnetic duality. 



Furthermore, with N 



f 



2, we can obtain the superpotential (3.4.92) of the case of 



Nf = Nc + 1 light flavours from the duality between the low energy electric and magnetic theory. 
From ( [4.2.29| ) and ( |4.2.31| ), the superpotential in low energy magnetic theory is 

H ■' A 



2N, 



^ jBiM)B' 



(4.2.32) 



where A^ is the scale of the low energy electric theory with Nf(= Nc + 1) light flavours. However, 
since the gauge symmetry in the magnetic theory is completely broken, the low energy effective 
action should include the contribution from instantons for the broken magnetic group, since in 
this case the magnetic theory is completely Higgsed and the instanton calculation is reliable. 
According to (3.4.29), the instanton contribution in the magnetic theory is 



A' 



6-{Nc+2) 



det(/i-iM) 



detM 



inst 



Nf+2 7jNf+2 



3Nc-(Nc+l) ' 



A' 



(4.2.33) 



where ( |4.2.29D and ( p.4.57| ) were used. Putting ( |4.2.32| ) and ( |4.2.33| ) together, we obtain the 
superpotential of the low energy theory with Nf = A'c + 1 light flavours (the index L is omitted) 



W 



1 



\2Nc-l 



{BiM\B^ - detM). 



(4.2.34) 



This is exactly the superpotential (3.4.92), where we got it from the strongly coupled electric 
theory, while here we rederived it from the weakly coupled magnetic theory. 

In a similar way one can consider the general mass deformation by introducing a mass term 
m-'^M^j for all the (electric) quarks. The full superpotential W = qiM'^^q^ +m\M^j implies that 
the dual magnetic quarks get the mass (matrix) 



m 



mag J 



At 

so the low energy magnetic theory is a pure SU {Nf 
have 



Nr 



(4.2.35) 

Yang-Mills theory. From (3.4.40) we 



A' 



Ai 

3(Nc-Nf) 



1 



det{fi-^M)A^^^'^f 
^-^/p(^/-^=)-^/detM. 



(4.2.36) 
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Correspondingly, there exists an effective superpotential produced from gluino condensation, 



eff 



/A3(^/-^^)-^/detM' 



l/{Nf-N.) 



{Nc - Nf) 



A 



3N,-Nf \ l/(iVc-iV^) 



detM 



(4.2.37) 



wliere we liave used ( 4.2.g ). One can see that ( [4.2.37]) is the same as ( 3. 4. 29]) , but ( [4.2.37|) is 
obtained from the dual magnetic theory. This implies that the superpotential ( 3.4.29| ) and the 
expectation values (|3.4.3^ ) are reproduced correctly when mass terms are added to the magnetic 
theory. It should be emphasized that the factor (— 1)^/~^= plays a crucial role in getting (4.2.37), 
otherwise the sign will be opposite. 

There is another possible deformation, which is realized by making the quark superfields have 
big expectation values along the D-flat direction ( p.3.13| ) in the electric theory. For simplicity, we 
only choose one flavour, say, the A'^^-th flavour, to have a large expectation value, i.e. {Q'^f) = 
(Q^f) is large. The lowest components of Q^f and Q^f will break the electric SU{Nc) theory 



with Nf flavours to SU{Nc 
coupling constant at {Q^-i') 



1) with Nf — 1 flavours. From ( |3.4.11| ), the matching of running 
{Q^f) leads to 



A' 



3(Afe-l)~(Af/-l) 



.3Nc-Nf 
Nf 



(4.2.38) 



,-1 



In the magnetic theory, similarly to ( [4.2.35| ), a large (M yields a large mass fi 

the Nf -th. magnetic quarks, q'^f and q^f . The low energy magnetic theory is SU {Nf 
Nf — 1 light flavours and the low energy scale is 



for 



A' 



3iNf-Nc)-iNf~l) 



/.-i(Af'^pA3{^-^/)-^/. 



Nr) with 



(4.2.39) 



One can easily check that the relation ( [4.2.8 ) is satisfied and hence that duality is preserved. 



Similar discussions for {B)j^O show that the duality is also preserved in this case |7 



4.2.2 Non-Abelian free magnetic phase: A'^, + 2<A^/<3/2A^c 

Now we consider a special range of colour and flavour numbers, A^c + '^^Nf<3/2Nc. From the 
NSVZ beta function of the dual theory 



13(9) 



ff3 2,{Nf-N,)-Nf + Nf^{g^) 
167r2 1 

■,2 



{Nf-N,)g^/{M^ 



{Nf~N,Y-l 
87r2 (A^^ - A^,) 



+ 0{g' 



(4.2.40) 



one can see that when Nf<3/2N(., 3{Nf — N(.)<Nf, the beta function is positive, so the magnetic 
SU {Nf — Nc) theory is not asymptotically free and is weakly coupled at low energy. Thus at low 
energy the magnetic quarks are not confined and the particle spectrum consists of the singlet 
M, and the magnetic quarks q and q. The relations ( 4.2.22| ) show that the massless magnetic 
particles are composites of the elementary electric degrees of freedom. Comparing with the case 
Nf>3Nc in the electric theory, which is in the non-Abelian free electric phase, we say that the 
theory is in a non-Abelian free magnetic phase since there are massless "magnetic" charged 
fields. 
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4.3 Duality in Kutasov-Schwimmer model 
4.3.1 Kutasov's observation 

The Kutasov-Schwimmer model is the usual = 1 supersymmetric SU{Nc) QCD but with an 
additional matter field X in the adjoint representation of the gauge group and an associated 



superpotential of the general form 

W 



k 

E 

i=0 



Si 



k + l 



-TrX 



(4.3.1) 



It seems that the presence of these non-renormalizable interactions described by this superpo- 
tential is irrelevant for the short-distance behaviour of the theory, but they may have strong 
effects on the infrared dynamics. Thus this model has a rich electric-magnetic duality structure. 
In the following we give a brief introduction to the duality present in this model. 

We start from the original observation made by Kutasov According to the NSVZ 

/3-function of = 1 supersymmetric Yang-Mills theory with matter fields ^i in representations 
ri of the gauge group G given by (|l.lD 



/3(a) 



a2 2,T{G)-Y.iT{n)[l-yXa) 



27r 



1 - r(G)a/(27r) 



(4.3.2) 



where i labels the species of fields, a = (7^/(47r) is the fine structure constant, and 7i(a) are the 
anomalous dimensions of <I>j, 



l^{a) = -C2{r,)- + 0{a^) 
vr 



with 



Tr(r''r'') = T{R)5"-'', T^T" = C2iR)l, T{G) = T{R = adjoint). 
Non-trivial fixed points arise when 

3T(G)-5]r(r,)[l-7i(«)]=0. 



(4.3.3) 



(4.3.4) 



(4.3.5) 



Note that now these fixed points are not necessarily the infrared fixed points. At a fixed point 
the physics is described by a superconformal field theory, and the scaling dimension of should 
be the sum of the canonical and anomalous dimensions 



di 



1 + ^. 
2 



(4.3.6) 



On the other hand, for a superconformal theory there exists a simple relation between the scaling 
dimension and the anomaly-free i?-charge 



Ri 



2 , 

-di. 

3 



With (|4.3.6| ) and (f4.3.7| ), ( \i.3.^ can be written as 

T{G)+Y,T{ri)[R, -1]=0. 



(4.3.7) 



(4.3.8) 
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([4.3.8| ) actually provides a condition for an i?-symmetry to be anomaly-free, under which the 



supercoordinates 9a have the -R-charge 1 and the fields $j have i?-charges Ri. Thus ( 4.3.8 ) is also 
called the anomaly cancellation condition. In general, there may be many C/i?(l) symmetries 
whose i?-charges satisfy ( [4.3.8| ) and thus they are anomaly-free. However, since we are only 
interested in infra-red (IR) fixed points, it is necessary to know which of the iZ-symmetries is 
the right one, i.e. which i?-symmetry becomes a part of the IR superconformal algebra. There 
are some cases in which the answer is known, for instance, if all the matter fields <I>j belong to 
the same representation = r, i = 1, • • •, M, then we have 

Ri = R=l- (4.3.9) 
MT{R) ^ ' 

The S\J (Nc) supersymmetric QCD with Nj quark and anti-quark superfields, Qi and Qi, is just 
this case, where we have 

T{SU{N,)) = N„ T{N,) = 1/2, M = 2Nf. (4.3.10) 

Thus anomaly- free R charges for quark and anti-quark superfields are R = 1 — Nc/Nj, which 
naturally agrees with the i?-charges listed in Table |3.1.1| . However, there is no general method 



of determining Ri in (4.3.q) to pick the right i?-charge so that it becomes a generator of the 



IR superconformal algebra. It is not even clear in general whether the theory ends up in the 



infrared region of a non-Abelian Coulomb phase. Among the phases introduced in Sect. 2. 4, we 
know that only the Coulomb phase allows a self-dual description. 

Based on the above observation, Kutasov considered a straightforward generalization of su- 
persymmetric QCD [^], i.e. supersymmetric SU {Nc) Yang-Mills theory with a matter superfield 
X in the adjoint representation of the gauge group, Nf multiplets in the Nc and A''^ super- 
multiplets Qi in the Nc representations; i = 1, • • •, Nf. Due to the presence of the matter field 
in the adjoint representation, the one-loop /3 function coefficients for this model becomes 

(3o = 2Nc - Nf. (4.3.11) 

Thus the theory is asymptotically free only for Nf < 2 Ac. It is natural to assign the same R 
charge Rf to all the fundamental multiplets Q*, Qi and a different R charge Ra to the adjoint 
one, X. From ( 4.3.10| ) and T(adjoint) = Ac, the anomaly cancellation condition ( 4.3.8| ) takes 
the form 

Ac + 2A/ ^{Rf - 1) + NciRa - 1) = 0, 

NfRf + NcRa = Nf. (4.3.12) 



There are many possible assignments for Rf and Ra satisfying ( ^.3.12 ), the problem is which 
i?-symmetry becomes part of the IR superconformal algebra. 



Kutasov used the following technique to solve this problem ||85[: first formally finding the 
dual description, then making use of the consistency of the theory to work out the correct 
dynamics so that the right anomaly-free /^-symmetry can be distinguished. The method of 
searching for the dual magnetic description is the same as in the supersymmetric QCD case 



discussed in Sect. 4.1. Since the baryons can reveal the form of the duality transformation, one 



first defines the baryon-like operators in the above model, 

Bl^l■■M\i.-,^■■■^NA = 6-i-"^=A,f • • -A^f g;^. • ■Q^'^QitXl- ■ -Q:^:, (4.3.13) 
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where Oi , f5j 



■,Nc are colour indices. For a given k, there are 




baryons 



^[«i---2fc][«fc+r--«jvc]^ so the total number of the baryon operators is 



2Nf 




Nr 



( f4.3.13D and ( |4.3.14D show that k<Nf, 
exist only for Nf>Nc/2. 



Nr. 



(4.3.14) 

k<Nf, and hence the baryon operators (4.3.13) 



(4.3.14) reveals that the spectrum of baryons has a symmetry under Nc< ^'^Nf — Nc (with 



the flavour number Nf fixed) since 



2N 



f 



Nr 



2Nf 
2Nf - Nr 



Thus the corresponding dual 



("magnetic") theory should be an SU{Nc = 2Nf — Nr) gauge theory with the fundamental su- 
permultiplets qi, and adjoint supermultiplet Y as well as some other colour singlets. Similarly 
to ( 4.2.22 ), an identification of the baryon operators in electric and magnetic theories should be 
possible: 



B 



mag 



(4.3.15) 



with p = Nf — Nr + k. Assume that the magnetic quark superfields Qi and have the i?-charges 
Rf and that Y has the same i?-charges Ra as X. Then the anomaly cancellation condition 
(4.3.12) in both electric and magnetic theories and the identification ( 4.3.15| ) yield 



NfRf + NrRa = Nf, 

NfRf + {2Nf - Nr)Ra = Nf, 

kRa + NrRf = {Nf -Nr + k)Ra + {2N f 



Nr)R 



/• 



Hence we get 



Ra-l, 



Rt 



2 Nr 

^-sWf' 



Ri 



2_2_Nf_-_ 
3 Nf 



Nr 



(4.3.16) 



(4.3.17) 



The i2-charge of the adjoint supermultiplets in ( 4.3. 17| ) seems to present a puzzle to us: the 
theory we are considering is asymptotically free, so 5 = is the UV fixed point, at which the 
i?-charge of X is 2/3, whereas (4.3.17) shows that at the IR fixed point the -R-charge of X is 
also 2/3. Usually this not possible since ( [4.3.2D and (|4.3.3D show that even for a perturbative 
fixed point the conformal dimension and hence the i?-charge of X can receive a contribution at 
least at first order in a. 

It was realized by Kutasov that the reason for this lies in the ambiguous action of C/r(1) on the 
chiral supermutiplets in the adjoint and fundamental representations, and only an interaction 
superpotential relevant to the chiral supermutiplet in the adjoint representation can fix this 
ambiguity. Thus Kutasov's resolution to this puzzle was to assume that the model considered 
should be subject to a Wess-Zumino superpotential composed of the adjoint matter [p5| 



VFei(X)ocTrX3 



(4.3.18) 



A perturbative calculation in the Wess-Zumino model shows that the interaction provided by 
this superpotential contributes to the anomalous dimensions of X and hence to the [i function 
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SULiNf) 


SUjiiNf) 


Ub(.1) 


Ur{1) 


Q 


Nf 


1 


1 


1 - 2iV,/(3A^/) 


Q 


1 




-1 


1 - 2iV,/(3A^/) 


X 


1 


1 





2/3 



Table 4.3.1: Representation quantum numbers of the matter fields of the electric theory under 
SUL{Nf)xSUR{Nf)xUB{l)xURil). 





SULiNf) 


SUniNf) 


Ub{1) 


Ur{1) 


Q 


Nf 


1 


Nj{2Nf - N,) 


1 _ 2{Nf - N,)/{2,Nf) 


Q 


1 


Nf 


-Nj{2Nf - N,) 


1 _ 2{Nf - N,)/{?,Nf) 


Y 


1 


1 





2/3 


M 


Nf 


Nf 





2 - 4iVc/(37V/) 


N 


Nf 


Nf 





8/3 - mj{?,Nf ) 



Table 4.3.2: Representation quantum numbers of the matter fields of the magnetic theory under 
SUL{Nf)y<SUR{Nf)xUB{l)y-UR{l). 



of the gauge coupling. Thus with the superpotential ( [4.3. 18| ) there is a possible additional fixed 
point at which X has the canonical conformal dimension 1 and hence the i?-charge 2/3. In 
particular, the superpotential ( 4.3.18| ) respects the iZ-symmetry given by ( 4.3.17 ), since as a 



superpotential it should have iZ-charge 2. Therefore, the introduction of this superpotential also 
chooses the right i?-symmetry so that it becomes a part of the IR superconformal symmetry. Of 
course, the iZ-charge ( [4.3.17 ) at the IR fixed point is actually found by requiring the existence 



of a duality, which is independent of the discussion of the superpotential ( 4.3.18[) . 



Next we briefly review the duality mentioned above. First, the electric theory has an 
anomaly-free global symmetry SUL{Nf)xSUR{Nf)xUB{^)xUfi{l) at the IR fixed point under 
which the quantum numbers of the matter fields are listed in Table (|X|). 

The dual description is the SU {2Nf — Nc) gauge theory. The matter fields include not only 
the dual quarks qi, and the adjoint field Y , but also two gauge singlet chiral superfields M^j 
and N'^j. At the IR fixed point, these gauge singlets are the meson and meson-like operators of 
the original electric theory 

M'j = QKQ'j = Q'-Qj, N'j = Q\X\Q'j = Q'-X-Qj. (4.3.19) 

The quantum numbers of all the matter fields under the global symmetry S\J l{N f)xS\J r{N f) 



xC/b(1)xC/h(1) are listed in Table (|X2|) 



Strong support to this duality pattern comes from the 't Hooft anomaly matching for the 
above global symmetry group . Using the quantum numbers listed in Tables ( 4.3.1 ), ( 4.3.2| ) and 
the quantum numbers of the electric and magnetic gauginos, 

A: (1,1,0,1); A: (1,1,0,1), (4.3.20) 

one can easily write down the conserved currents and the energy-momentum tensor composed 
of the massless fermionic components and calculate the anomaly coefficient. The explicit calcu- 
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Triangle diagrams 


Anomaly coefficients 


SUL(n)iNfr 


+i-)N,TTit^{t^,t^'}) 


SULiR){NfrURil) 


-2iV^/(3iVj)TV(t^t^) 


SULiR:^iNfrUB{l) 


AfcTr(t^t^) 




-2{N'^ + l)/3 




26{N'^ - l)/27 - l6N^/{27N'f) 


UniirUnil) 


-4iVc/3 



Table 4.3.3: 't Hooft anomaly coefficients. 



lation shows that the coefficients are indeed equal in both theories and they are listed in Table 
( 4.3.3| ). Note that now there are more non- vanishing triangle diagrams in comparison with the 



usual A'^ = 1 supersymmetric QCD. 

As in the usual supersymmetric QCD case, the global symmetry and holomorphy determine 
that the superpotential of the dual theory should be of the form 

W^mag = M'^q^-Y-qi + N^q.-qi + TtY\ (4.3.21) 

Note that the first term of the above superpotential is an operator with UV dimensions 4. How- 
ever, as argued in the following, M'^ ^qi-Y -cp is actually not always irrelevant, i.e. its dimension 
can become less than 4. 

The dynamical structure of the theory can be qualitatively analyzed through the scaling 
dimension of the meson fields M*^- at the IR fixed point, 

3 9 A 

d(M) = |i2 = 3-^. (4.3.22) 



The one-loop beta function coefficient (4.3.11) shows that when Nj > 2Ac, the electric theory is 



not asymptotically free and thus in a free electric phase. At Aj-~2Ac, (i(M)~2, (4.3.21) shows 
that the electric theory should be weak coupled. As Nj decreases, the running coupling in the 
IR electric theory increases and d{M) decreases. At Nf = Nc, d{M) becomes 1 and M behaves 
as a free scalar field. It is then natural to expect that the dimension of M in the IR region 
remains 1 for Nf < Nc as well. 

In the dual magnetic description, the dynamical behaviour of M is also remarkable. From 
the one-loop beta function coefficient of the magnetic theory, 

^ = 2{2Nf - Ac) -Nf = 3Nf - 2Ac, (4.3.23) 

one can see that for 

Nf^^Nc (4.3.24) 

the coupling is weak, and at low energy M will become a free field coupled to the gauge sector 
through the first term of the nonrenormalizable superpotential (4.3.21). If Nj > 2Nc/3, the 



coupling of MqYq will decrease at large distances. For Nf not much larger than 2Nc/3, pertur- 
bation theory works. One can see that M becomes a free field with dimension 1. However, as 
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Nf increases, the coupling in the magnetic theory becomes stronger, the anomalous dimension 
of MqYq may become more and more negative until, if the coupling is strong enough, this 
irrelevant operator actually becomes relevant, i.e. the full (canonical + anomalous) dimension 
may become less than 4. Hence it will have effects on the IR dynamics of M and the strongly 
interacting magnetic gauge degrees of freedom. Obviously, if this phenomenon occurs, it is com- 
pletely due to non-perturbative effects in the magnetic theory, since usually the IR magnetic 
gauge coupling should be larger than the critical coupling so that Mq^yg becomes relevant. Note 
that the interaction of M with the gauge sector is a flavour interaction and the gauge interaction 
occurs through the colour degrees of freedom. Usually at low energy the colour interaction is 
much stronger than the flavour one. 

One can perform a similar discussion for the operators Nj and the related Nqq interaction. 



Prom Table ( 4.3.2 ) the operators A^*- have dimension 



3 IN 
d{N) = -R{N)=4-j^, (4.3.25) 

which will go to 1 at Nf = 2Nc/3. For Nf < 2Nc/3, ( |4.3.23| ) shows that the magnetic theory is 
not asymptotically free, and hence the full theory is free in the infrared region. Consequently, 
N^j become free field operators when Nf < 2Nc/3. Otherwise they will participate in the 
interaction non-trivially. 

In summary, the general dynamical structure of this set of theories can be stated as follows: 
the theory is free in the ranges Nf > 2Nc and Nf < 2Nc/3. The former corresponds to a free 
electric phase, with the fields M and corresponding to quark composites with dimensions 2 
and 3, respectively, due to ( 4.3.22| ) and ( 4.3.25D ; the latter corresponds to a free magnetic phase 



with M and being free fields with dimension 1. The theory is in an interacting non-Abelian 
Coulomb phase for the range 2Nc/3 < Nf < 2N(., in which there is a dual magnetic description, 
i.e. supersymmetric SU{2Nc — Nf) QCD with two colour singlets M and A^. Obviously, the 
model with Nf = Nc is self-dual under the duality Nc<-^2Nf — Nc, which exchanges the range 
Nc < Nf < 2Nc with 2Nc/3 < Nf < Nc- ( [4.3. 22| ) shows that as Nf < Nc the field operators 



M^j are free field operators since they have dimension 1, but the full theory is not. 

A discussion similar to the SU{Nc) QCD case can show that the duality is preserved under a 
mass deformation and in the flat directions. Note that the flat directions of the magnetic theory 
are composed of the D-flat directions of the gauge sector and the F-flat directions obtained 
through the superpotential (|4.3.2l| ) 

4.3.2 Duality in the Kutasov-Schwimmer model 

Kutasov-Schwimmer model 

The Kutasov-Schwimmer model is a generalization of the model introduced in last section. 
The field content is the same, only the superpotential ( 4.3.18| ) is replaced by a general one. 



W = gkTiX''+^. (4.3.26) 

For simplicity, only the case k < N^ will be considered. ( [4.3.26| ) shows that for k = 1 this 
superpotential is the mass term for X, so one can integrate out the adjoint superfield in the 
IR region and return back to the usual supersymmetric QCD. The k = 2 case is just the one 
discussed in the last section. 
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SUUNf) 


SUniNf) 


Ub{1) 


Ua{1) 


Ur{1) 


Q 


Nj 


1 


1 


1 


1 - 2Nj{3Nf) 


Q 


1 


N] 


-1 


1 


1 - 2iV,/(3iV/) 


X 


1 


1 








2/{k + l) 



Table 4.3.4: Representation quantum numbers of the matter fields of the electric theory under 
SUL{Nf)xSUR{Nf)xUB{l)xURil). 



We first have a look at the moduli space of this model. As in the usual supersymmetric QCD, 
the moduli space is labeled by two kinds of gauge invariant operators: the meson operators 

(MiY^ = Q\{X''^rpQ^^, l = lr-;k, (4.3.27) 

with 

and the baryon-like operators 

k 

1=1 

where Q{i) are the "dressed" quarks 

Q\i)a^ (x'-iQ^)^ = (X'-I) Q*^, / = 1, • • •, fc, (4.3.30) 

and consequently 

( [4.3.29| ) and ( [4.3.31] ) show that the total number of the baryon operators is 



{ni} 



c 



Before discussing the duality, we find the anomaly-free global symmetry. Classically, the 
action of A'^ = 1 the theory has the global symmetry 

SUUNf) X SUR{Nf) X Ub{1) X Ua{1) x Uj^ (1). (4.3.33) 

The standard form of the classical action of the = 1 supersymmetric gauge theory with quark 
superfields in the fundamental representation and a matter field in the adjoint representation 
and the superpotential ( 4.3.26| ) imply that the quantum numbers of matter fields under (4.3.33) 
should be as listed in Table (4.3.4). 

At the quantum level, the C/a(1) and Urq{1) will become anomalous. Like in the SU{Nc) 
QCD case, there exists an anomaly-free Urq{1) symmetry coming from a combination of C//Jq(1) 
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Ub(.1) 


Ua{1) 


Ur{1) 


Q 


1 


1 


1 - 2Nj{3Nf) 


Q 


-1 


1 


1 - 2Nj{3Nf) 


X 








2/{k + l) 



Table 4.3.5: Anomaly-free Ur{1) combination of quantum numbers of the matter fields in the electric 
theory. 



and Ua{^) transformations. The method of searching for such an anomaly-free Un^l) is the 
same as the one discussed in Subsect. 3.1.2 . The classical conserved currents corresponding to 
the classical Uhq^I) and {7a(1) transformations are, respectively, 



Their operator anomaly equations read 



(4.3.34) 



8 i^'^ 



2N, 
k + 1 

2 



327r2' 



2N 



9 



327r2 



(4.3.35) 



According to (3.4.4) the anomaly-free Ur{1) charge should be the following combination 

2 N, ^ 



R = Ro+\l 



k + lN 



A. 



f, 



(4.3.36) 



Therefore, the full quantum symmetry is SUL{Nf)x SUji{Nf)xUB{l)xUR{l), with the anomaly- 
free i?-charges listed in table ( 4.3.5 ). 

Duality 

The discussion in the last section and ( 4.3.32| ) show that the dual magnetic description 
should be an SU{kNf — Nc) gauge theory with the following matter content: Nf flavours of 
dual quarks qi, q^, an adjoint field Y and gauge singlets Mj, which are identical to (4.3.27) at 
the IR fixed point. The quantum numbers of these matter fields under the global symmetry are 
listed in Table ( [4.3.6 ). They are determined by (4.3.27) and the identification of the baryon-like 
operators in both the electric and magnetic theories. 



elec ~-"mag 



with 



mag 



I 



kNf - Nc 



I = l,2,---,k. 



(4.3.37) 



(4.3.38) 
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SUUNf) 


SUniNf) 


Ub{1) 


Ur{1) 




Nf 


1 


Nc 
kNf~Nc 


T 2 kNf-N, 
^ k+1 Nf 


q 


1 


Nf 


N, 
(kNf-Nc) 


1 2 (kNf-Nc) 
fc+1 Nf 


Y 


1 


1 





^ ^ 

N+l 




Nf 


Nf 





O 4 JVc 1 2 /• 



Table 4.3.6: Representation quantum numbers of the matter fields in the magnetic theory under the 
global symmetry SUL{Nf)xSUR{Nf)xUBil)xUR{l). 



Triangle diagrams 


Anomaly coefficients 


suiNfy-" 


iV,Tr(t^{t^,t^'}) 


SUiNffUdl) 




su{Nfy^UB{i) 


iVcTr(t^t«) 






Ub{IYUr{1) 


-kk^i 


Ur{1) 


-itt(^c+i) 



Table 4.3.7: 't Hooft anomaly coefficients. 



(f4-3.37D and (|4.3.38|) suggest that 

mi = Nf -Uk+i-u / = l,2,---,fc. (4.3.39) 

As in the usual supersymmetric QCD, this dual picture is supported by the 't Hooft anomaly 
matching. Considering the various currents corresponding to the global symmetry SUL{Nf)x 
SUr{N f)xUB{^)^UR{\) and the energy-momenta composed of the fermionic components of 
the above matter fields and gauginos in both the electric and magnetic theories and calculating 
the non- vanishing triangle diagrams, one can easily find that the anomaly coefficient are indeed 
identical. They are listed in table ( |4.3.7[) . 



The quantum numbers given in Table ( [4.3.6| )) and the holomorphy determine that the su- 
perpotential of the dual, magnetic theory should be of the following form 

k 

Wniag = T.Y''^^ + ^ M,qY''-'q, (4.3.40) 
i=i 

where the normalization coefficients are chosen equal to 1. In principle these coefficients can be 
calculated and they are relevant for a more clear understanding of duality. Especially, the case 



k = I corresponds to the Seiberg duality discussed in Sect. 4.2, since now the superpotential 



(4.3.26) and ( 4.3.40| ) show that X, Y are massive and can be integrated out. The case A; = 2 is 



just the Kutasov model discussed in the previous section. 
Deformation 
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There are many interesting deformations, which can provide a non-trivial check on the above 
duahty. Two cases will be discussed |86]. The first one is the mass deformation, which is 
implemented by giving a mass to the Nf-th electric quarks; thus, the whole superpotential of 
the electric theory at tree level becomes 

Wei = 5fcTrX'=+i + mQN.QNf. (4.3.41) 

Consequently, the low energy theory becomes an SU{Nc) gauge theory with Nf — 1 flavours 
since the heavy flavour should be integrated out. On the other hand, in the magnetic theory 
the introduction of the mass term for the electric quarks gives a new term to the magnetic 
superpotential ( [4.3.4C| ) due to the duality: 

k 

WVag = ^fcTVy'^+i + ^ MjqY'^-U + miMi)\. (4.3.42) 
j=i 

The equations of motion for (Mi)^^ show that the vacuum should satisfy 

qN.Y^^^q^f = -Sikm, / = 1, • • •, fe, (4.3.43) 
which together with the following conditions determine the expectation values: 

qa — Oa,l-i qjsij — , 

= I?*" fthJ^se''"' (^•^■") 



( 4.3.43 ) and ( 4.3.44 ) imply that the Higgs mechanism occurs. Consequently, the low energy 
magnetic theory is the SU{kNf — Nc — k) theory with Nf — 1 flavours. It corresponds exactly 
to the low energy electric theory. Thus the duality is preserved under this mass deformation. 

Another deformation is achieved by perturbating the electric superpotential (4.3.26) by the 
following term 

W{X) = Tr (^X^ + + \X^ , (4.3.45) 

where the last term ATrX is a Lagrange multiplier term since the SU{Nc) adjoint field X is 
traceless. Due to the relation between the scalar potential and the superpotential, V{(j)) = 
\dW/dX\'j^^^^, the vacuum solutions are given by diagonal matrices X = (xj-S^g) with eigen- 
values Xr satisfying the quadratic equations: 

3x^ + mx + X = 0. (4.3.46) 

Thus there are two solutions, 

—m lb \/m2 — 12A 

x± = ^. , 4.3.47 

6 

which correspond to the two minima of the scalar potential. Since the supersymmetry is not 
broken, the Witten index implies that there should exist A'^c + 1 possible vacua labelled by 
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k = 0,1, Nc- Without loss of generality, we assume that there are k eigenvalues Xi equal to 
x+ and Nc — k ones equal to x_. Consequently, the gauge group is broken, 

SU{Nc) — >SU{k)xSU{Nc - k)xU{l). (4.3.48) 

In each vacuum the theory is reduced to the usual supersymmetric QCD since X becomes 
massive and can be integrated out. 

In the dual magnetic theory, the gauge group is SU{2Nf — Nc) and hence there seems to 
exist 2Nf — Nc + 1 supersymmetric vacua. A similar analysis shows that the introduction of the 
superpotential ( f4.3.45| ) breaks the symmetry of the magnetic theory as follows: 

SU{2Nf - Nc) — >SU{l)xSU{2Nf -Nc- l)xU{l). (4.3.49) 

However, as indicated by ADS superpotential in Ref. |^^, a supersymmetric vacuum is not 
stable if the the number of flavours is smaller than the number of colours in supersymmetric 
QCD. Therefore, the l-th vacuum is stable if and only if l<Nf and 2Nf — Nc — l^Nj. Thus 
the true vacua are labelled by I = Nj — Nc, ■ ■ A^/ and there are only A'c + 1 vacua. This 
coincides exactly with the requirement of duality. One can naturally think that the explicit 
correspondence between the vacua given in ([4. 3.481) and (}4.3.49D isl = Nf -k. 



Special consideration should be paid to two particular cases. A; = or Nc- Now the SU{Nc) 
gauge group remains unbroken. Consequently, the trivial vacuum {X) = in the electric theory 
corresponds to a magnetic vacuum with {Y)^0, in which the breaking pattern of the magnetic 
gauge group is 

SU{2Nf - Nc) — >SU{Nf)xSU{Nf - Nc)xU{l). (4.3.50) 

However, we can still get a consistent duality mapping. Eq. ( [4. 1.51) shows that in the magnetic 
theory there exists a superpotential W = M^^q-qj^. The equations of motion for M will set 
q-q = 0. Furthermore, according to Eq. (^.4.52| ), the quantum moduli space is given by det{q ■ 
q) — BB = A^^^, which relates q and q to the baryons B, B. Thus in the quantum moduli space 
of vacua, q-q = means BB = —h?^i. This non- vanishing expectation value of B will break 
the U{1) symmetry of ( |4.3.50| ). Therefore, Seiberg's duality pattern arises: 

SU{Nf)xSU{Nc)< — >SU{Nf)xSU{Nf - Nc). (4.3.51) 

In the case k > 2, there are many possible choices for the superpotential W leading to 
deformations. The situation becomes more complicated, but the analysis is conceptually similar 
to the case k = 2. By Eq. (|]3]2|), the vacua are determined by the equation W'{x) = 0. Since 
W'{x) is a polynomial of degree k > 2, there exist k solutions, and in general these solutions are 
different. The ground states are labelled by the number ii {I = 1, ■ ■ ■,k) oi eigenvalues x residing 
in the l-th minimum of the scalar potential ( ii<i2^' " 'ik and X]f=i H — ^c)- Correspondingly, 
the electric gauge group SU (Nc) is broken by the non-vanishing expectation values as follows: 

SU{Nc) — >SU{ii)xSU{i2)x---xSU{ik)xU{l)''~^. (4.3.52) 

Note that each of the SU{ii) factors describes a supersymmetric QCD model since X becomes 
massive and can be removed. In the dual magnetic theory, a similar breaking pattern occurs. 
Assume that there are ji eigenvalues in the l-ih minimum (^^ ji = kNj — Nc) and the breaking 
of the magnetic gauge group is 

SU{kNf - Nc)^SU{ji)xSU{j2)x---xSU{jk)xU{l)''-\ (4.3.53) 

The duality mapping is just given by ji = Nj — ii. 
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5 Non-perturbative phenomena in A^^ = 1 super symmetric gauge 
theories with gauge group SO{Nc) and Sp{Nc = 2nc) 

In this section we shall review the non-perturbative dynamics of = 1 supersymmetric gauge 
theories with gauge groups SO{Nc) and Sp{Nc = 2nc). We shall see that in these supersymmet- 
ric gauge theories, some new dynamical phenomena arise such as inequivalent branches, oblique 
confinement and electric-magnetic-dyonic triality ||l^. In addition, there emerges an explicit 
phase transition from the Higgs phase to the confining phase |l^] in supersymmetric SO{Nc) 
gauge theory with quarks in the fundamental representation (i.e. the vector representation). 
This is different from the supersymmetric SU{Nc) gauge theory, where the transition from the 
Higgs phase to the confining phase is smooth. The reason behind this is that in the SO{Nc) su- 
persymmetric gauge theory, the dynamical quarks cannot screen and therefore, at large distances 
confinement occurs suddenly. 

In the following, the non-perturbative phenomena in the SO{Nc) supersymmetric gauge 
theory will be discussed in detail. The new dynamical phenomena different from the SU{Nc) 
case will be emphasized. The non-perturbative dynamics of the Sp{2nc) supersymmetric gauge 
theory is similar to the SU{Nc) and SO{Nc) cases. In fact, it is proposed that by using the trick 
of extrapolating the colour parameter Nc of SO{Nc) to a negative value, the dynamics of the 
Sp{Nc = 2nc) supersymmetric gauge theory can be read out from that of the SO{Nc) theory. 
Thus the Sp{2nc) case will be only briefly introduced. 

5.1 = 1 supersymmetric SO{Nc) gauge theory with Nf flavours 

5.1.1 Global symmetries of = 1 supersymmetric SO{Nc) QCD 

The fundamental representation of the SO{Nc) group is its vector representation and hence it is 
always real. Thus in SO{Nc) gauge theory there is no difference between left- and right-handed 
quarks. This is different from the SU{Nc) case, where the right-handed quark is the left-handed 
anti-quark. The classical Lagrangian of = 1 supersymmetric SO{Nc) QCD is 

C = ^Tv{w"Wa\e2 + +Qte^/V'{iv^)Q|^^_,. (5.1.1) 

In the Wess-Zumino gauge, the (four-) component field form of above Lagrangian reads 



where the group indices o = 1, • • • , Nc{Nc — l)/2; the colour indices r,s = 1, - ■ ■ ,Nc and the 
flavour indices i = 1, • • • ,Nf. T)^ is the covariant derivative in the adjoint representation and 
in the vector representation, V"^ = 9^<5"'' — gf^^^Ai; D^^ = d^5rs — igAf^^-T^g. The classical 



Lagrangian ( 5.1.2 ) possesses the global symmetry SU{Nf) x C/yi(l) x Urq{1) corresponding to 
the following transformations: 

^ir (e^"^*^) / $j>, ^>«^ ^ (e-*"'^*'^) ' . (5.1.3) 
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Ua{1): 



^ ^ e'^5«^^ ^ ^ ^e*T5°; e'^^^'^X'', X" A^e-'T^". (5.1.5) 



Like in the SU{Nc) case, the C/a(1) and Urq{1) symmetries suffer from an Adler-Beh-Jackiw 
(ABJ) anomaly, and they can be combined into an anomaly-free Ur{1) symmetry. To do this, 
let us first calculate the fermionic triangle anomaly diagrams of the relevant currents and get 
the coefficients in the anomaly operator equations for and j(^jigy and then try to construct 
an anomaly-free Ur{1) symmetry. The Noether currents corresponding to the above C^a(1) and 
C/r(,(1) transformations are 

5 



1 



i(iio)/. = ^ 7^75^^r - -A 7^75A'^^J^ - J-;. (5.1.6) 

Considering the triangle diagrams {jfiJ^J^)-, {J^^J^iJu) with and J^^ being the dynamical 
currents corresponding to the global gauge transformations, which are composed of the quarks 
and the gaugino, respectively, 

J^» = F'-7^(r'^)/^,,; J•; = r^'=AVA^ (5.1.7) 
we find the operator equation for the anomalies of J(A)/i and J(/Jq)^: 

d^j(A), = 2Nf^e^^^''F-^Fl- (5.1.8) 
d^HRo), = [2Nf-2{N,-2)]^e^''^PF;,Fl. (5.1.9) 
Using the same arguments as in the SU (Nc) case, namely find the above anomalies lead to a 



shift of the vacuum angle 9 in the Lagrangian (5.1.1) and hence the absence of anomalies is 
reflected in the vanishing of the shift, one can easily obtain the non- anomalous ?7i?(l) symmetry 
with the charge being the linear combination 

n = R„^^k^I^A. (5.1.10) 

TV/ 

The i?o"Charges and the Ua{^) charges of all the fields (and even of some parameters) should 
be combined in such ways so that an anomaly-free Ur{1) symmetry is achieved. Therefore, at 
the quantum level the anomaly-free global symmetry is SU{Nj)xUji{l). The anomaly-free -R- 
charges of some fundamental fields are listed in Table ( ^.1.1| ) and the transformation properties 
of every fundamental field corresponding to the global symmetry are given in Table (|T|). 

In addition, the theory has an explicit Z2 charge conjugation symmetry C |jl5[. In particular, 
the C/4(l) transformation (|5.1.4 ) and the operator anomaly equation ( 5.1.^ ), show that at the 



quantum level the theory is also invariant under a discrete Z2Nf symmetry, 

Q ^ ^in2n/{2Nf)Q^ n = i^...^2Nf. (5.1.11) 
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Ur,{1) 






+1 





{Nf + 2- N,)/Nf 




+1 


-1 


-{N,-2)/Nf 


Q 


+1 





{Nf + 2- N,)/Nf 


A 





+1 


+1 



Table 5.1.1: Combination of anomaly-free i?-charges for fundamental fields; (t>Q and '0q denote the 
lowest component and the (two-) component spinor of the quark chiral superfield. 





SU{Nf) 


R 




Nf 


{Nf + 2- N,)/Nf 


V'Q 


Nf 


-{N,-2)/Nf 


Q 


Nj 


{Nf + 2- N,)/Nf 


A 





+1 



Table 5.1.2: Representation quantum numbers of fundamental fields under global symmetries 
SU{Nf)y.UB{l)y-UR{l). 



(For Nc = 3, the symmetry is enhanced to Z4]\f^, which will be discussed in detail in Sect. |5.5^ 



In fact, the anomaly equation ( 5.1.^) m eans that under the U{1)a transformation ( |5.1.4| ) the 



vacuum angle 9 in the Lagrangian ( p. 1.2 ) is shifted to 



e — >e + 2Nfa, (5.1.12) 

and hence we have the discrete symmetry ( |5.1.1lD . However, since the even elements of Z2Nf, 
i.e. those with n = 2, 4, • • • , 2Nf, also belong to SU{Nf), this global flavour symmetry should 
be SU{Nf)xZ2Nf/ZNf 

5.1.2 Classical moduli space 

If written in two-component field form, the scalar potential of the supersymmetric SO{Nc) QCD 
has the same form as in the SU{Nc) case, ( |3.3.3 ). The classical moduli space is still determined 



by the Z)-flatness condition, = 0. As in the SU{Nc) theory, the D-flatness condition does not 
require that the expectation values of the squarks vanish, only that they equal some constant 
values. To make the supersymmetry manifest we work in the superfield form. Like in the SU{Nc) 
case, we write the quark superfield in an NfxNc matrix form in terms of the flavour and colour 
indices. Since the scalar potential is SO{Nc) gauge and SU{Nf) global transformation invariant, 
in the D-flat directions we can use these gauge and global rotations to make the quark superfield 
matrix diagonal. In the following we shall discuss the classical moduli space for different relative 
colour and flavour numbers. 

Nf < N, 
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Q 



(5.1.13) 



The quark superfield matrix can in this case be diagonahzed as follows: 

/ai ••• •••0\ 
02 ••• •••0 

: : ■•. : '•. 

\ • • • QN; J 

If all the their scalar components will break the gauge group SO{Nc) to SO{Nc — Nf) for 

Nf < Nc — 2, and completely break SU{Nc) for Nf > Nc — 2. The moduli space will still be 
described by the expectation value of the "meson" superfields 

M'^ = Q\Q "-^^Q'-Q^, (5.1.14) 

which is explicitly gauge invariant. We shall show that these Nf{Nf + l)/2 mesons are the 
appropriate low energy dynamical degrees of freedom since they correspond precisely to the 
matter superfields left massless by the Higgs mechanism. Due to the spontaneous symmetry 
breaking SO{Nc)^SO{Nc — Nf), among the NfNc quark superfields there are 



]n,{N, - 1) - 1{N, - Nf){N, -Nf-1) = N,Nf - ^NfiNf + 1) 



2--c\--u 2 ^" '-j/v'-t; '-J 'I ■ J \' ■ J ' 'J (5.1.15) 

fields which become massive through the Higgs mechanism. NfNc — [NfNc — ^fi^f + l)/2] = 
Nf{Nf + l)/2 fields remain massless. 

Nf>Nc 

In this case the D-flat directions are given by 



Q 



/ ai 

02 





V 



\ 








/ 



(5.1.16) 



The low energy gauge invariant degrees of freedom that can be constructed to describe the 
moduli space are not only the meson superfields M^^ = Q^-Q^ , but also the baryon superfields 



B 



Nr\ 



Q\Q\---Q 



Along the flat directions given by ( 5.1.16| ), we have 

/ 4 

al 



M 






V 



(5.1.17) 



\ 








; 
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(5.1.18) 



with all other components of M and B vanishing. Thus one can see that the rank of M is at 
most Nc- If the rank of M is less than Nc, i.e. one aj or several OjS vanish, then the baryon fields 
5 = 0. If the rank of M is equal to Nc, then B has rank 1 and its non-zero component is the 
square root of the product of non-zero diagonal values of M, up to a sign. So the baryon field 
should not be regarded as an independent variable to parameterize the moduli space. Therefore, 
for Nf>Nc, the classical moduli space is described by a set of M of rank at most Nc with an 
additional sign coming from taking the square root 

B = ±Vdet'M (5.1.19) 

for M with rank Nc, where the prime denotes that only the non-zero diagonal values of M are 
considered. 



5.2 Dynamically generated superpotential and decoupling relation 

The quantum moduli space and the corresponding non-perturbative dynamics will become more 
complicated than in the SU{Nc) case due to the peculiarities of the SO{Nc) group. Some new 
dynamical phenomena will arise. The quantum theory is also more sensitive to the relative 
numbers of colours and flavours than the SU{Nc) gauge theory. In each case {Nf < Nc or 
Nf>Nc) we must give a detailed classification of the relative numbers of colours and flavours 
and discuss the corresponding non-perturbative phenomena. Before going into details we first 
present the general form of the dynamically generated superpotential in the case Nf < Nc and 
the connections between different energy scales related by the decoupling limits in various ways. 

To construct the dynamically generated superpotential, we need a dynamical scale associated 
with the running coupling. For Nc > 4, the coefficient of one- loop beta function of the SO{Nc) 
gauge theory with Nf quarks in the vector representation of the gauge group is 

f3o = 3{Nc-2)-Nf. (5.2.1) 

With Eq. (l3A4| ), the running of the gauge coupling is 

aS;'^""^' = g3{iv.-2)-^,g-8V9^(.^)+^e^ (5.2.2) 



( 5.2.2| ) implies that the dynamically generated scale A becomes a complex number due to the 



presence of the vacuum angle, and further it can be formally thought of as the scalar component 
of a (space-time independent) chiral superfield. The UA_{i) charge and the iZo-charge of this 
superfield should be the same as those of 6, i.e. 2Nf and 2{Nf — Nc + 2), respectively, since the 
anomalies of Ua{^) and Ujif,{l) give corresponding shifts in 6. 

In the cases 2 < Nc<4:, there are some peculiarities. When Nc = 4, since 

SO{4:)c^SU{2)xxSU{2)y, (5.2.3) 

with the subscripts X and Y labelling two SU (2) branches, the theory must be decomposed 
into two independent gauge theories with gauge group SU{2). The quark superfields, which 
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before were in the vector representation of 50(4) before, should now constitute the fundamental 
(spinorial) representation (2,2) of 5f/(2)x x5f/(2)y , 

QV = Q\/3> r = l,---A: a,/3=l,2, (5.2.4) 
i.e. under a gauge transformation, 

Q\,p-^A^^^ ^Af^ 'Q\,6, '^gSU{2)x; aP '^SU{2)y. (5.2.5) 

There are two independent gauge couphngs, one for each SU{2)s, s = X,Y. Since the one- 
loop beta function coefficient in an SU{2) gauge theory with Nf quarks in the fundamental 
representation is 6 — Nj, we have 

,~s.yd(,')+w^f^Y (5.2.6) 



( 5.2.6| ) shows that the running of the gauge coupling in each SU{2) branch accidentally coincides 



with the general form of the SO{Nc) theory with Nc = 4. 

When Nc = 3, the vector representation of 50(3) coincides with its adjoint representation. 
In this case the one- loop /3-function coefficient is /3o = 6 — 2Nf, and the running of the gauge 
coupling is 



' \(s) \ 6-2A^/ 

^-8.V.?fe^)+^^ = ( AiZ . (5.2.7) 



Q 



One can see that the running coupling in this case does not coincide with the general form for 
SO{Nc), and thus it needs a special consideration. 

A gauge invariant quantity composed of the dynamically generated superpotential should be 
a function of the low energy dynamical degree of freedom M. The global symmetry SU (Nf) x C/i?(l) 
restricts it to be a function of det M. We list the various quantum numbers of A^" and det M 
in Table ( ^.2.1| ) for N^j^S. With the requirement that the superpotential should have i?-charge 
2 and dimension 3, and should be holomorphic, the only possible form is 

3N,_6_Nj\'^/iNc-2-Nf) 

W = Cn.,n, I 'YA. > (5-2.8) 



The coefficient Cn^Nj can be determined, like in the SU{Nc) case, through an explicit calcula- 
tion. Since the scale A is a complex quantity, the superpotential can pick up a phase 
factor due to the power l/{Nc — Nj — 2), 



NcMf 



— CNc,Nf^{Nc-2-N;) 



, 37V^_6-7V^^ l/{Nc-2-Nf) 



detM 

n= l,2,--- ,Nc-2- Nf. (5.2.9) 
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Ua{1) 


Ur,{1) 


Ur{1) 


A* 


2Nf 


-2{Nf + 2 - iVe) 





detM 


2Nf 





2{Nf + 2 - iVe) 



Table 5.2.1: U{1) quantum numbers of the quantities composed of the dynamical superpotential {Nc > 
3). 



The phase factor in ( ^.2.9 ) labels different but physically equivalent vacua of the theory coming 



from the spontaneous breaking of a discrete symmetry induced by gaugino condensation in the 
low energy SO{Nc — Nf) Yang- Mills theory. 



In the following sections, we shall see that a superpotential of the form (5.2.8) can indeed be 
generated by gaugino condensation, like in the SU{Nc) case with A''^ < A'^c — 1. For A''^ = Nc — 2, 
the above superpotential does not makes sense. For Nc — 2 < Nf<Nc, a superpotential (5.2.8) 



cannot be generated, since it would lead to non-physical dynamical behaviour. For A'^^ > Nc, 
detM = 0, and the superpotential (5.2.8) does not exist. Overall, there will be no dynamically 
generated superpotential for Nf>Nc — 2. For the special case A'^c = 3, we shall see that there is 
also no dynamically generated superpotential for any Nf. Consequently, these theories, with no 
dynamically generated superpotential, will have a quantum moduli space of exactly degenerate 
but physically inequivalent vacua, and they will present interesting non-perturbative dynamical 
phenomena different from the SU{Nc) case. 

For later use, we give the relations between different energy scales connected by the decou- 
pling of heavy modes. Due to the peculiarity of the SO{Nc) group when 2 < A'c<4, we must 
give special consideration to the decoupling in S0{3) and SO (4) theories. 

Giving the A^j-th quarks a large mass Wtree = l/2mM^f^f = l/2mQr ^ Q^'^f , and making 
this heavy mode decouple, the theory with Nf quarks will yield a low energy theory with A'^^ — 1 
quarks. The running couplings should match at the scale m. When A^c > 4, we have 

47r _ 3(A^c ~ 2) ~ ^/ In - ^^^^ ~ ^) ~ ~ '^'^ In 



g'^im) 27r ^N^,Nf 2tt A]y^^Nf-i' 

3(7Ve-2)-^f _ 3{iV,-2)-{JV^-l) , 
^^Nc,Nf ^ — ^^Nc,Nf-l ■ (,O.Z.i 

When Nc = 4, due to Eq. (5.2.3), in each SU{2) branch the coupling constants should match 



6- Nf ^ m 6- (Nf -1) ^ m 
■ m = m ■ 



2vr A-s^Nf 2tt As^Nj-i 

K'J/m = A^jfir^ s = X,Y. (5.2.11) 

In the case Nc = 3, the quarks are in the adjoint representation of the gauge group and the 
one-loop beta function coefficient changes to /3o = 6 — 2Nf, so we have 

6 - 2Nf , m 6 - 2iNf - 1) m 
m = m • 



27r Aa^AT^. 27r As^at^.i 

= A^<^;-". (5^2.12) 
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Another way of decoupling is through the Higgs mechanism with a large expectation value 
a^f in ( 5.1.13 ). The SO{Nc) theory with Nj quarks will decouple into an SO{Nc — 1) theory 
with Nf — 1 quarks. Under the requirement that the running couplings should match at the 
energy a^f, we get a relation between the high energy scale Atv^atj- and the low energy scale 
^Nc-i,Nf-i- In the case Nc > 5, we have 

4tt 3{N^ -2)-Nf ^ UNf 3[{Nc - 1) - 2] - {Nf - 1) , on. 
— m — = m • 



g'^iaNf) 27r ^N^,Nf 27r A 



N^-l,Nt-l 



Since in the moduli space, Q% = aj(5* and hence M^f^f = a^^, ( 5.2.13 ) can be written as 

aS7^""^(^"^"o- = ^'t-.S;'r- (5-2.14) 

When A^'c = 5, a decoupling SO{5)^SU{2)x>iSU{2)Y occurs, and the high energy running 
coupling should match the low energy ones in each SU{2) branch, 

9 _ AT, UN, 6 - {Nf - 1) ^ aNf 
In - — — = m — • 



27r ^5,Nf 27r A^^at^-i 

For the case N^ = 4, the decoupling pattern is SU{2)xxSU{2)y^SO{3). This needs a special 
consideration. From ( ^.2.4 ) and 

MNfN, ^ QNf.QNf ^ (5.2.16) 

it follows that the sum of the two running couplings of each SU{2) branch should match the 
coupling of the low energy 50(3) theory, 

^-Nff^^^aN, , \ 6-2(Ar^-l) ^^^ a^, _ 



2vr \^ Ax,Nf ^y,Nf J 27r A3^iv^_i 

The numerical factor 4 is due to the fact that 

MNfN, ^ Q^f^^^^Q^^^^^e^-P-e--^- = 2{Q^f,Q^f, - Q^^O- (5-2.18) 
and hence in the moduli space, 

M^f^f = 2a%^. (5.2.19) 

In general, AxT^Ay since the dynamics of each SU{2) branch is independent, but for convenience, 
we shall limit the discussions on SO {4) to the case Ax = Ay. 
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5.3 Non-perturbative dynamical phenomena when Nc>4:, Nf<Nc — 2 

5.3.1 Nf<Nc — 5: dynamically generated superpotential by gaugino condensation 



This range is similar to the SU{Nc) case when Nf < Nc — 1 ||3^. A superpotential arises 
generated by gaugino condensation in the SO{Nc — Nf) supersymmetric Yang-Mills theory 
which is the remainder of the SO{Nc) QCD broken by the scalar component of (Q). According 
to (5.2.8), we have [15| 



W = {N,-Nf- 2)(AA) = -{Nc-Nf- 2)e(^r,_^r,_2) 



16A 



detM 



(5.3.1) 



where the phase factor e(jv) = 6xp(i2n7r/A^). Like in the SU{Nc) case when Nf < Nc — 1, 
this quantum effective superpotential will lift the classical vacuum degeneracy and make the 
theory have no vacuum. This can be explicitly seen from the F-tevm relevant to this dynamical 
superpotential: 



dW _ 1 



detM 



Qir 



1 / 1 



l/{Nc-Nf-2) 



(5.3.2) 



Q VdetM, 

Thus all the supersymmetry vacua disappear and this is another typical example of dynamical 
super symmetry breaking |3C, 

If we consider a mass term for the matter fields, Wtree = Tr(mM)/2, this situation will change 
greatly. The full superpotential with this mass term is 



mull = ■::{Nc -Nf- 2)e(^^_^^,_2) 



/ 16A 



detM 



+ ^m^;M^. 



(5.3.3) 



The moduli space is still given by the following F-fiat direction labelled by (M)=M, 



which gives 



16A' 



e(Nc-Nf-2) 



Nc,Nf 



detM 



(M- 



+ -m^. = 0, (5.3.4) 



m 



det m 



'^{Nc-Nf-2) 



HNc-Nj,-2) 



and 



1 



detM 



{hNc-2)) 



detM 

N, (16A^^-^^-^)^//(^--^/-^) 
(detM)(^^-2)/{^^-^/-2) 

-Nf (detm)(^-^/-2)/(^-2) 



(i6A^^:^;^^-^)^//(^-2) • 



(5.3.5) 



(5.3.6) 
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Inserting Eq. ( |5.3.6| ) into ( ^.3.4|) , we have 



16(detm) A' 



3Nc-Nf-6' 



l/(Afc-2) 



m 



-1 



(5.3.7) 



Therefore, with this mass term we obtain a theory with Nc — 2 supersymmetric vacua labelled 
by (M). This result can also be derived by calculating the Witten index pl[| . 

Further, we can easily check that the superpotential is indeed generated by gaugino conden- 
sation in the SO{Nc — Nf) Yang-Mills theory. Integrating all massive modes out by inserting 
( 5.3.5| ) and (|5.3.6D into (|5.3.3D , we can see that 



Wf 



full 



(Ar,-2)6(^^_2) [l6(detm)A^;^^ 

(Nc-2)-''>-N^-Nf,0^ 



l/{Nc-2) 



(5.3. 



where A^^.N^fi- 



16 (det m) A' 



3Nc-Nf-6 



l/{Nc-2) 



is the low energy scale for the SO{Nc — Nf) 



Yang-Mills theory, the many-flavour generalization of (5.2.10). 

If not all of the matter fields are massive, we can integrate out the massive quarks and get 
the effective superpotential at low energy for the massless ones. It has the same form as ( ^.3.1 ) 
but with the scale replaced by the low energy one. For instance, if we only add a mass term for 
the Nf-th quark, Wtree = 
effective superpotential: 



■^M decoupling this heavy quark, we obtain the low energy 



{Nf - 1) - 2] e(Ar^_(Ar^_i)_2) 



16A 



3Afc 

Nc,Nf-l 



.(iV^_l)_6^ l/[Nc-{Nf-l)-2] 



detM 



(5.3.9) 



where A^^^Nt-i is given by Eqs. (|5.2.10D , ( ^.2.1l|) and (^.2.12| ), respectively, depending on the 



concrete case. 



5.3.2 Nf = Nc — 4:1 Two inequivalent branches and novel dynamics 

In this range, Eq. (|5.1.13D indicates that SO{Nc) is broken to SO{4)c^SU{2)xxSU{2)y by the 
scalar component of {Q). The phase factor for each SU{2) branch is 

e, = e^2W2 ^ ^iuTT ^ ^-^^ s = X,Y; n = 1, 2. (5.3.10) 

The scale for the low energy SU{2)s Yang-Mills theory (i.e. all the matter fields integrated out) 
of each branch is 

3Ar^_2)_(Ar,-4) ^2(N,-1) 

which is the many- flavour generalization of Eq. ( ^.2.16| ). The number 6 is the one-loop /?- 
function coefficient of SU{2) Yang-Mills theory. Note that we have used Ax = Ay as discussed 
above. The dynamical superpotential is generated by gaugino condensation in the unbroken 
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SU (2) X ^ SU {2)y Yang-Mills theory. According to Eqs. ( |5.3.lD and ( |5.3.1lD the dynamical su- 
perpotential is 

W = VFx + W^y = ^(4-2)exA|,o + ^(4-2)eyAf.,o 
= 2(AA)x + 2(AA)y 

= 2(^^ + ^^)l^ detM I • ^'-'-''^ 

Since the phase factor e labels different vacua, there are four ground states, which are labelled 
by the four possible combinations of (ex,ey), i-e. 

1.(1,1); 2. (-1,-1); 3.(1,-1); 4. (-1,1). (5.3.13) 

The first two ground states, characterized by ex = ey, are physically equivalent, since they are 
related by a discrete i2-symmetry given in Eq. ( |5.1.11 ). Similarly, the last two ground states 



with ex = — ey are also physically equivalent. Therefore, the sign of e^ey labels two physically 
inequivalent branches of the low energy effective theory. The non-perturbative dynamics in these 
two branches is greatly different, as shown in the following. 

The dynamics in the branch with ex^y = 1 is the same as in the case Nf = Nc — 4. The 

dynamical superpotential W = (16A^^^ }}^/ detM)^^^ lifts all the vacuum degeneracy and the 
quantum theory has no vacuum. 



The two ground states with ex^Y = 1 present a completely different physical pattern |15]. 
The superpotential ( p.3.12| ) is zero, and hence the vacua in the quantum moduli space are still 
degenerate but physically inequivalent. These vacua are parameterized by {M). The two differ- 
ent values ±1 of ex{= — ey) in this branch mean that for every (M) there are two ground states. 
However, in the origin of the moduli space, (M) = 0, there is only one vacuum. Classically, 
in this vacuum the gauge symmetry 50(4) is enhanced to SO{Nc), i.e. at the origin of the 
moduli space, the original SO{Nc) symmetry does not break at all and the low energy effective 
theory will have a singularity, corresponding to the SO{Nc) / SO{A) vector bosons which become 
massless. This singularity can show up in the kinetic term i^cias.(-^) -^^)) the classical Kahler 
potential. In quantum theory, the situation will change: such a singularity is either smoothed 
out or it is associated with some fields which become massless. In the theory we are consid- 
ering, Intriligator and Seiberg conjectured that the classical singularity at the origin is simply 
smoothed out jlSI J. This means that the massless particle spectrum at the origin is the same as 
it is at other generic points, consisting only of the fields M. Similar phenomena have happened 
in low energy N = 2 supersymmetric Yang-Mills theory |||, 0| and in a toy model proposed in 



Ref. |87|. 



This conjecture can be subjected to several independent and nontrivial tests. The first is 
the 't Hooft anomaly matching. Since at both microscopic and macroscopic levels the the- 
ory has a global SU{Nf)xUR{l) symmetry which is unbroken at the origin, one can check 
the massless (fundamental and composite) particle spectrum by looking whether the 't Hooft 
anomaly at the fundamental level matches with that at the composite level. The quantum 
numbers of the fundamental massless fermions (quark and gluino) under the global symme- 
try SO{Nc)xSU{Nf)xUR{l) and the currents corresponding to SU{Nf)xUR{l) as well as the 
energy-momentum tensor are listed in Tables ( ^Xl)) , ( |5X2D and ( ^Xsj ), respectively. The 't 
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SO{N,) 


SU{Nf) 






Nc 


Nf 


-(iV,-2)/iV^ 


Q 


Nc 


Nf 


{Nf + 2- N,)/Nf 


X 


N,{N, - l)/2 


1 


+1 



Table 5.3.1: Representation quantum numbers of fundamental fields under the global symmetry 
SO{Nc)xSU{Nf)xUB.il). 





SU{Nf) 


Ur{1) 






j^{Q) = (2 - N,)/Nf^Qa^^lJQ 


X 





j^iX) = AV^A-^ 



Table 5.3.2: Currents composed of fundamental fermionic fields corresponding to the global symmetry 
SU{Nf)xUR{l). 



Hooft anomaly coefficients contributed by the massless elementary fermions can be easily cal- 
culated as in the SU{Nc) case and they are collected in Table (I^Sj). 

At the macroscopic level, the only massless fermion is the fermionic component ipM of M*-', 
which belongs to the Nf{Nf + l)/2-dimensional representation of the SU{Nf) group. Its R- 
charge, from Table ( 5.1. 1| ), is 



Nf -2Nc + i 



Nf 



N 



f 



(5.3.14) 



Thus the SU{Nf)xUR{l) Noether currents are, respectively: 



p,q=l,2,---,Nf{Nf + l)/2. 



Nf 



2iVc + 4 



N 



f 



(5.3.15) 



The corresponding 't Hooft anomaly coefficients are collected in Table (5.3.5), and one can easily 
see that when Nf = Nc — 4:, the anomalies of the macroscopic theory exactly match those of 
the microscopic theory. Note that in calculating the anomaly coefficients of Table ( ^.3.51 ) we 
have used the relation between the quadratic and cubic SU{Nf) Casimirs in the Nf(Nf + l)/2 









i/A 




) + (/^ ' — ' ^) 


-9,iu^iPq] 


A 


i/A 


(aV^v^a" - v.aV^A'^) 


+ (/U < — > u) 





Table 5.3.3: Contribution of the fundamental fermionic fields to the energy-momentum tensor; >C[V'] = 
V2(?a^V^^ - V^^a'^1^), = 3^ - c^kl^(t^^/2, = ^/4[a^, ct^] and 7^ = e^a'^. 
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Triangle diagrams and 
gravitational anomaly 


't Hooft anomaly 
coefficients 


URiiy 


N.iNc - l)/2 + Nc/N'fi2 - N,)-^ 


SUiNff 


iV,Tr(t^{t^,t^'}) 


SU{NfrUR{l) 


(2 - iVc)A^c/A^/Tr(t^t^) 




-N,{N, - 3)/2 



Table 5.3.4: 't Hooft anomaly coefficients from elementary massless fermions. 



Triangle diagrams and 
gravitational anomaly 


't Hooft anomaly 
coefficients 




iNf + l){Nf-2N, + 4:f/i2N'f) 


SU{Nff 


(iV^ + 4)Tr(t^{t^,t^'}) 


SUiNffURil) 


{Nf + 2){Nf - 2Nc + 4:)/NfTr{tH^) 


Ur{1) 


{Nf + l){Nf-2Nc + 4:)/2 



Table 5.3.5: 't Hooft anomaly coefficients for the composite fermions. 



dimensional representation and in the fundamental (A'^y-dimensional) representation: 

IV(t^{t^,t^})^^(;v,+i)/2 = (iV/ + 4)T:(t^{t^,t^})jv,, 

Tr(t^t^)^^(;v,+i)/2 = {Nf + 2)TT{t^t'')Nf. (5.3.16) 

Thus the 't Hooft anomaly matching supports the conjecture: the classical singularity of the 
Kahler potential near the origin is smoothed out by quantum effects and hence [|l], |8^ 

KiMKM)"-"^^, (5.3.17) 

where the dynamical scale A is introduced from dimensional considerations. 

Another test of the above conjecture is the decoupling of a heavy mode. Giving Qjy^ a 
large mass and integrating it out, the resulting low energy effective theory should agree with 
the Nf = Nc — 4: case discussed in the last section. We first look at the branch with ex^Y = 1- 



Adding the mass term Wtree = mM^j^ /2 to the dynamical superpotential ( 5.3.121) , we have 



,^.2(7Ve-l) \ 1/2 



The F-flatness condition for M^J, gives 



2(A'' —1) \ 

^N, ^ I l^^N.k-A ^ ^^^^^ 

\ detM m ^ ^ 



122 



Thus, the low energy superpotential is 



W = ^-mM''^ = ^ T-:f-^ , (5.3.20) 
' detM' ' ' ^ ^ 



where we have used the decouphng relation ( 5.2.10 ) and det M = det M' M^^^ . ( 5.3.20 ) coincides 



exactly with the superpotential ( 5.3.1 ) with Nf = Nc — 5. 



In the branch with ex^y = —1 the dynamical generated superpotential is zero. Adding a 

r 



mass term, the full superpotential is WfuU = Wt^ee = "i-^^,,/2. It is not possible to return 



back to the theory with Nf = Nc — 5 using this superpotential and thus this branch should be 
eliminated from the low energy effective theory with Nf<Nc — 5. This supports the conjecture, 
since if one requires that the Kahler potential is smooth everywhere in M, this branch will have 
no supersymmetric ground state due to the fact that the scalar potential will be proportional 
to l/K{M^,M). This means that the supersymmetry is dynamically broken. Further, if we 
suppose that in the branch with ex^Y = — 1 there are new massless states somewhere, then the 
addition of this Q^f mass term will result in additional ground states. Since all the ground 
states for Nf < Nc — ^ are already exhausted by ( 5.3.7| ), there will be no such extra ground 



states. Therefore, one can conclude that the manifold of quantum vacua (i.e. the quantum 
moduli space) must be smooth everywhere and without any new massless fields except M. 

The physical phenomena at the origin in M are very interesting. The above discussion shows 
that at the classical level there are massless quarks and gluons and their superpartners, while in 
the quantum theory, only the M quanta are massless. Since M are colour singlets, this clearly 
shows that the elementary degrees of freedom are confined. However, the global chiral symmetry 
SU{Nf)xUfi{l) is not broken at the origin. Therefore, we have a novel physical phenomenon 
that there is confinement but without chiral symmetry breaking. The same phenomenon has 
been observed in the SU{Nc) case with Nf = A'^c + 1- 

5.3.3 Nf = Nc — 3: Two dynamical branches and massless composite particles (glue- 
ball and exotic states) 

For this value it will be shown that the ground state of the theory still has two branches, but 
with different dynamics. 

From ( |5.1.13| ), we know that the expectation value of the scalar component of Q breaks 
SO{Nc) to 5*0(3), but the dynamically generated superpotential at low energy is not a simple 
continuation of ( ^.2.8]) , since in breaking SO{Nc) to 50(3) by the Higgs mechanism, there is a 
special case S'0(4)~S'C/(2)x xS'f/(2)y between SO{Nc) and 50(3). The dynamically generated 
superpotential is not only contributed by the gaugino condensation of supersymmetric 50(3) 
Yang- Mills theory, but it also receives contributions from the instanton in each SU (2)^ branch. 
A concrete method to find the dynamically generated superpotential is as follows. First by 
choosing A'^^ — 1 eigenvalues of (Q) to be large we break the SO{Nc) theory to SU {2)xxSU (2)y 
with one quark superfield Q'^f left massless. Matching the running gauge couplings at the scales 
of the Higgs mechanism gives us the relation between the low energy and high energy scales: 

A'xi = ^'yi = ^$^, detM' = ^. (5.3.21) 
^'^ ^'^ detM' ' jvf / 

Nf 
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(This relation is actually the many- flavour generalization of ( 5.2.15D .) Then the expectation 
value {Q^f) breaks the 5[/(2)x x5?7(2)y gauge group of this intermediate theory to a diagonally 
embedded S0{3)d- According to ( |5.2.17D , the low energy scale is 

A?.)3,o = 4A^,iA|-,i(M^/^/)-2. (5.3.22) 

The gaugino condensation in the unbroken SO (3) will generate a superpotential 

W, = 2(AA) = 2(Af,)3,o)V2 = 4e^^^^ = 46^^^, e = ±1. (5.3.23) 



M 



Nf 



In addition instantons in the broken SU{2)x generate another superpotential 

Tyx = 2^ = 2^!^, (5.3.24) 
det M 



f 



and instantons in SU{2)y give 



^5 ^2N,-3 

Wy = = 2 (5.3.25) 

M^'J detM 



Adding these three contributions together, we obtain the superpotential for SO{Nc) with Nf = 
Nc-3, 

W = Wd + Wx + WY = A{l + e) f . (5.3.26) 

det M 

Here the generation of the superpotential from the broken SU{2)s needs some delicate ex- 
planation jl^. The instanton contributions in SU{2)s contain those from the instantons in the 
broken part. Usually when a gauge group G is broken to a non-Abelian subgroup H along 
a flat direction, there is no need to consider instantons in the broken G/H part. This is be- 
cause an instanton in the broken G/H is not well-defined, and can be rotated to become an 
instanton of the H gauge theory. But the dynamics described by the H gauge theory will be 
stronger than these instanton effects. However, when the instantons in the broken part like 
{SU{2)x X SU{2)y)/ S0{3) are well defined, their effect must be taken into account when one 
integrates out the massive gauge fields. This situation occurs when G (or one of its factors if G 
is fully reducible) is completely broken or broken to an Abelian subgroup, or when the index of 
the embedding of in G is large than l|^. In our case, the the second index of SO (3) in the 
adjoint representation is 2 and thus one should consider the contribution from these instantons. 



Now let us see what physics the superpotential ( ^.3.26| ) describes. First, the low energy 



theory again has two physically inequivalent branches classified by e. The branch with e = 1 is 



the continuation of ( 5.3.1 ) to Nf = Nc — 3. Thus at the quantum level the classical degeneracy 
will be lifted and there is no vacuum. The branch with e = — 1 has vanishing superpotential, 
and thus there exists a quantum moduli space of degenerate vacua. However, the dynamics in 

^The index of a group is defined as tfie expansion coefficient of the leading term wfien expanding tfie trace of tfie 
product of any number of its generators in some representation in terms of tfie fundamental symmetric invariant 
tensors of the group pq]. For the trace of n generators, the index is called nth index of this representation. 
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this case is greatly different from the cx^y = —1 branch of the A'^^ = Nc — 4: case. This can be 
observed from the decouphng of the heavy mode. 

The decouphng is done in the standard way. Adding a mass term Wtree = mM and 

then integrating out Q^-^ in the same way as above, the branch with e = 1 will give the two 
ground states of the ex^Y = 1 branch of the case A'^^ = Nc — 4:. This is exactly what we expect. 
If we add the mass term Wtree = to the mass term in the e = — 1 branch, we should 

get the two ground states of the ex^Y = 1 branch of the A'^^ = Nc — 4 case. However, since 
the dynamical superpotential vanishes, a similar argument as in the Nf = Nc — 4 case shows 
that this branch has no decoupling limit and must be eliminated upon adding Wtree- In oder 
to avoid this disease, Intriligator and Seiberg conjecture that there must be additional massless 



particles at the origin of the moduli space |15]. Since these massless fields should not appear at 
generic points of the moduli space, there must be a superpotential responsible for their masses 
away from the origin (M) = 0. The simplest way (perhaps the only possible way) to implement 
this conjecture is to introduce some (chiral super-) fields ki with i being the flavour indices, 
and make them couple to M*-^. We will see that these fields indeed have a natural physical 
interpretation. Near the origin, the corresponding superpotential for the mass term of these 
new particles should have the asymptotic form: 

W ~ —M'^kikj, when M ~ 0, (5.3.27) 

where /i is a scale with mass dimension. It is necessary to introduce this scale since the field k, 
as a scalar superfield, should have dimension 1, M has dimension 2 and the superpotential has 
dimension 2. Requiring this superpotential to respect the global SU{Nf)xUfi{l) symmetry, we 
see that the ki should belong to the A^'j-dimensional conjugate representation of SU{Nf). Since 
the superpotential should have R charge 2 and M has i?-charge 2{Nf + 2 — Nc)/Nf, the fields 
ki should have i?-charge 



Nf + 2-Nc 
2-2- ^ 



N 



f 



Now making the heavy mode M decouple near the origin by adding the mass term Wtree 
mM^^ /2 to i ^JM , 



Wmi = ImM^J^, + 1-M'^hk,, (5.3.29) 



Nf 

and then integrating out the M j^^, we immediately obtain 



Cat. 



^iy/mfi. (5.3.30) 



The two sign choices in {k^f) can be interpreted as two physically equivalent ground states with 
= 0, which exactly correspond to the two choices in the ex^Y = — 1 branch of the low energy 
Nf = Nc-'i theory. 



Eq. (5.3.27) is the approximate form of the superpotential near M = 0. The most general 



superpotential respecting the SU{Nf)xUR{l) symmetry and having the right mass dimension 
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Triangle diagrams and 


't Hooft anomaly 


gravitational anomaly 


coefficients 


URiiy 


1/m 


SUiNff 


-TV(t^{t^,t^'}) 


SU{NfrUR{l) 


1/A^/Tr(i^t^) 




1 



Table 5.3.6: 't Hooft anomaly coefficients for composite fermions. 



is then 

{det M){M'^kikj 



W = —f 



x2Nc-2 
^^Nc,Nc-3 



M'^kikj. (5.3.31) 



In order for this general superpotential to yield the ground states ( 5.3.30| ), f{t) must be a 
holomorphic function in the neighborhood of t = 0. /(O) can be set to 1 by rescaling Qi^qi/ f{0). 

How can we check the reasonableness of the conjecture that in addition to the massless fields 
M there still exist other massless particles? We again resort to the 't Hooft anomaly matching. 
It will be a highly non-trivial verification of the above conjecture if the anomalies contributed 
by the massless spectrum consisting of M*-' and ki match those of the fundamental massless 
particle spectrum with Nf = Nc — 3. The conserved SU{Nf)xUR{l) currents composed of the 
fermionic component of ki are: 

j^i^k) = iPki'^lf^'^k] iM(V'fc) = + '^kli^'^k- (5.3.32) 

The relevant fermionic part of the energy-momentum tensor for the 't Hooft axial gravitational 
anomaly formally reads: 



T^v = ^ {i^kifyv'4'k - ^vi^kiiii^k) -0 - gtivC-li^k]- (5.3.33) 



I I— 
4 

The 't Hooft anomaly coefficients corresponding to the triangle diagrams composed of these 
currents are listed in Table (|5.3.6| ). Adding the anomaly coefficients to those contributed by 
the field M listed in Table (|5.3.5|) and comparing them with the anomaly coefficients from the 
massless elementary particles listed in Table ( p. 3. 4 ), one can see that they are precisely equal 
for Nf = Nc- 3. 

Finally let us see what physical objects these fields ki can be interpreted as. ki should be 
constructed from the fundamental chiral superfields since the product of any chiral superfields 
is still a chiral superfield. We know that the fundamental chiral superfields in the theory are 
the matter fields Q% and the gauge superfield strength VF^. From the mass dimensions and the 
quantum numbers under SU{Nf)xUR{l), one can immediately identify ki as 

ki = K%%_^hi, (5.3.34) 

where 

h = (Q)^-'TV(VF„PF") 

^ (Ar/_4)! ^^^i^2-^^c-4g^^^"-""-^Q\Q'r.-- -Q'rC-AW^Wn- (5.3.35) 
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Obviously, bi has mass dimension Nc 
terms of bi, 



1. The superpotential ( ^.3.31| ) can now be rewritten in 



W 



1 



2^27V-c-3 



/ 



(det M){M'^bibj 



A 



iVc,Afc-3 



M'^bibj, 



(5.3.36) 



where the scale ^ appearing in ( 5.3.31 ) has been absorbed into the definition of /. 

( |5.3.34 ) shows that the /cj fields describe exotic particles. One can intuitively think of such 
exotics as being some heavy bound states. They become massless at the origin of the quantum 
moduli space. These exotic particles are similar to the massless mesons and baryons in SU{Nc) 
supersymmetric QCD with A'^^ = Nc + 1, as discussed in Sect. 3.4.2. Since they are colour 



singlets and respect the chiral symmetry SU{Nf)xUii{l), this is again a phase in which there 
exists confinement but without chiral symmetry breaking. 



5.3.4 Nf = Nc — 2: Coulomb phase with massless monopoles and dyons and con- 
finement and oblique confinement 

For this number of flavours, the dynamics is more complicated than in the cases discussed above. 
From Table ( |5.1.2 ), the i?-charge of M^^ vanishes, thus no superpotential of the form ( ^.2.9 ) 



can be dynamically generated from gaugino condensation. Consequently, the quantum theory 
has a moduli space of physically inequivalent vacua, which should still be parametrized by the 
expectation values (M*-'). Classically, according to ( ^.1.13| ) in the moduli space determined by 
the D-flat directions, the SO{Nc) gauge group breaks to SO{2)=U{l). Thus the low energy 
theory is in the Coulomb phase with the gauge vector superfield being a massless photon su- 
permultiplet. Like in the various cases discussed above, there exists a singularity at the origin 
(M) = (or equivalently, det M = 0) of the classical moduli space, which is associated with an 
unbroken gauge symmetry. In the quantum theory, we will see that a distinct kind of singularity 
arises at M = 0, which is related to massless monopoles rather than massless vector bosons. In 
fact, from the discussion on the Coulomb phase in Subsect. |2.4| we can imagine this situation 
arising since the Coulomb phase has a natural electric-magnetic duality, and hence monopoles 
should emerge. 

How can we explore the non-perturbative dynamics in the Coulomb phase? The Coulomb 
phase looks simple, but actually its non-perturbative dynamics, as a consequence of electric- 
magnetic duality, is very complicated. In the cases considered above, the dynamical superpo- 
tential and the decoupling limit give almost all of the non-perturbative phenomena, at least 
qualitatively. However, the situation in the Coulomb phase is completely different. There is no 
dynamical superpotential to depend on. Fortunately, the investigation of = 2 supersymmet- 
ric gauge theories by Seiberg and Witten provided some clues |l|, |[. The Coulomb phase of 
the theory can be investigated by determining the effective gauge coupling r = f + ^p- of the 
massless photon supermultiplet on the moduli space of vacua. This is because the general form 
of the low energy effective action in the Coulomb phase is 

£ ~ Im / d^erWaW. (5.3.37) 



The non-perturbative phenomena for the value Nf = Nc — 2 have much in common with the 
Coulomb phase of the N = 2 supersymmetric gauge theory. As will be discussed in the fol- 
lowing, there are massless monopoles and dyons at some points of the moduli space, and their 
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condensation will cause confinement and oblique confinement. It is then not so strange that 
both cases exhibit similar non-perturbative phenomena since their low-energy theories are both 
in the Coulomb phase. 

How can we determine r? In general, in the Coulomb phase r receives two contributions. 
When (M*-^) is very large, the microscopic theory is weakly coupled and perturbation theory 
works. Thus, at the quantum level, one part of r in the Coulomb phase comes from the gauge 
running coupling evaluated at the energy scale characterized by (M*-'). The explicit form of this 
perturbative contribution is given by the one-loop beta function of the microscopic theory, i.e. 



/?o = 3(iVe - 2) - Nf = 2N, 



2Nj. 



(5.3.38) 



From the requirement of holomorphicity, the effective coupling constant r in the Coulomb phase 
should be a holomorphic function of the parameters (M*-'). Because of the global flavour sym- 
metry SU{Nf), it should depend on SU (Nf) invariant combinations of M^^ . The natural choice 



IS 



U= detM'K 



(5.3.39) 



As shown in Eq. ( 3.4.4| ), the perturbative one- loop exact r at the energy scale characterized by 
{M'^) is 



e*2^^detM = A'^o; r 



2tt \ U 



(5.3.40) 



The general form of the one-loop running gauge coupling and dimensional analysis imply that 
the perturbative contribution to r must be of this form. 

However, for small (M*-') (or equivalently small U), another non-perturbative contribution 
arises from the instantons, and hence the determination of r will become complicated. There are 
two ways to determine the explicit functional form of r. The first one is using a straightforward 
instanton calculation ||l|, |^ |4^], which gives an i^-term of the form: 



d^9 



U 



(5.3.41) 



where is the low energy U{1) photon field strength supermultiplet. The n-instanton contri- 
bution to the low energy effective action in the dilute gas approximation is 



U 



Since the effective Lagrangian can always be written in the following general form, 



eff 



1 

16^ 



Im / d^Or^^WaW + 



the F-term gives the n-instanton correction to r of the form: 



(5.3.42) 



(5.3.43) 



(5.3.44) 
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To get the full non-perturbative r, one should sum all the instanton contributions (5.3.42): 




W^Wa, (5.3.45) 

where the a„ are some constant coefficients, which are determined by explicit instanton calcu- 
lations. Despite the fact that this method is very physical and can be carried out up to three 
instantons, it is actually not possible to perform the above summation. Thus this method can 
only be used as a check of the non-perturbative result |89|. 



A beautiful and powerful method to determine r was worked out by Seiberg and Witten [|1|] 
based on 

• electric-magnetic duality conjecture in the Coulomb phase; 

• global geometric structure of the quantum moduli space; 

• holomorphicity; 

• gauge invariance and various global symmetries; 

• correct decoupling limit. 

A crucial observation of Seiberg and Witten is that in the SU (2) case, the quantum moduli space 
of = 2 supersymmetric Yang-Mills theory can be determined exactly: the Riemann surface 
of the quantum moduli space is a torus and r is equivalent to the modular parameter of the 
torus, i.e. the ratio of the periods of the torus. Then one can use the global geometric property 
of the torus and the electric-magnetic duality to determine r. Before going into the details of 
determining r, we first see how the SO{Nc) symmetry spontaneously breaks to SO{2)=U{l). 

The spontaneous breaking from SO{Nc) to S0{2) is not straightforward, since there are the 
two special groups SO (4) and SO (3) between them. The breaking pattern should be as follows: 
first the breaking SO{Nc) — > SO{A)^SU{2)xxSU{2)y occurs; then SU{2)xxSU{2)y — > 
SU{2)^SO{3); finally SU{2) breaks to C/(l). 

The first step can be taken by considering the region of the moduli space where A'c — 4 
eigenvalues of (M^^) become large, breaking the SO{Nc) theory to a low energy S0{'i)=SU{2)x 
xSU{2)y theory with two light fiavours {Nf = 2) in the fundamental representation (2,2) of 
the low energy gauge group. Matching the running gauge couplings at the scale (M*-') gives the 
relation between the high energy dynamical scale and the low energy scale, 

2 = = ,T:f (5.3.46) 

^'2 det'M2iVe-4 Uh ^ ' 



Eq. (I5.3.46D is the A"/ - 4 fiavour generalization of ( |5.2.15D and ( |5. 2.171 ). C/'/f= det' M2Ar,_4 
means the determinant for Nf — 4 heavy flavours, or equivalently, the product of the A'c — 4 
large eigenvalues of M*-^. Explicitly, the SU{Nf = 2) invariant combination of two light flavours 
in the low energy SU {2) x x SU {2)y theory is 
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where Mfg are the SU{2)x xSU{2)y singlets, 



Mfg = QfQa=lQf,a,a,QgAP,e'''"'ef''''\ f,g = 1,2; = ft = 1,2. (5.3.48) 

The second step SU{2)xx SU{2)y — >SU{2) can be performed by considering the hmit of 
large U and taking one eigenvalue, say Mn, large. Then the gauge symmetry is broken to 
SU{2)d, with the light flavour (52,o/3 decomposing into an SU{2)ci singlet S (i.e. in the trivial 
representation) and a triplet (()d (i.e. in the adjoint representation) ITT 



Q2 = (t>d® S. (5.3.49) 



( 5.3.49 ) and the definition M22=Q2 ■ Q2 niean that 



U 



eC/. (5.3.50) 



The subscript d indicates that this SU (2) is a diagonally embedded subgroup of SU {2)x x SU (2)y . 
This index will be omitted later. Integrating out the heavy flavour, we obtain the low energy 
SU{2)d theory. According to ( 5.2.17] ), the relation between the low energy dynamical scale 



and the intermediate dynamical scales A<j , s = X, y is 



A.^i^. (5.3.5, 



Now we have an SU{2) theory with a triplet (f). It is very similar to the N = 2 Seiberg- 
Witten model except for two extra gauge singlets (Mn and another one from Q2)- The last step 
SU{2) — >U{1) is induced by the scalar potential of a = 1,2,3. This is a standard Higgs 
mechanism. Therefore, we can use the Seiberg-Witten method to determine the low energy 
effective coupling in the Coulomb phase. There already exist several excellent reviews on the 



Seiberg-Witten solution [90|, here we only repeat the main points. 



Seiberg-Witten algebraic curve solution 



The scalar potential of = 2 supersymmetric SU{2) Yang-Mills theory is 

V{ct>) = -^m^ D'^ = [<pl <pr. (5.3.52) 

Classically, like in supersymmetric QCD, there is a Ur{1) symmetry, under which the gaugino 
A, the triplet (p and its superpartner ■0 transform as 

A — >e*"A; (j) — >e*2°</,; ^ — .e*"^. (5.3.53) 

At the quantum level, this symmetry is broken by a gauge anomaly, which is equivalent to a 
shift of the vacuum angle 6, 

9 — >e - 2Nca - 2Nca = 9 - 8a. (5.3.54) 
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The shift of 6 by 27r is still a symmetry of the theory since the generating functional is invariant. 
Thus at the quantum level the Uf(,{l) symmetry reduces to a discrete symmetry 

A — .e^'^/^A; </)^e*^/V; V^^e^^^V- (5.3.55) 

In the moduli space of the vacua, the scalar potential vanishes, but may be non-vanishing. 
This will break SU{2) to U{1), and as a consequence, the theory will be in the Coulomb phase. 
One can choose 

(/) = a6^^ (5.3.56) 

by a gauge rotation with a being a complex number. The parameter labelling the moduli space 
will be the gauge invariant chiral superfield 

u = = Tr((/)2) (5.3.57) 



rather than a. The discrete symmetry (5.3.55) is realized on u as a Z2 symmetry, 

u — ^e'^'u = -u. (5.3.58) 

In the BPS limit all the particles including the gauge bosons, monopoles and dyons have a 
universal mass formula: 



m 



V2\Z\, Z = arif. + aonrm (5.3.59) 



where and are the electric and magnetic charges carried by the particle. rieT^O, rim = 
corresponds to the usual electrically charged particles; rim/O, = corresponds to the magnetic 
monopoles and 71^7^0, Ue^O to the dyons. In the weak-coupling region, 

a£) = Ta, (5.3.60) 

the subscript D indicating the dual variable. Since there exists an electric-magnetic duality in 
the Coulomb phase, the duality transformation maps 

a < — > an, T{a) < — > ^=Tn, (5.3.61) 

r(a) 

which is a typical feature of electric-magnetic (S-)duality, i.e. the strong and the weak couplings 
are exchanged, while the mass spectrum of the particles remains the same. Notice that there 
exists another invariance of r, 

r — >T + 1, (5.3.62) 

since this means, from Eq. (|3.1.3|) , the vacuum angle is shifted by 27r and hence the generating 
functional remains unchanged. 

The transformations ( 5.3.6l| ) and ( 5.3.62 ) of r can be implemented on (a, a^))^ by the ma- 
trices 



131 



These matrices generate the group SL{2, Z), under which r is transformed as 

ar + 6 




cr + d' 



a,b,c,dGZ; ad — bc^O. (5.3.64) 



One immediately recognizes that the invariance of r is the same as the modular invariance 
of one-loop amplitudes of strings This fact gives a hint that r can be interpreted as the 
modular parameter of a certain torus. Seiberg and Witten proposed the following formula |90t| 

dan 



da 

We will see that and a can indeed be regarded as the two periods of a torus. 



(5.3.65) 



( 5.3.40 ) implies that when a is large, the SU{2) theory is weakly coupled. Hence r can 
be determined perturbatively. Since the one-loop beta function coefficient /3o = 4 for = 1 
SU{2) gauge theory with a triplet matter field, one can according to ( ^.3.4Cl| ) write down the 
holomorphic relation between r and u as 

t(u) = — In-^. (5.3.66) 

In the region of the moduli space corresponding to strong coupling, there is not only the one- 
loop perturbative contribution, but also the non-perturbative corrections from instantons. This 
makes the u-dependence of r quite complicated. Fortunately, as Seiberg and Witten did [Q, ^, 
one can use the geometric structure of the quantum moduli space to determine t{u). 
At large u t{u) is a multi- valued function, 

t{u) = -\nj^ + i2k7r, k = 0,±1,±2, ■ ■ ■ , (5.3.67) 

i.e. for each point u in the moduli space, there exists an infinite number of t(u). From complex 
analysis we know that to make the correspondence between t{u) and u one-to-one, we must cut 
the u-plane along a line connecting two branch points. For example, both u = and ^ = 00 are 
branch points of ln(ii/A^), we cut the u-plane along the positive real axis. The moduli space 
divides into branches and t{u) will be a single-valued function on each branch. These branches 
can be glued together by identifying the lower lip of the previous branch with the upper lip of 
the next branch and the lower lip of the last branch with the upper lip of the first branch. The 
complex surface obtained in this way is called the Riemann surface of the moduli space, and 
t(u) will be a single valued function on this Riemann surface. 

Seiberg and Witten found the exact solution of t{u) by determining the singularity structure 
of the above Riemann surface, and we shall follow their reasoning. Later Flume et al showed that 
their solution is unique assuming only that supersymmetry is unbroken and that the number 
of singularities in u is finite |9^. They started from the solution ( |5.3.66| ) for t{u) at large u. 
( |5.3.65 ) and ( 5.3.66| ) imply that in the weak coupling limit, 

2i a 2i 

qd = — oln-; a. (5.3.68) 

vr A vr 

Since u = 00 is a singular point of r(u), moving along a closed path around u = 00 [| shifts In u 

by 

Inii — >h).u + 2m (5.3.69) 



It is a large loop around u = Q, but we consider the region outside the loop. 
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and hence 



In a — > In a + ivr (5.3.70) 

due to u = a^. Such a transformation of a complex function around a singularity is cahed a 
monodromy. From ( 5.3.681) and ( 5.3.701 ), we have 



af) — > —CLD + 2a, a — > —a. (5.3.71) 
Therefore, there exists a non-trivial monodromy at infinity on the Riemann surface, 



Moo={ ^ 1 = PT-', (5.3.72) 




where T is the generator of the SL{2,Z) group given in ( 5.3.631) and P is the element —1 of 
SL{2,Z). 

This non-trivial monodromy at n = oo implies that there must exist other monodromies on 
the n-plane. Equivalently speaking, t{u) has a branch point at large u, requiring further branch 
point or points in the interior of the u-plane, corresponding to strong coupling of the theory, 
since now u is finite and non-perturbative effects have already become noticeable. 

Now let us analyze these extra singularities. Due to the discrete symmetry u — > — n, singu- 
larities of the moduli space must emerge in pairs, i.e. for each singularity at u = uq, there must 
exist another one at u = —uq. If there are only two singularities, they must be u = oo and u = 
since they are the only fixed points of the Z2 symmetry. We have already seen that n = 00 is a 
singularity and that it corresponds to the weak coupling limit of theory. Since the monodromy 
around is the same as the monodromy around 00, Mq = -^oo, n = is not affected by any 
monodromy and hence u would be a global coordinate of the moduli space. Consequently, t{u) 
would be an analytic function on the moduli space, and its imaginary part ImT(it) ~ l/fl'eff 
would be a harmonic function due to the Cauchy-Riemann equation 

d,d^lmT{u) = 0. (5.3.73) 

Since the Laplacian dzdz is a positive definite operator, ( ^.3.73| ) means that Imr(n) cannot be 
positive definite everywhere on the moduli space. Therefore, there must exist regions in the 
moduli space where the low energy effective gauge coupling g^s ~ 1/Vlnir becomes imaginary. 
To avoid this unphysical conclusion, there have to exist at least two singularities in the interior 
of the moduli space [Q. So we can consider three singularities, i.e. 00, uq and —uq for some 
uqj^O. u = will not be a singular point, although its existence respects the Z2 symmetry. 

What is the physical interpretation of the singularities at u = =buo? Classically, u = is 
a singular point since classically this means a = 0, or that the full gauge symmetry SU(2) is 
restored and no Higgs mechanism occurs. The massive gauge bosons and their superpartners 
become massless. However, there is no singularity at u = in the quantum moduli space. 
The singularities at -u = ztug do not imply that the gauge bosons become massless. This is 
because the theory at u = ztuo is in the strong coupling region. The existence of massless 
gauge bosons would imply an asymptotically conformal invariant theory in the infrared limit, 
but conformal invariance implies that the dimensional parameter u = (Trc/)^) = 0. This is 
obviously inconsistent. Therefore, the singularities at u = zttto do not correspond to massless 
gauge bosons. Seiberg and Witten found that the singularities at u = ituo in fact correspond to 
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massless magnetic monopoles and dyons. According to the BPS mass formula il, the 

mass of the magnetic monopole is 



= 2\aD\ . (5.3.74) 

Thus a massless magnetic monopole will give ao = 0. If we choose to vanish at uq, i.e. that 
the magnetic monopoles become massless there, we will see that at the singularity u = —uq the 
dyon becomes massless. From the Montonen-Olive duality conjecture, the magnetic monopole 
hypermultiplet couples to the dual fields of the original N = 2 photon supermultiplet, and the 
dynamics is exactly the same as that of the N = 2 supersymmetric QED with massless electrons. 
The magnetic coupling is weak due to the electric-magnetic duality and hence the perturbative 
method can be adopted. From the one-loop beta function of the N = 2 supersymmetric Abelian 
gauge theory with a massless hypermultiplet, the magnetic coupling should run according to 

,±,o = |. (5.3.75) 

Since the scale ^ is proportional to and 47ri/[(^|)(a£i)] is td when = OQ, then near u = uq 
(or near a£) =0) we have 

d i i 
an-: — TD = ; td = Ina^. (5.3.76) 

aai) TT vr 



(|5X6lD and (|5X65D lead to 

Tn = — 



rD = -4^, (5.3.77) 



which can be integrated to give a near u = uq, 

% % 

o = Oo H — a_Dlna£) a^- (5.3.78) 

TT vr 

Since a£)(uo) vanishes, in the vicinity of uq, o-d should be a good coordinate like u and depend 
linearly on li, so we obtain 

OD = c^iu - uo); 

1 X 

a = Oo H — co(u — uq) ln(n — uq) cq ln(u — uq). (5.3.79) 

vr vr 

From these expressions, we immediately read off the monodromy matrix as u turns around uq 
counterclockwise, u — uq — >e*^'^(n — uq), 

M„„ = ( ? ) =ST^S-\ (5.3.80) 



*Note that supersymmetric QED, unlike supersymmetric QCD, does not allow a non-vanishing vacuum angle, 
except if it is embedded into a larger gauge group. 



134 



The monodromy matrix at u = —uq is easy to find. Since there are only three singularities, the 
contour around u = oo can be deformed into a contour encircling uq and a contour encircling —uq, 
both being counterclockwise and having same base point. The factorization of the monodromy 
matrices gives 

M^ = Mu,M.u,. (5.3.81) 

and hence 

M.u, = I2 3 ) = iTS)T\TS)-\ (5.3.82) 
The physical interpretation of the singularity at u = —uq can be found from the way the BPS 



mass formula ( 5.3.59 ) transforms under the action of the monodromy matrix. We write the 



central charge Z as 



Z = {nm,ne)\ . (5.3.83) 



a 




The monodromy transformation 

(5.3.84) 

can be equivalently thought of as changing the magnetic and electric quantum numbers as 

{nm,ne) — >{nm,ne)M. (5.3.85) 

The state with vanishing mass should be invariant under the monodromy and hence should be 
a left eigenvector of M with unit eigenvalue. For the singularity uq, we have assumed that it 
corresponds to massless monopoles, so the monopole (1,0) should be a left eigenvector of Muq 
with unit eigenvalue. It is easy to check that the left eigenvector of M-^g with unit eigenvalue 
is {rim, ne) = (1,-1). This is a dyon since both the electric and magnetic charges do not vanish. 
Thus the singularity at —uq can be interpreted as being due to a (1, —1) dyon becoming massless. 
The general monodromy matrix corresponding to a massless dyon (nm,ne) is 

One special point should be emphasized. Since M^p M_„q 7^M_u(, M^p the monodromy re- 
lation ( p. 3. 81 ) seems not to be invariant under uq — > — uq. This does not contradict the Z2 



symmetry, since we have not indicated the base point in defining the composition of two mon- 
odromies. Assume the composition M„(,M_„„ happens in the base point u = P, then another 
choice of base point u = —P will lead to 

Moo = M_„„M„„. (5.3.87) 

Then from (|5X72|) , (Isls^) and ( ^A87|) we get the monodromy 
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one of whose left eigenvectors with unit eigenvalue is the dyon (1,1). The symmetry on the 
quantum moduli space not only exchanges the singularity, but also exchanges the base point P, 
hence 

Mu,,M_u^^M.u,,Mu,,. (5.3.89) 

At the same time the (1, —1) dyon is exchanged with the (1, 1) dyon. 

Using the monodromy corresponding to the fundamental monopole or dyon, one can con- 
struct the monodromy corresponding to the composite dyon [|^, ^. For example, turning first 
Ue times around cxd, then around — lioi and then rig times around oo in the opposite direction, 
we obtain the monodromy 



M-"'=M„„„M^- = r-2"-(r5)T2(r5)"^r2"= 

/ -l-4ne 2 + 8ne + 8n2 
~ i -2 3 + 4ne 



M(l,-l-2ne), (5.3.90) 



which corresponds to a massless dyon with = 1 and any n^. G Z. Similarly, we have 

1 - 4np 




M(l,-l-2ne). (5.3.91) 



We know that a£,{u) and a{u) are multiple valued functions on the moduli space, and they 
are single- valued function on each branch with the branch points being at oo, uq and —uq, or 
equivalently, single valued on the Riemann surface of the moduli space. Since the value of no 
depends on the choice of renormalization scheme, one can always choose uq = 1. There are 
two approaches to determining a{u) and aoiu) and hence r exactly by (5.3.65). The first one 



is to look for a differential equation satisfied by a{u) and aoiu), since meromorphic functions 
with such singularities should satisfy the characteristic equations of the hyper geometric function, 
which is called the Picard-Fuchs equations 19^ . This method is straightforward and one can 
easily write the explicit forms of a(n) and ud^u) in terms of the integral representation of the 
hypergeometric function iQ, 

aD\u) = — / ax- 



TT J I \/x^ — 1 ' 

a{u) = ^ C dx^^S. (5.3.92) 

71" J-i yx^ — 1 

Consequently, the low energy effective coupling is given by 

daD{u)/du 

= . ( ■ (5.3.93) 

aa{u)/du 

However, Seiberg and Witten gave an indirect but theoretically more beautiful expression for 
above solutions — the algebraic curve of the Riemann surface of the moduli space ||^, |2|. They 
made use of the geometric structure of the Riemann surface of the moduli space in constructing 



the solutions. Here we shall only use the explicit expression ( 5.3.92 ) for the solution to under- 



stand the Seiberg- Witten construction. From ( 5.3.92| ), we see that the integrand has square-root 
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branch cuts with branch points at +1, —1, u and oo. The two branch cuts can be chosen from 
— 1 to +1 and from u to oo. The Riemann surface of the integrand is composed of two sheets 
glued along the cuts. If one adds the point at infinity to each of the two sheets, the topology 
of the Riemann surface is that of two spheres connected by two tubes, this is just a torus. How 
can we describe a torus, or more generally, an arbitrary Riemann surface quantitatively? We 
know that the torus is formed by the compactification of a complex plane, identifying 

z — > z + oji, z — > z + 0J2-, (5.3.94) 

with uj2/ijJi = T and Imr > 0. wi and uj2 are called the periods of the torus, r is the modular 
parameter of the torus, which determines the geometric structure of the torus. Two tori with 
modular parameters r' and r related by a SL{2, Z) transformation 

t' = - — , ad — bc=\, a,b,c,dGZ. (5.3.95) 
CT + d 

have the same geometric shape (i.e. are conformally equivalent) [^4|. ( ^.3.94| ) shows that the 
torus is in fact the coset space C/G of the complex plane C, with the group G consisting of the 
action on G 

z — > z + n + mr, r G C, Imr > 0. (5.3.96) 

A natural choice to describe a Riemann surface is to use the meromorphic functions defined 
on it. For a torus, a meromorphic function should be elliptic (doubly periodic) functions with 



periods 1 and r due to ( 5.3.96 ). A typical example is the Weierstrass elliptic function with 
periods 1 and r pSl, p^]: 



1 1 



n,m£Z, n,m/0. (5.3.97) 



(z — n — mr)2 (n + mT)^_ 
The function ^ satisfies the following differential equation 

e{z) = 4(C - ei)(C - e2)(e - es), (5.3.98) 

with 

ei = eQ), e,=e(0, ^3 = C(^). (5.3.99) 
£,'{z) is again an elliptic function and hence is another meromorphic function defined on the 



torus. If we define £,'{z)=y, x=^{z), the differential equation ( 5.3.98 ) can be written as 

y2 = _ e^)(^ _ e2)(x - es). (5.3.100) 



This is a plane cubic curve with the plane coordinates (x, y) being meromorphic functions |9£ 
In fact, every Riemann surface can be equivalently represented by such an algebraic curve. The 
domain of definition of an algebraic curve is a Riemann surface. Conversely, given an algebraic 
curve, one can immediately know what the Riemann surface is. The zero points of y are just the 
singular points of the Riemann surface. Therefore, a Riemann surface and its algebraic curve 
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are in one-to-one correspondence. For example, the plane cubic curve ( I5.3.100D shows that y 
has three zero points x = e^, i = 1, 2, 3, in the x-space. From ( ^.3.100 ) 



y = ±^4(x - ei)(x - e2)(x - 63), (5.3.101) 

This shows that y is a double-valued function on x-space. The branch points are obviously 
X = ej,oo. We choose one branch cut from ei to 62 and another one from 63 to 00. y is then a 
single valued function on the Riemann surface defined by joining the two sheets of the x-plane 
along the cuts. It is now easy to see that the Riemann surface is a torus. A torus has two 
independent non-trivial closed paths called cycles. The loop on the two-sheeted covering of the 
x-plane that goes around one of the two cuts corresponds to one of the cycles and the loop which 
intersects both cuts, i.e. the loop goes around 62 and 63 pairing into the second sheet for half 
of the way, corresponds to the other cycle. 

For the theory we are discussing, the singularities are at 1, —1 and 00 in the u-plane, and the 
corresponding Riemann surface is a torus, which, according to ( |5.3.100| ), should be parametrized 
by a family of curves with the parameter u, 

y"^ = {x-l){x + l){x-u). (5.3.102) 

The periods ao{u) and a{u) of the torus represented by this algebraic curve and hence t{u), 
as argued by Seiberg and Witten, can be found as follows Q. First, a torus is represented 
by two cycles, which we denote as 71 and 72. These cycles form a local canonical basis for the 
first homology group Hifi(T,C) of the torus, or equivalently, the first homology group of the 
curve, T denoting the torus or the algebraic curve family. According to Stokes' theorem, one 
can construct a homotopy invariant by pairing an element in the first homology group with an 
element in its dual, the first cohomology group. Since aoiu) and a{u) should be liomotopic 
invariant, we define 



aD= f X, a = f X, (5.3.103) 

where A is an element of the first cohomology group H^'^{T, C). As H^'^(T, C) is two-dimensional, 
its basis must be provided by any two linearly independent elements. One typical choice is 

dx , xdx 
Ai = — , A2 = . 5.3.104 

y y 

In general, A should be a linear combination of the above basis elements with u-dependent 
coefficients, 

A = ai(n)Ai + a2(n)A2. (5.3.105) 

In addition, A must be a form with vanishing residue so that, on encircling a singularity, a/j and 
a transform in the way that 71 and 72 transform under a subgroup of SL{2, Z). Especially, the 
physical requirement Imr > must be satisfied. (5.3.93) and ( 5.3.103| ) give 



dap/du dap _/^^_/^ ^^q. 
da jdu ' du jty^ du ' du du 
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On the other hand, on a torus defined by the above curve there exists a natural definition for 
the periods, 



Ai 



1,2, 



7i 



and the modulus parameter 



b2 



should possess the fundamental property Imr„ > 0. Therefore, one can choose 



dX 
du 



f{u)\i = f{u) 



dx 



with f{u) a function of u only. Then we get 



dao/du 
da/du 



hi 

02 



dx/y ' 



(5.3.107) 



(5.3.108) 



(5.3.109) 



(5.3.110) 



which naturally satisfies Imr > 0. The reverse is also true, i.e. if Imr > everywhere, then 
T = Tu and A satisfy ( 5.3.109|) and ( sTS-llOj). The function f{u) can be determined by demanding 
the asymptotic behaviours (|5.3.6^ ), (|5.3.79|) of a/j and a near = 1, — 1, oo, 



Therefore, with (|5.3.102| ) and (|5.3.111| ), one can integr ate (15.3.1091 ) over u and get 



27r 



zdx 



27r x2 



-dx. 



We finally have from ( ^.3.1061) 



\/2 / 



X — u 



71 



27r ^ 



1 



dx, 



^/2 / 



x — u 



72 



27r ^ 



1 



dx. 



(5.3.111) 



(5.3.112) 



(5.3.113) 



Deforming the cycles 71 and 72 continuously into the branch cuts, we immediately get (5.3.92), 
the same result as obtained from the differential equation approach. 

Since the Riemann surface and the algebraic curve are exactly in one-to-one correspondence, 
and given a Riemann surface, its modulus r is fixed up to an SL{2, Z) transformation, one can 
conveniently use the algebraic curve to represent the solution of the low energy effective theory 
in the Coulomb phase. 

The Seiberg-Witten method can be naturally generalized to the case with matter fields, i.e. 
N = 2 supersymmetric QCD The matter fields belong to = 2 hypermultiplets, which are 
pairs of A'" = 1 chiral supermultiplets (Qj, Qi) in the fundamental representation of the gauge 
group and its conjugate (i = 1, • • • , A^'j is the fiavour index) 97|. In = 1 language, the 
classical Lagrangian consists of the standard coupling of the N = 2 gauge supermultiplet to Qi, 
Qi, plus the following superpotential 



W 



Nf 



Nf 



i=l 



(5.3.114) 
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$ is the = 1 chiral supermultiplet part of the N = 2 gauge supermultiplet, since an = 2 
gauge supermultiplets is composed of an = 1 gauge supermultiplet (gauge fields and gaugino) 
and A'^ = 1 chiral supermuhiplet in the adjoint representation. The classical moduh space of 
the vacua will be determined by both D-flatness and F-flatness conditions. There are two types 
of possible solutions to these conditions ||2|. The first type leads to a Coulomb branch of the 
moduli space with the expectation values of the scalar components of ^, Q and Q satisfying 



{Q,) = {Ql) = 



(5.3.115) 



The second one gives a Higgs branch in the moduli space in the massless case {mi = 0) with ^ 



(cl>) = 0, (Q,) = (Q!)/0, 



1, 



,k<N 



Nf>2. 



(5.3.116) 



We are only interested in the Coulomb branch. To ensure that (n^, ne) are both integers even 
in the presence of matter fields, one should rescale the electric charge Ue by a factor 2 and 
simultaneously divide a by 2 so that the BPS mass spectrum = 2\aDnm + a?^eP remains the 
same. This rescaling can be thought of as a transformation 



(5.3.117) 





Consequently, the monodromy matrix will transform as 





(5.3.118) 



Therefore, in the new convention the monodromy matrices ( ^.3.72| ), ( |5.3.80 ) and ( |5.3.82 ) with 
A^/ = are 




MO 




-1 



(5.3.119) 



With these new monodromy matrices the algebraic curve corresponding to ( ^.3.102 ) becomes 
i0 



X 



o A 4 

ux H — A X, 
4 



(5.3.120) 



where uq = was chosen. The curve ( 5.3.120| ) describes the same physics as the curve ( ^.3.102|) . 
However this curve is more general since it can be applied to the case of matter fields. Thus, 
one usually adopts the curve solution of the form ( ^.3.120 ) even in the case A'^^ = 0. The branch 
points of the moduli space are the zeros of the plane cubic curve ( 5.3.120| ) 



X 



0, 



x± 



— (u — ^/v? 
2 V 



A4 



(5.3.121) 



For Nf — 0, 1, the moduli space has no Higgs branch. When Nf — 2, there are two Higgs branches in the 
moduh space, which coincide with the Coulomb branch at the origin of the moduh space. These two branches 
are exchanged by a parity-like symmetry. For Nf>3, there is only one Higgs branch, which meets the Coulomb 
branch at the origin of the moduh space 
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together with the point at infinity. The natural choice for the two branch cuts is and 
(0,00), and the Riemann surface of course remains a torus. When two branch points coincide, 
one cycle of the torus will vanish and hence the torus will become singular. This can be related 
to the singular points in the w-plane, where there will exist massless particles. Two solutions 
of a cubic equation can coincide only when the discriminant A vanishes. For a general cubic 
equation 

+ Bx'^ + Cx + D = 0, (5.3.122) 

the discriminant is 

A = — (b'^C^ - 4C^ - 4B^D + 18BCD - 27D^) (5.3.123) 



108 

The discriminant for the algebraic curve ( |5.3.12[)| ) is hence 

A(n) = — (n^ - A^)A^. (5.3.124) 
16 

Therefore, the torus will become singular at n = itA^, the zeros of A{u). Massless monopoles 
and dyons will exist in these two singular points. 

In the Coulomb phase Seiberg and Witten worked out the explicit algebraic curve solutions 
for Nf = 1, 2, 3 using a similar method as in the Nf = case 

In summary, in the Coulomb phase, we can get insight into the dynamics by determining the 
effective gauge coupling t{u) with u = {Trtp'^) being the coordinate of the moduli space, while 
t{u) is indirectly given by a family of elliptic curves parametrized by u. Prom the algebraic 
curve, one can determine the Riemann surface of the moduli space and its periods aoiu) and 
a{u), and hence the t{u) through ( |5.3.93| ). In particular, the singular points in the moduli space, 
which will lead to a singular Riemann surface, correspond to the zeros of the discriminant of 
the vanishing elliptic curve. There exist massless particles in these singular points of the moduli 
space. 

Now we go back to the theory at hand. In the Coulomb phase the effective gauge coupling 
at large U is given by the curve ( |5.3.120 ), 



in which U is the light field 



y^ = x^-x^U + ^Ajx, (5.3.125) 



~ 2U 

U={TrcP^) = -—, (5.3.126) 
Mil 



where we have used ( 5.3.50 ), and the factor 2 comes from taking the trace. Considering the 
relation ( 5.3.126| ) and rescaling y — > (Mii/2)^''^ y, x — > (Mii/2) x, we write the curve at large 



U as 

y'^ = x^ -x^U + xA%A^. (5.3.127) 

Using this asymptotic solution, we can find the exact curve solution. We first assume that the 
exact solution has the general form of a plane cubic curve, 

= x^ + ax'^ + f3x + j. (5.3.128) 
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The coefficients a, f3 and 7 are functions of U, the gauge couphng and the scales A^, Ay. There 
exist some important constraints on them H, 13]: 



1. In the weak coupling limit A = 0, the curve should give a singular Riemann surface for 
every U, i.e. the curve should vanish. So generally one can assume that the curve should 
be of the form 



Uq = x'^{x — L'"),when A = 0. 



(5.3.129) 



2. a, [5 and 7 should be holomorphic functions in U and the various coupling constants, since 
this guarantees that r is also holomorphic in them. 



3. The solution expressed by the curve (5.3.127) should be compatible with all the global 
symmetries of the theory including the discrete symmetry and those explicitly broken by 
the anomaly. 

4. In various limits we should get the curves of the models obtained in the corresponding 
limit. 

5. The curve should have the correct monodromies around the singular points. 

We use these constraints to determine the coefficients. The global flavour symmetry SU{2)f 
and the discrete symmetry Z2 as well as the large U limit ( 5.3.127] ) show that the coefficient a 
must be [ITll 



a = -U + 5{k\ + Af-) 
with 5 being some constant. In addition, the asymptotic form at large U gives 

f5 = K\K\., 7 = 0. 



(5.3.130) 



(5.3.131) 



This choice also ensures that the curve is singular when either Ax or Ay vanishes. So the exact 
curve solution should be 



y 



-U + 5{h.\ + K\^] 



X + A^AyX. 



(5.3.132) 



To determine the parameter 5, we consider the limit Ay^Ax- In this limit the theory is 
approximately an SU{2)x gauge theory with three singlets Mjg, f,g = 1,2 and a triplet field 



This model is just the N 



f 



Nr 



2 case of the low energy super symmetric SU{Nc) QCD 



with A'^^ flavours. From the discussion in Sect. 3.4.2, the quantum moduli space is parametrized 
by V with the constraint ( ^.4.52| ). So here we have 



(5.3.133) 



where /i is a dimensional normalization necessary for making the dimensions right. The low 
energy Coulomb phase of SU {2)x with a triplet (/> is just the Seiberg-Witten model, whose exact 
solution is given by the curve ( 5.3.125| ). Its branch points (5.3.121) and the discriminant ( ^.3.124 ) 



show that the solution is singular at f7 = ±A^ since two branch points coincide. Therefore, for 
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SU{2)x with the matter fields containing not only cf), but also Mjg, and considering ( ^.3.125 ), 
the r of this SU{2)x theory should be singular at 



U^K^±I?K\ (5.3.134) 
in the Ay^Ax limit. On the other hand, the discriminant of the curve ( ^■3.1321) IS 



A = (AxAy)^ 

108^ ' 
and hence the curve is singular at 



(5.3.135) 



(5.3.136) 



Comparing (5.3.134) with ( 5.3.135| ), we find that 5 = 1. So finally we obtain the solution in the 
large U limit, 



{-0 



+ A^ + At- ) + 



Usually, for convenience of discussion, we rescale A<j 
( |5.3.137 ) is rewritten as 



\/2A„ 



x-' + [-U + 4A3f + 4Af^ ) + 16A^ A|.x 



(5.3.137) 
X, Y. Then the curve 

(5.3.138) 



Expressing ( 5.3.13^ ) in terms of the original high energy scale ( |5.3.46 ), using (5.3.47) and rescal- 
ing 



y — 'U^^'^y, X — >Uhx, 



we have 



x^ + -C/ + 8A 



2Afc-4 



X -t- iUYV^ jy 2-^) 



(5.3.139) 



(5.3.140) 



where the relation ( ^.3.46| ) was used. It should be stressed that ( 5.3.140| ) is the curve where U 
is large enough to compare with the scale A^''^'^_2. The exact curve solution should reproduce 
it in the large U limit. As Seiberg and Witten did ||l], assuming that the quantum correc- 
tions to ( ^.3.140 ) are polynomials in the instanton factor A'^''^^_2, as implied by ( 5.3.44 ), the 
holomorphy and the various global symmetries prohibit any corrections to ( 5.3.14[1| ). Therefore, 
the curve ( p. 3. 140 ) is an exact solution |15]. 

We can now discuss the physical consequences. First the branch points given by the curve 
are x = 0, cxd and 



x± = - 
2 



2Afc-4 > 
Nc,Nc-2) 



U-8A%y^_,±^U{U-16A 
According to ( 5.3.109|) and (^.3.110 ), the periods of the torus are 



(5.3.141) 



aniU) 



dx 



x^ + x^ 



Nc,Nc-2 



a{U) 



(-[/ + 8A 
dx [x{x — x+)(x — x_)]^^^ , 
dx [x{x — x+)(x — x^y^^'^ 



1/2 



(5.3.142) 
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and the effective coupling is given by the ratio 



t{U) 



Ix. dx/y{x) 
Jo dx/y{x) 



(5.3.143) 



The singularities of the effective gauge coupling t{U) can be inferred from the vanishing of the 
discriminant 



-4 



64A 



Nc,Nc-2 



0, 



(5.3.144) 



which gives singularities at C/ = and U = 16A^''^^_2=C/i. The monodromy matrices around 
[/ = and U = Ui can be immediately obtained by observing the change in the asymptotic 
expansion form of a£){U) and a{U) near U = and U = Ui when taking U — > e^'^'^U. They 
are, respectively, [^] 



Mo = S-^TS 



1 
-1 1 



, Ml = {ST-^r^T{ST 




(5.3.145) 



up to an overall conjugation by T^. According to ( ^.3.861) and ( 5.3.145|) we can see that (1,0) is 
the left eigenvector of Mq and (1,-1) the left eigenvector of Mi. This reveals that there must 
exist massless monopoles or dyons in two subspaces (M*-^) = M* of the moduli space of vacua 
determined by det M* = or det M* = Ui . Note that the spaces of these singular vacua M* are 
non-compact. Ignoring the overall conjugation, which from (15.3.91 ) only shifts the electric 
charges of the monopole or dyon, we can consider that magnetic monopoles exist in the singular 
vacuum M* with det M* = and dyons in the singular vacuum M* with det M* = Ui . 

The number of massless monopoles or dyons existing in the singular vacua M* with det M* = 
or det M* = Ui can be detected from the monodromy of r upon taking M around M*. We will 
see that these two cases are different. Let us first consider the vacua with U = Ui. Since in this 
case U = f{M) = det M is a single- valued function in the M complex plane, moving M around 
M*, {M - M*)^e^^'^{M - M*) leads to {U - Ui)^e^^'^{U - Ui) and gives the monodromy Mi. 
From the above discussion, we know that this monodromy is associated with a single pair of 
dyons with magnetic charge ±1. At f7 = C/i the dyons are massless and away from U = Ui 
the dyons become massive. Thus the global symmetries, the holomorphy and mass dimension 
determine that the superpotential near Ui should be 



W = {U -Ui 



l + O 



U-Ui 

^^Nc,Nc-2, 



(5.3.146) 



The situation for the singular vacuum M* with det M* = is more interesting, det M* = 
means that r < Nf with r being the rank of M*, so M* has Nj — r zero eigenvalues. Thus when 
taking M around a vacuum M* 
will behave as U^e^''^'^^!-''^U . 



{M - M*)^e^"{M - M*), the complex function U = detM 



Since the transformation U^e U leads to the monodromy 



Mq, the above transformation should yield the monodromy M^ 



Nf 



Therefore, there must exist 



Nf — r pairs of massless monopoles in the vacuum parameterized by (M) = M* with M* having 
rank r. This requires the superpotential for Nf pairs of monopoles qf and q[ with magnetic 
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charge ±1 to be of the form 




W=-f\t = 1 M^^qtqi, (5.3.147) 

where f{t) should be holomorphic around t = and normahzed as /(O) = 1. The scale // is 
introduced to ensure the correct dimension 3 of the superpotential because M has dimension 2 
and qf^ has dimension 1. The superpotential automatically makes Nf — r monopoles massless 
at M* since it has rank r. In addition, to make the above superpotential respect the global 
flavour symmetry SU{Nf) and i2-symmetry, the monopole qf^ must belong to the conjugate 
fundamental representation Nf of SU{Nf) and have i?-charge 1. 

The magnetic monopole and dyon are the left eigenvectors of the monodromy matrices at the 
singularities obtained from the curve solution ( 5.3.140I ). Considering the various representation 



quantum numbers of of the electric quark Q and the magnetic quark q under the global symmetry 
SU{Nf)xUii{l) and their electric and magnetic charges, one can regard the dyon E as the bound 



state of the electric quark Q and magnetic quark q \15] 



~ qfQ"- (5.3.148) 

This construction can be checked from the left eigenvectors of Mq and Mi. 

In addition, there exists a massless supermultiplet left by the breaking SO{Nc) — >S0{2)=U{1) 
in the Coulomb phase, i.e. an = 1 low energy (effective) photon field, whose field strength 
is a chiral superfield Wo and which can be given a gauge invariant construction on the moduli 
space of vacua in terms of the fundamental fields, 

W„~e,,i,..,^^_,e-'-^'^- ---^(I^o),,Qj.iQ;V ■QiZ-l^W^Q)''^-'- (5.3.149) 

Later we will see that a similar relation also exists in the non-Abelian Coulomb phase. 

The reasonableness of the above massless particle spectrum is supported by two non-trivial 
consistency checks. The first one is still 't Hooft anomaly matching. At the origin (M) = 
of the moduli space of vacua, the global symmetry SU{Nf)xUji{l) is unbroken like in the 
SO{Nc) theory. The massless particle spectrum consists of the meson field M^^ , the photon 
supermultiplet with the field strength ( 5.3.149| ) and the monopole pair qf^ associated with the 



singularity U = det M = 0. Let us check whether the 't Hooft anomalies contributed from 
this low energy massless particle spectrum match those contributed by the massless funda- 
mental quarks as listed in Table ( ^.3.4 ). The contributions from massless M*-' have already 



been collected in Table (5.3.5), so we need only consider the contributions from the fermionic 
components of the qf^ and the photino. (5.3.149) shows that the i?-charge of the photino Aw is 



1 -|- {Nf + 2 — Nc) {Nc — 2) /Nf = 1 for Nf = Nc — 2. The relevant currents and energy-momentum 
tensors are listed in Tables ( ^.3.7]) , (|5.3.S| ) and the corresponding anomalies in Table (|5.3.9|) . 

Adding the contributions from the low energy particles to the contributions from the field 
M given in Ta ble (|5^ ), one can see the anomalies indeed match the high energy anomalies 
given in Table (jS^Sj) for Nf = Nc-2. 



Another check is to verify that the decoupling of a heavy flavour will yield the description of 



the Nf = Nc — 3 case discussed in Subsec. |5.3.3| . Without losing generality, we choose the Nf-th 

flavour to be heavy by adding a large mass term Wtree = rnM ^J2. There are two branches in 
the moduli space, a branch with detM* = \J\ and a branch with detM* = 0. We first discuss 
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SU{Nf) 


Ur{1) 









Aw 


1 





Table 5.3.7: Currents composed of the fermionic components of monopole and photino corresponding 
to the global symmetry SU{Nf)xUR{l). 















Aw 


i/4 


(Awo"//V,,Aw V,,A^W(7^Aw) + {/J- * — ^ i^) 





Table 5.3.8: Energy-momentum tensor contributed by the fermionic components of q^ and the photino; 



Triangle diagrams and 


't Hooft anomaly 


gravitational anomaly 


coefficients 




1 


SUiNf)''^ 


-2Tr(t^0^,t^'}) 


SUiNfYURil) 





URil) 


1 



Table 5.3.9: 't Hooft anomaly coefficients. 
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the branch with detM* = Ui. According to ( |5.3.146| ), the full superpotential near U = Ui with 
the above large mass term is 

W = {U - Ui)E+E- + ^mM^^. (5.3.150) 



Integrating out M by its equation of motion 



gives 



om ivi 



(E+E-) = (5.3.152) 

2detM 



where M denotes the mesons for the remaining Nj — 1 = Nc — 3 flavours. Obviously, the non- 
vanishing expectation value ( 5.3.152| ) of {E^E~) has made the electric charge confined. Since 



E^ are a pair of dyons, according to the discussions in Sect.|2.4|, this phenomenon is just the 



oblique confinement proposed by 't Hooft. The low energy superpotential at U = Ui is 

W = -mM ^ = ^ = 8 ^"'^ \ 5.3.153) 

2 2detM detM 

Using the relation ( p.2.10| ) between the high energy scale and the low energy scale 

AjVc.Ar^-a, ( |5.3.153| ) is just the superpotential of the e = 1 branch of ( ^.3.26| ). 

As for the branch with detM* = 0, we add a large mass term for the A'^^-th flavour to 

( 5.3.147| ) . The classical equation of motion of M^^^ , 

dW 1 ^ + I df 1 detM m ^ o.r.x 



shows that {q^^)y^O and hence that the magnetic U{1) group is Higgsed. From the discussion in 
Sect. 2.4, the dual Meissner effects occurs and the original electric variables are confined. Due 
to the non-trivial function f{t) in ( ^.3.147 ) and the constraint from the magnetic U{1) D-teim, 
g+gflVbg-j 2, there is a difficulty in explicitly integrating out the massive modes. However, 



'61261 



from the classical equations for M j^^, , g^^, and qjy^ , one can see that the low energy massless 

modes are only M\ qi' and , i,j = 1, • • • , Nf — 1. Usually, for convenience of discussion, one 
defines the gauge invariant interpolating fields 



^= (q^Qn, - ^ ^Nt) (5.3.155) 



q^ = 

of q^ to replace q^ as massless modes. Considering the contribution from the magnetic U(l) 

i i 

D-term, one can get the low energy effective superpotential 

(detM)(M^^grq-)\ _ 




(detM)(M^^g^) 



.2(Af,-2) I -ii-ij 



M'^q^. (5.3.156) 
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This is just the superpotential of the e = — 1 branch of the low energy Nf = Nc — 3 theory given 
by ( 5.3.36 ). Consequently, according to ( ^.3.35| ) we have 



q. = A%-%_,b. = A%-^^^^_,{Qf^-\W'^W^), (5.3.157) 

i.e. the remaining massless monopoles can be identified as massless exotics (glueballs). Note 
that in ( ^.3.1561) f{t) depends on f{t) in ( [5.3.147] ), and the condition from the U{1) D-term is 
important in showing that a non-trivial f{t) leads to f{t). 

In summary, the physical phenomena in the branch with det M* = are very interesting. 
Upon giving a heavy mass to Q'^f , some of the massless magnetic monopoles qf^ condense and 
this condensation leads to the confinement of Qi. Especially, the remaining massless magnetic 
monopoles can be identified as massless exotics (glueballs). According to the discussion in 
Sect.^!^, this phenomenon was also observed in the SU{Nc) theories where massless magnetic 
quarks become massless baryons. So one can conclude that the following non-perturbative 
physical phenomenon is generic: some of gauge invariant composite operators such as baryons, 
glueballs and other exotics can be thought of as (Abelian or non-Abelian) magnetic objects. 

5.4 A^c>4, Nf>Nc - 1: Dual magnetic SO{Nf - iV^ + 4) description 
5.4.1 General introduction to magnetic description 

In this range, the infrared behaviour of these theories can be equivalently described by a dual 
magnetic theory. The reason we resort to a magnetic description is the same as in the SU{Nc) 
case: the "electric" mesons ( ^.1.14| ) and baryons (5.1.17) are not the appropriate variables to 



describe the moduli space of vacua and we cannot use them to construct a consistent dynam- 
ical superpotential. One can easily check that the 't Hooft SU{Nf)xUji{l) anomalies cannot 
match for the fermionic components of {Q,X) in the microscopic theory with those of {M,B). 
The matter field variables in the magnetic theory are the original "electric" variables M*-' and 
magnetic quarks g[ with the superpotential 

:^M^^q,.q, = ^. 

To ensure that W is SU{Nf)xUFi{l) invariant, qi must be in the conjugate fundamental repre- 
sentation of SU{Nf) and have i?-charge {Nc - 2) /Nf since the i?-charge of M is 2(A''/ -Nc + 
2)/Nf. The subscript r is the magnetic colour index. Note that the magnetic quarks cannot 



W = —M'^qi-qj = —M'^qgq]. (5.4.1) 



introduced from the baryons ( 5.1.17 ) as in the SU{Nc) case. Before we explain the role played 
by the scale fi, we first explain what the dual gauge group SO{Nc) is, which is not as easily 
found as in the SU{Nc) case. This gauge group is restricted by the requirement that is Ur{1) 
anomaly- free in the magnetic theory. Since the C^j?(l) charge of the magnetic gaugino A should 
be 1, so from the above assignments of the C^j?(l) charge to M and the magnetic quarks q-~, the 
anomaly-free Ur{1) current in terms of four-component is 

= - l) ^;77.75^,^ + r7.75A^+ ^^^^^^^?M7.75^M. (5.4.2) 

The dynamical vector current for this magnetic SO{Nc) gauge theory, i.e. the Noether current 
corresponding to global SO{Nc) gauge transformations, is 

jj = W~j,tI^^^~ + f^'^\,X^. (5.4.3) 
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The triangle diagram (j/j J^Jj^) gives the Ur{1) anomaly 




_}_ uuXp pa pa 
327r2 ''"^P 



nuXppa pa 
32^2^ ^M^-^Ap- 



(5.4.4) 



That U[i{\) is anomaly- free means that the above anomaly coefficient should vanish and hence 
we have Nc = Nf — Nc + 4. Thus the magnetic gauge group should be SO{Nf — Nc + -i) p5[] . 
This theory is asymptotically free since the one-loop f3 function coefficient is 



3(iVc -2)-Nf = 3{Nf - Nc + 4-2) - Nf = 2Nf -3Nc + 6> (5.4.5) 



because Nc'>4: and Nf>Nc — 1. The scale is introduced for the following reason. In the 
electric description the meson field M^^ = Q^-Q^ has dimension 2 at the UV fixed point g = and 
generally acquires some anomalous dimension at the IR fixed point. In the magnetic description, 
since now M is thought of as an elementary matter field, its dimension should be its canonical 
dimension 1 at the UV fixed point ^ = 0. We denote M in the magnetic description by Mm- 
In order to relate Mm to M of the electric description, a scale must be introduced with the 
relation M = fiMm- Later all the expressions will be written in terms of M and rather than 
in terms of Mm- 

Dimensional considerations show that for generic Nc and Nf the scale A of the magnetic 
theory should be related to A, the scale of the electric theory by 

A* A* = a3(^--2)-^/a3(^/-^c+2)-7V; ^ C{-l)^f-^^^i^f, (5.4.6) 
where C is a dimensionless constant which will be determined below. Like in the SU {Nc) gauge 



theory, the scale relation (5.4.6) has several consequences: 



1. It is preserved under mass deformation and along the fiat directions, in which spontaneous 
symmetry breaking occurs. The phase (— 1)-^/"-^= is necessary to ensure that this relation 
is preserved. 

2. It reveals that as the electric theory becomes stronger the magnetic theory becomes weaker 
and vice versa. 



q 



OC 



Nf-Nc 



(5.4.7) 



3. It implies that the dual theory of the magnetic description is identical to the original 
electric theory; 

4. Combined with the quantum effective action, it yields a relation between the gaugino 
condensations in both the electric and magnetic theories, AA = — AA. 

Now let us look at how the discrete symmetry behaves in the dual magnetic theory. The 
discussion in Sect. ^.1.1| shows that there exist discrete symmetries Z2Nf and Z2 generated by 
the transformation Q — >e*^'^/^^^-^^Q and the charge conjugation C, respectively. In the magnetic 
theory, due to the kinetic term of the gauge singlet M/fi and the superpotential (5.4.1) in the 
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classical action, the corresponding discrete symmetries is generated by q — >e~^'^'^/^'^^f^Cq and 
C, respectively. Note that the Z2Nf symmetry commutes with the electric gauge group SO{Nc) 
but does not commute with the magnetic gauge group SO{Nf — Nc + 4:) ||l5|| . 

Finally, it is worth seeing what the correspondences are in the magnetic theory for the gauge 
invariant chiral operators such as the meson, baryon and exotics used in the electric theory. 
The gauge invariant chiral operators appearing in the previous subsections, which can also be 
formally defined for Nf>Nc — 1 and Nc>4:, are collected in the following: 

[I\c 4j. 

Wi'-'"^-' = \ ^.. Wae''-'^^-^Q%^-- ■Q'?C=wt"''''^-'^. (5.4.8) 

Based on SU{Nf)xUji{l) symmetry, these operators should be mapped to the following gauge 
invariant operators of the magnetic theory 

> e ' -D[jjv^+i-i]v^]) 

^ ^ [«JVc-l---*iV,] 



where 



1 



bu.. 1 ^ ^6:r^...r.- ^ foriV/>iVe, 

[iNc — 3"''^N-'\ /AT AT , AM ^ri ■■■Vat ^ at \ 



The i?-charge of each "electric" operator in ( |5.4.g| ) is equal to that of its "magnetic" image, 
for example, the i?-charge of the baryon operator ijI^i'^ ^'Vc] of the electric theory is Nc{Nf — 

N, + 2)/Nf, while the iZ-charge of e'^-"^/6[i^^^^...i^^,] is 2 + {Nf- N,){N, - 2)/Nf = N,{Nf 



Nc + 2)/Nf. The mappings ( 5.4.9 ) show that the baryons of the electric theory are dual to 
the exotics of the magnetic description, and the electric photon supermultiplet is dual to the 
magnetic photon supermultiplet. 

The above is a general introduction to the dual magnetic description of supersymmetric 
SO{Nc) gauge theory in the range of colours and flavours, Nc>4: and Nf>Nc — 1. It is shown 
that the magnetic theory is a supersymmetric SO{Nf — Nf, + 4:) gauge theory with colour singlets 
M*-' and Nf magnetic quarks in the conjugate fundamental representation of SU{Nf). Since the 
gauge groups 50(3) and SO (4) are special, we shall in the following two sections give a special 
discussion of the magnetic SO (3) and SO {4) gauge theories, and then return to the general case. 
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SU{Nf) 


Ur(.1) 






(AT^ _ 2N, + 4)/Nf i;Z<^M 


^ qr 




{N,-2)/Nfe-%~a^i:l~ 


A 








Table 5.4.1: Currents composed of the femiionic components of the singlets M, magnetic quarks and 
the magnetic S0{3) gluino corresponding to the global symmetry SU{Nf)xUu{i)- 



5.4.2 Nf = Nc — I: Dual magnetic S0{3) gauge theory 

A'^^ = A'^c — 1 means that the dual magnetic description is an 50(3) gauge theory. The matter 
fields, as discussed in the general introduction, are the 50(3) singlets M*-' and the magnetic 
quarks q^^. Note that now the magnetic quarks belong to the adjoint representation of 50(3) 
due to the coincidence of the adjoint representation and vector representation of 50(3). We first 
introduce the dynamics of this case. Since from Table ( |5.1.1 ) the i?-charge of M^^ is 2/Nf for 



Nf = Nc — 1, the gauge invariant and SU{Nf)xUR{l) invariant superpotential consists of not 
only ( ^.4.1 ), but also of a term proportional to detM. Taking into account the mass dimension. 



the full superpotential should be of the form 

W = —M'^qi-q. J, , det M, (5.4.11) 

where f\i^<:^Nf=^<:-i ^^j^g dynamically generated scale and the normalization factor 2^ is chosen 
to make various deformations of theory consistent, as shown in detail later. The scale relation 
here is also different from the general case, since the one-loop (3 function coefficient of the 
magnetic 50(3) theory is = 6 - 2Nf, while for Nf = N^-l the factor yi{Nf-N,+2)-Nf -^^ 
the general scale relation ( p. 4. 6 ) is just A^~^-f ; thus here the scale relation should be something 
like the square of the general scale relation for Nf = Nc — 'i, 

where the normalization factor 2^^ is determined in the same way as the factor 2^ and will be 
explained later. 

At the origin of the moduli space (M) = 0, the matter fields M'^^ and qj^ and the 50(3) vector 
bosons of the magnetic theory are massless. Both the electric and the magnetic theories have the 
global symmetry SU{Nf)xUii{l). One can verify the reasonableness of this magnetic magnetic 
theory by checking whether its 't Hooft SU{Nf)xUFi{l) anomalies match those of the electric 
theory given in Table ( ^.3.4 ). The corresponding currents composed of the fermionic components 



and the energy-momentum tensors for the gravitational anomaly are listed in Table s (|5.4.1| ) and 
( 5.4.2| ), respectively, and the 't Hooft anomaly coefficients are collected in Table (|5.4.3| ). It is 



shown that by explicit calculations that for A'^^ = A'^c — 1 the 't Hooft anomalies in the electric 
and magnetic theories indeed match. 

A special point for the magnetic 50(3) theory should be mentioned. The one- loop /3- function 
coefficient, /?o = 6 — 2Nf implies that when Nf>3 this magnetic 50(3) gauge theory is not 
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T 




i/4 




) + (/^ ^ — ^ 






i/4 




A 


i/A 


|^(a%v,a«-v,a\a»^ 


+ (/i < — > u) 





Table 5.4.2: Energy-momentum tensor contributed from the fermionic component of M*-' , ql and the 
magnetic ^0(3) gluino; C[^] = i/2e^i^~a^V ^i^j ~ V^^^^'^V^), = 9^ - lokl^.t'''' /2, = 
i/4[CT^',a^] and CT^ = e-f^a^. 



Triangle diagrams and 
gravitational anomaly 


't Hooft anomaly 
coefficients 




{Nf + l){Nf - 2N, + 4)3/(2iV|) + iVc(iVc - 2f/N] 
+{Nf-N, + 4:)iNf-N, + 3)/2 


SU{Nf)'^ 


[(AT^ + 4) _ ^Nf -N, + 4)]Tr(i^{t^, t^'}) 


SU{NfrUR{l) 


2 [{Nf + 2)(iVj - 2iV, + 4)/Nf + (TV, - 2)/Nf] Tr(t^t«) 




(iVy - 2iV, + 4){Nf + 1) + Ar^(Af, - 2) 



Table 5.4.3: 't Hooft anomaly coefficients. 



asymptotically free. Consequently, the value 5 = of the magnetic coupling is the infrared fixed 
point and thus the theory is free in the infrared. The fields qi and M behave as free scalar fields 
and should have dimension 1. In this case the superpotential ( 5.4.11| ) does not exist and hence 
the infrared theory has a large accidental symmetry. When A'^^ < 3, the global symmetries 
(including the discrete symmetry Z^Nj) and the holomorphy around M = q = ^ determine 
that the superpotential ( 5.4. 11| ) of the magnetic theory is unique. Unlike ( 5.3.31 ) and ( ^.3.147 ), 
( 5.4.11 ) cannot be modified by a non-trivial function of the global and gauge invariants. In the 
following we shall see that the detM term of (5.4.11) is very important in properly describing 
the theory when it is perturbed by a large mass term or along the flat directions. In particular, 
without the detM term, the term M'^^qi-qj would possess a Z4jv^ symmetry in contrast to the 
Z2Nf symmetry ( |5.1.11 ) of the electric theory, while as a dual theory the magnetic theory should 
have a Z2Nf symmetry. 

In the following we shall show that the moduli space of vacua of the magnetic description 
agrees with that of the original electric theory. We shall see that some interesting phenomena 
will arise. 



Flat directions 



The moduli space of the magnetic theory is given by the F-flat directions of the superpotential 



(5.4.11) and the D-flat directions of the gauge theory part. Here we only consider the F-flat 
directions. ( ^.4.11| ) shows that for Mj^O the magnetic quarks will have a mass matrix fi~^M. At 
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low energy, the heavy quarks will decouple and there are only k = Nf — rank(M) massless dual 
quarks q left. We first consider the case rank(M) = Nj. All the dual quarks become massive 
and hence decouple, so the low energy theory is a pure S0{3) Yang-Mills theory with massless 
singlets M. According to ( [5.2. 12| ) this low energy magnetic theory has a scale 



A' 



3,0 



'6-2(iVc-l) 
h,Nf 



Gluino condensation generates a dynamical superpotential 



2(AA) 



2eAi,o 



2eA: 



"'V^^~'detM, 



(5.4.13) 



(5.4.14) 



where e 



lyn — ^\^>^v/ — ^^3 — ^^^'^s^Nf 

±1 means that the gaugino condensation leads to two vacua. Considering the term 



proportional to detM in ( 5.4.11 ) and adding it to ( 5.4.14 ), we have the full low energy super- 
potential 

1 1 



full 



26A^^^-^V'^^-'detM 



r,6 A2iVc-5 



detM = (e- 1) 



detM. (5.4.15) 



Therefore, the e = 1 branch reproduces the moduli space of super symmetric ground sates rep- 
resented by generic (M). The e = —1 branch will be discussed later. ( 5.4. 15| ) also shows why 
the normalization factors 2^^ and 2^ were chosen in ( 5.4. 11| ) and ( ^.4.12| ), respectively. 

When rank(M) = Nj — 1, the corresponding low energy theory is a magnetic SO (3) with 
one massless flavour, which can be taken to be the A^j-th flavour, qn^- This is just the magnetic 
version of the N = 2 Seiberg-Witten model [P, whose exact solution is given by the algebraic 
curve ( ^.3.132 ). From the discussions in Subsect. 5.3.4 we know that it has a massless photon 
and massless monopoles at the singularity 



±1, 



V// V •i-J^ —'■3,1) 

where, according to ( |5.4.12 ) and (|5.4.13D , the low energy scale A^^i is given by 

,2 



Ail 



2i4(A2^.-5det M)2 



(5.4.16) 



(5.4.17) 



with det M = det M/M^f^f , the product of the Nf-1 non-zero eigenvalues of M. Considering 
the contribution of the massless magnetic monopoles to the low energy superpotential, the full 
low energy superpotential near the massless monopole points u^AeA^ ^ should be the sum of the 
low energy version of (5.4.11) and the monopole contribution ( ^.3.146 ), 

— M^' (qNf? oi ^ det M - — (n - ui) Ef.ET. 

Af/WVy; 64A^^""^ 2//,^ ' W W 



w 




2Nc 



2fi 



32A 



2Nc 

Nc,Nc-l 



-/xdetM 



4eAi,i 



(5.4.18) 



where the choice of the normalization factor /(ui) = — 1 of the E'^^-^E^^^ term is purely for 
convenience. From this low energy superpotential, the equation for M^f^f gives 



(u) 



^detM 



25A- 



2Nc-5 
Nc,Nc-l 



4A: 



3,1- 



(5.4.19) 
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This has fixed the low energy magnetic theory with e = 1 in which there are a massless photon 



supermultiplet and a pair of massless monopoles Ef^)- The u equation of motion further yields 



M^f^f = E+^^E^_^y (5.4.20) 

This relation can be understood from electric-magnetic duality: the monopoles E^-^ are magnetic 
relative to the magnetic variables; they will be electric in terms of the original electric variables. 
Now we consider the low energy electric theory. rank(M) = A'^^ — 1 = Nc — 2 means that the 
SO{Nc) gauge group breaks to S0{2)=U{1) in the flat direction but with one of the elementary 
quarks which is charged under U{1) remaining massless . According to the duality relation, it 



should be a massless collective excitation in the magnetic description — the monopole. ( 5.4.20 ) 
is just a reflection of this correspondence. 

For the case rank(M)<A'^^ — 2, the low energy magnetic theory is an SO{3) gauge theory 
with k = Nf — rank(M)>2 light flavours. When k = 2, (3o = 0, the low energy theory is at 
a non-trivial fixed point of the beta function and hence it is described by a four dimensional 
superconformal field theory. If A: > 2, the low energy theory is in a free magnetic phase, it is 
not well defined due to the Landau pole. All the results in the magnetic theory of these cases 
are dual to those of the original electric description. 

Mass deformations 

Let us see whether the magnetic SO (3) theory leads to the correct description of the A''^ = 
Nc — 2 electric theory if one heavy flavour decouples. As usual, adding a large Q^f mass term 
Wtree = mM^f^f/2 to the superpotential ( [5.4. llj ) of the magnetic theory, we have the full 
superpotential 



W^full 



i-M''q^■qJ - — 2^detM+ imM^/^/. (5.4.21) 



The M^i^i equation of motion dWi^xijdM^s^f = gives 



, 2 V det M , ^ 

(lN,) = ^,.2N.., -l^rn (5.4.22) 

with detM = det M/M^f^f. This non- vanishing expectation value breaks the magnetic S0{3) 
group to SO {2). After integrating out the massive fields, the low energy magnetic SO (2) gauge 
theory has matter fields consisting of neutral fields M*-' and fields of SO (2) charge ±1 and 

the corresponding tree-level superpotential is Wtree = M^^ q^/2. However, according to the 



discussion in Subsect. |5.3.4 , the contribution to the superpotential from the instantons in the 
broken magnetic S0{3) should also be included since there are well defined instantons in the 
broken part of the 50(3) group. Therefore, the superpotential is modified to 



W = —f 



detM 

A2{Afc-2) 
^^Nc,Nc-2 



JVP^qtqZ. (5.4.23) 
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This is just the superpotential ( ^.3.147 ) and the qt^ can be identified as the monopoles of the 
electric theory with Nj = Nc — 2. 

Now we consider another special point in the moduli space of vacua. After we choose a 
small mass m for the iVjth flavour but large det M, the first A'^^ — 1 flavours qi will become 
very heavy and must be integrated out. The low energy theory is the magnetic 50(3) theory 
with the quarks q^f in the adjoint representation and the scale given by ( p.4.17| ). This is just 
the Seiberg-Witten model discussed in Sect. ^.3.3| p]. From its exact algebraic curve solution we 
know there exist massless monopoles or dyons E^^^at ui = AeA^ ^. Thus near one of these two 
vacua, the low energy superpotential should include contributions from these solitons, 



W 



^M^V-f{q^^y 
— M^/^/(n 



o6 A2Afc-5 



det M + imM^/^/ - ^ [{q^^f - ieAl,) E+^^E- 



r,5 A2Ar,-5 



2^ V^'-f' -""-^'V 
^ det M + ijm) - ^ (u - 4eA|i) E^_^E^_^^, (5.4.24) 



where we denoted u=q% . The M^f^f and u equations of motion, respectively, give 



u 



r,5 *2Afc-5 



/i det M - /im; M^f^f = E+_^ E^_y 



(5.4.25) 



Inserting ( 5.4.25| ) into ( 5.4.24 ) we get the low energy superpotential as m becomes large 



Wl = - 
2 



m 



r,5 A2Afc-5 



detM 



(5.4.26) 



This Wl shows that for e = 1 there is no supersymmetric vacuum since the i^-term does not 
vanish. The low energy superpotential for the e = — 1 vacuum is 



Wl 




1 



24a2{JVc- 



-2)-l 

-1 



detM 



(5.4.27) 



The theory can be identified as the one described by ( ^.3.146 ) with E^_^ as the dyons, which 



become massless at det M = 16mA 



2(7Vc-2)-l 



16A 



2iVc-4 
N^,Nc-2- 



This conclusion is the same as that 



obtained from low energy electric theory discussed in Subsect. 5.3.4 



If we assign large masses to more flavours, the number of massless flavours in the low energy 
theory is correspondingly reduced. The non-perturbative phenomena observed in the Nf = 
Nc — 3 and Nf = N/, — 4: electric theory will be produced: the monopoles or dyons condense and 
lead to confinement or oblique confinement. If there are Nf < N^ — 4: massless flavours in the 
low energy theory, the moduli space of vacua will not exist and the confining branch disappears 
However, when all the flavours are given large masses, there exist an oblique confinement 
branch with the superpotential 



W, 



1 



obi 



det M. 



(5.4.28) 



This superpotential can be formally obtained by setting m = in ( ^.4.27| ) and using the u 
equation of motion since all the flavours should be integrated out. 
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Overall, the monopoles qf^ of the electric theory at the origin (u=0) of the low energy 
Nf = Nc — 2 electric theory have a weakly coupled magnetic description in terms of the magnetic 
quarks qf^ of dual theory. The massless dyons of the Nf = Nc — 2 electric theory at 
det M = IGA^'^^^l 2 are described by strongly coupled dyons. 

5.4.3 Nf = Nf.: Dual magnetic 50(4) gauge theory 



The discussion in Subsect. 5.1.2 shows that the classical moduli space of the electric SO{Nc) 
theory with Nf = N^. can be parametrized by the mesons M^^ = Q^-Q^ and the baryon B = det Q 
but with the constraint B = itV det M. The quantum moduli space in this case should be 
described in the context of the dual magnetic description, which is an SO{4:)=SU{2)xX SU{2)y 
gauge theory with Nf flavours of quarks in the (2, 2) representation of the gauge group and the 
50(4) singlets M^^ . The symmetries and the holomorphy around M = q = determine the 
superpotential as given by ( 5.4. 1| ) and it cannot be modified by any non-trivial gauge invariant 



function. The one-loop beta function coefficients of the SU{2) theory and the SO{Nc) gauge 
theory with Nf = Nc flavours together with dimensional analysis give the scale relation ||^] 

The normalization factor 2^ is chosen for consistency under deformation and symmetry breaking 
along the flat directions. The one-loop beta function coefficient (3q = 6 — Nf of SU{2) shows that 
the magnetic 5'f7(2)x x5C/(2)y theory is not asymptotically free for Nf>6. Thus the magnetic 
theory in the case of Nf>6 is free in the infrared region. For Nc = Nf = 4,5, the theory is 
asymptotically free and has a non-trivial infrared fixed point, at which the magnetic theory is 
in an interacting non-Abelian Coulomb phase. Thus the magnetic theory should be dual to the 
original SO{Nc) electric theory with Nf = Nc quarks in a non-Abelian Coulomb phase. 

The magnetic theory has an anomaly- free SU {Nf) x C//j(l) global symmetry, under which the 
magnetic quarks qi are in the conjugate fundamental representation Nf and have the -R-charge 
{Nc — 2)/Nc, the singlets M*-^ are in the Nf{Nf + l)/2 dimensional representation and have 
i?-charge 4:/Nc- The global SU{Nf)xUji{l) symmetry is unbroken at the origin of the moduli 
space of both the electric and the magnetic theories and qi and M*-' are massless. We can verify 
this massless particle spectrum by checking the 't Hooft anomaly matching between the electric 
and magnetic theories. The currents and the energy-momentum tensors are listed in Tables 
5.4.4 and 5.4.5| and the 't Hooft anomalies from the massless fermions of magnetic theory are 



collected in Table 5.4.6. The anomaly coefficients are indeed equal to those listed in Table 5.3.4 
for Nf = Nc. 

Flat directions 



The flat directions are given by the F-term of ( ^.4.1 ) and the D-term of the magnetic 50(4) 
gauge theory. The M*-? equations of motion give qi-qj = 0. Furthermore, the vanishing of D- 
terms gives the solution of {qi) = 0. Thus the low energy theory around such a point (M) should 
be a magnetic 50(4) gauge theory with k = Nf — rank(M) dual quarks qi since the equations of 
motion for M and the vanishing of the D-term do not require them to vanish. In the following 
we consider several typical cases. 
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Q-rxTy 






A 








Table 5.4.4: Currents composed of the fermionic components of the singlets Ad , magnetic quarks and 
the magnetic SO{'i) gluino corresponding to the global symmetry SU{Nf)xUR{l). 
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i/A 








i/^^rxsx^rySY 




A. 


i/4 




- 5^1^^ [A] 



Table 5.4.5: Energy-momentum tensor composed of the fermionic components of A'/*-', and the 
magnetic 50(3), gluino, s = X,Y; £[^] = ^/2e^-^-e^-^-(?~^~^a^V^V^^~^ - V^V^~^~^a^V^^~^) = 
- ojKLy.cr'''' /2, fT-^^ = i/4[a^,a^] and = e^a". 



Triangle diagrams and 
gravitational anomaly 


't Hooft anomaly 
coefEcients 




Nf{Nf-l)/2 + l/Nf{2-Nff 


SU{Nff 


AfjTr(t^{t^,t^'}) 


SU{NffUR{l) 


(2 - iV/)TV(i^t«) 


Ur(1) 


-iV/(Ar^-3)/2 



Table 5.4.6: 't Hooft anomaly coefficients. 
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When rank(M) = Nf, there are no massless dual quarks. The low energy magnetic theory 
is a pure SU {2) x ^ SU {2)y Yang- Mills theory with the scale 



- 28A-;-V det(,-iM) - 28A-:^f ' ^ " ^'-'-''^ 



where the scale relations ( ^.2.101 ) and (5.4.29) are used. The discussion in Subsect. 5.3.2 shows 
that the low energy supersymmetric SO{A)=SU{2)x>^SU{2)y gauge theory have four vacua 
labelled by ex^Y = il- The gaugino condensation in each SU{2)s generates the superpotential 

W = 2 ((AA)^ + (AA)^) = 2{ex + 6y)P = 2{ex + ey) ^^jf^fff ■ (5.4.31) 

( |5.4.31 ) shows that these two vacua with ejfCy = 1 have the superpotential 



lldetM^ (5.4.32) 



and hence are not supersymmetric vacua since Fm = dW/dM does not vanish unless M = 0. 
The other two vacua with ex^Y = —1 lead to = and hence lead to two supersymmetric 
ground states. Therefore, there exist two vacua for rank(M) = Nf corresponding to the sign ± 
of ^{{Wa)\ — VFq)^), the superfield form of the gaugino condensation (AA)x + (AA)y. By the 
identification 

B^iWcfx - {WafY, (5.4.33) 

one can see that these two vacua for (M) of rank Nf = Nc correspond to the sign of i? = 
ibVdet M and hence are identical to the classical moduli space of vacua discussed in Sub- 
sect. 5.3.2 . 

For the case rank(M) = Nf — 1, the low energy theory is a magnetic 5*0 (4) theory with one 
flavour, say, q^f This low energy theory was discussed in Subsect. 5.3.3| , where the low energy 
theory has no massless gauge fields but Qi^bi. For the present case, the massless magnetic 
composite should be something like a glueball 

g~(W^a)x - {Wa)Y- (5-4.34) 
According to ( 5.4.l| ) one can construct a low energy effective superpotential 

W = ^M^'f^'fqMj-qNf - ^qNf-qNff=^NNfNf{M^f^f - f)- (5.4.35) 
Integrating out N^fNf = QNf-QNf from the superpotential, we obtain 

M^fNf ^ (5.4.36) 

so the composite field q of the magnetic theory is a semi-classical construction in the electric 
theory. On the other hand, ( |5.1.1^ ) implies that for rank(M) = iV/ - 1 = iVc - 1, the SO{Nc) 
gauge symmetry is broken to U{1) in the moduli space and Nf — 1 of the Nf quarks become 
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massive. So the electric theory is completely Higgsed but one of the quarks, q^f , remains 
massless. Consequently, the baryon field is 

B = ibVdet Af = ztv^M^/^/, (5.4.37) 



and thus from (5.4.34) and (5.4.36) we have 

B = ±q^{W^)\ - {W^?Y- (5-4.38) 

This means that the baryon field of the electric theory is indeed mapped to a massless glueball 
q'~^{Wci)\ ~ (^a)y °f the magnetic theory under the duality, as expected. 

For rank(M) = Nj - 2, the low energy theory is a magnetic SO{4:)=SU{2)xxSU{2)y with 
two flavours Qi, i = Nf — l,Nf in the representation (2,2). This theory was also discussed in 
Subsect. |5^ . It is in the Coulomb phase and its exact solution is given by the curve ( ^.3.137[) , 



y"^ = + {—U + A\ + Ay)a;^ + Aj^AyX. Here for the magnetic theory U = det Nij and 
Nij = e'^'^qirQjs, i,j = Nf — l,Nf. The discriminant 



A=[U-{Aj,+ Ai^Y] [U - {Aj, - A^yY], (5.4.39) 

shows that there exist massless monopoles or dyons at the points of the moduli space U = and 
U = Ui = (A^ + Ay)^=4A^. We only consider the massless monopoles near U = Ui. According 
to ( 5.3.146| ) and (|5.4.1|) , the superpotential near U = Ui should be 



1 1 

W=— M'^Nij- — [dei{Nij)-Ui]E+E-. (5.4.40) 

i,j=Nf-l 

At U = Ui, the N^^ equations of motion give 

{E^E~) = -^ = —^r^M^K (5.4.41) 

This shows that the monopoles or dyons in the magnetic theory are identified as some of the 
components of the elementary quarks of the electric theory. 

When rank(M) = iV^ - 3, the low energy theory is a magnetic S'0(4)^5?7(2)x x5[/(2)y 
with three flavours qi. This is just the case discussed in the last subsection since SU (2)^=50(3). 
Due to the vanishing of the one-loop beta function coefficient: /3o = 6 — 2Nf = 0, the low energy 
theory is in a free non-Abelian magnetic phase with the gauge group 5'0(3) and three flavours of 
magnetic quarks. These magnetic quarks can be identified as the quarks Q*, i = Nf — 2, Nf — 1, 
Nf, of the SO{Nc) electric theory, since along the flat directions with rank(M) = Nf — 3, the 
theory is Higgsed to an electric SO (3) gauge theory. It is very interesting that these elementary 
quarks and gluons emerge out of strong coupling dynamics in the dual magnetic theory. 

For the case rank(M)<A'^y — 4, the low energy theory is a magnetic theory SO{4:)=SU{2)x x 
SU{2)y with more than three flavours. Since the one-loop beta function coefficient /5o = 6 — 
2Nf < 0, the theory is either not asymptotically free or a free theory in the infrared region. 

Overall, above discussions shows that for rank(M) = Nf there are two vacua, the same 
as in the classical case, while for rank(M) < Nf there is a unique ground state which can be 
interpreted either as the one of the electric or as the one of the magnetic theory. 
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Mass deformation 



We add as usual a large mass term to the A'^^-th electric quark by introducing a tree level 
superpotential Wtree = mM^i^i /2. With ( |5.4.1 ), the full superpotential of the magnetic theory 
is thus VFfuu = ^M^^Qi-qj + \mM^f^f . The M^f^f equation of motion gives 



(5.4.42) 



This non-vanishing expectation value breaks the gauge symmetry SU (2) x x SU {2)y to the diag- 
onal subgroup SU{2)(i. Consequently, the Nj — 1 quarks Q^^^^^ will be decomposed into SU{2)d 

triplets and singlets as in ( |5.3.4S| ). The g^v^ equations of motion give M^^fqi = for any 
Qi and hence lead to 



0. 



(5.4.43) 



Further, the M ^ equations of motion give 

qr-qj^^. = 0, i 



(5.4.44) 



With ( |5.4.42| ), ( |5.4.43| ) and ( |5.4.44| ), the remaining low energy theory is the diagonal 50(3)= 
SU{2)d gauge theory with Nf — 1 50(3) triplets gVand the singlets M*-', i,j = 1, • • -^Nf — l. The 
dynamics of these fields is described by the low energy superpotential inherited from ( 5.4.1| ), 



W 



2^ ^la^ja' 



1,2,3. 



(5.4.45) 



The instantons in the broken magnetic SU (2) x x SU {2)y give an additional contribution to the 
superpotential since they are well defined. The superpotential generated by the instantons can 
be analyzed as follows. For det M/0, the superpotential ( ^.4.45| ) gives masses //~^M to the first 
Nf — 1 dual quarks qy, hence the low energy theory has one dual quark qx^ and the SU{2)s 
scale, which, according to (^.2.1C| ) and ( 5.4.29 ), is 



Nr. 



28A^^;^f/det(^-iM) 



;udetM 

r,8\2Nc-6- 



(5.4.46) 



( 5.3.24 ) and ( 5.3.25|) imply that the superpotential generated by the instantons in the broken 
magnetic SU{2)s has the form 



inst 



detM 



where we have used ( ^.4.46| ), ( p.4.29| ) and the decouphng relation ( |5.2.10D for Nf = Nc, 



(5.4.47) 



A 



2Nc-' 



m 



A 



2Nc-5 
Nc,Nr-l- 



(5.4.48) 



Combining Wjnst with the superpotential ( p.4.45| ), one can see that the low energy dynamics 
properly reproduces the magnetic 50(3) theory with Nf — 1 flavours with the superpotential 
(5.4.11). Moreover, the scale relation (5.4.29) reproduces the scale relation ( p.4.12| ) for the 
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low energy electric and magnetic theories. First, the square of the scale relation ( |5.4.2g| ) now 
becomes 

^^'PlAirf (A^^:^f)' = M^^^ (5.4.49) 



Then in the magnetic theory, the non- vanishing expectation value ( 5.4.42 ), according to (15.2.171) , 
leads to 



/Te-A^cA^ A6-2(Afc-l) fje-NA"^ j6-2{Nc-l) fJ- m ^K A Kn\ 



Inserting ( |5.4.48| ) and ( |5.4.48D into ( |5.4.49D , we immediately get ( p.4.12| ) 



Having discussed these two specific cases, we shall review the general Nf > case for which 
the dual theory is an SO{Nf — Nc + 4:) gauge theory. 

5.4.4 Nf > Nc'. General dual magnetic SO{Nf — A'^c + 4) gauge theory 

The superpotential in this range is given by ( |5.4.1| ), which, like before, is uniquely determined 
by the symmetries and holomorphy around M = q = 0. The scale relation ( 5. 4. 61 ) between the 
electric and magnetic theories now becomes 

where the normalization factor C = 1/2^ is chosen to get the consistent low energy behaviour 
under large mass deformation and along flat directions. 

We first have a look at the dynamical behaviour of the magnetic SO{Nf — Nc + 4:) gauge 
theory with Nf flavours. Its one-loop beta function coefficient Po = 3{Nf — Nc + 2) — Nf reveals 
that for Nf<3{Nc — 2)/2, Po<0 and hence the theory is not asymptotically free. Consequently, 
in the infrared region the theory will provide a weakly coupled magnetic description to the 
strongly coupled electric theory. When 3{Nc — 2)/2 < Nf < 3{Nc — 2) both the magnetic 
SO{Nf — Nc + 4) and the electric SO{Nc) theories are asymptotically free and have the same 
interacting infrared fixed point, at which both the electric and the magnetic descriptions are in 



a non-Abelian Coulomb phase and are physically equivalent. Due to the scale relation ( 5.4.51 ), 
the magnetic description is at strong coupling as the number of flavours Nf increases while the 
electric description is at weak coupling and vice versa. For Nf > 3{Nc — 2), the one-loop electric 
beta function coefficient /3o < 0, so the electric description is a free theory in the infrared region 
whereas the magnetic coupling is strongly coupled. Therefore, the high energy magnetic theory 
has provided a dual low energy description of the electric theory and vice versa. 

At the origin of the moduli space, the fields M*-^, the magnetic quarks qi and the SO{Nf — 
A'^c + 4) gauge field multiplets are all massless, and the global symmetry SU{Nf)xUR{l) remains 
unbroken. One can check that the 't Hooft anomalies of this massless spectrum of the magnetic 



theory indeed match the anomalies listed in Table b.3.4 which receives contributions from the 



fundamental particles of the electric theory. The relevant particulars such as the currents, the 



energy-momentum tensor parts and the anomaly coefficients are listed in Tables 5.4.7, 5.4.5 and 
3.4.9| , respectively. 



In the following, we further discuss the decoupling behaviour of the magnetic theory under 
large mass deformation and along the flat directions and show that these phenomena indeed 
coincide with the original electric description. 
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SU{Nf) 


Ur{1) 


Wm 




(3iV/-2iVe)/iV/?^a^Vii^ 


^ qr 




(N,-Nf-2)/Nf^Pl~a^r~ 










Table 5.4.7: Currents composed of the fcrmionic components of the singlet M, magnetic quarks and the 
magnetic SO{Nf — A^c + 4) gluino corresponding to the global symmetries SU{Nf)xUR{l). 









i/A 








i/A 


.( 




- QlJ-i^m^q] 


A 


i/A 


l^ra^V^A" - vXcT^A" j — 





Table 5.4.8: Energy-momentum tensor composed of fermionic components of Af*-', ql and the magnetic 
SO{Nf-Na+A) gluino; C[iP] = i/2(V^a'^V^V7- V^^a'^V^), = a^-w;fL^a^^/2, = i/4[a^,a^] 
and = e^„ai^. 



Triangle diagrams and 
gravitational anomaly 


't Hooft anomaly 

coefficients 




N,iN, - l)/2 + iVe(2 - N.fN'f 


SU{Nff 


iVcTr(t^{t«,i^'}) 


SU{NfrUBil) 


NJ2 - N,:)/NfTT{t^t^) 




-A;(A' .. - 3)/2 



Table 5.4.9: 't Hooft anomaly coefficients. 
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Flat directions 



In the flat directions parametrized by (M), the superpotential ( 5.4. 1| ) shows that there are 



k = Nf — rank(M) massless magnetic quarks qi. The F term, i.e. the M equation of motion 
from ( 5.4.44]) , and the vanishing of the D-term from the gauge couphng part of the magnetic 



theory require (qi) = 0. So along the flat directions the gauge symmetry SO{Nf — Nc + 4:) 
remains unbroken but there are only k = Nj — rank(M) flavours in the low energy magnetic 
theory. In the fohowing we discuss the dynamics of the low energy magnetic theory along the 
flat directions according to the rank of M. 

For rank(Af) > Nc, more than Nc quarks are massive, so the flavour number k in the low 
energy magnetic theory satisfies k = Nf — rank(M) < Nj — Nc, and thus 

k<{Nf -Nc)-1 = {Nf - iVc + 4) - 5. (5.4.52) 

Therefore, this low energy magnetic S0{Nf — Nc+4:) theory with k flavours is similar to the elec- 



tric SO{Nc) theory with Nf<Nc — 5 flavours discussed in Subsect. |5.3.l| . Thus a superpotential 
like ( |5Xll ) 

W = l{Nf-Nc-k + 2)eM,-N.-k+2 ""'^^^m'^' ■ (5-4.53) 

will ne generated. Therefore, there exists no supersymmetric ground state at {qi) = due to 
the above dynamical superpotential. 

For rank(M) = Nc, the low energy magnetic SO{Nf — A'^c + 4) gauge theory has 

k = Nf- rank(M) = Nf - Nc = (Nf - Nc + 4) - A (5.4.54) 

flavours. Thus it is analogous to the electric SO{Nc) theory with Nf = Nc—4 flavours considered 



in in Subsect. 5.3.2. Similarly, a superpotential 

2{Nf-N^+i) \ 1/2 

2^""' ' \ detM 



w=i{e,+ey) r''r"::'^' i • (5.4.55) 



arises. Consequently, two supersymmetric ground states exist at the origin {qi) = 0, correspond- 
ing to the two sign choices for ex (or ey) in ex^Y = —1- There is no supersymmetric ground 
state for e^ey = 1. The same is also true in the underlying electric theory. 

For rank(M) = Nc — 1, the low energy magnetic theory is SO{Nf — Nc + 4) with 

k = Nf-Nc + l = {Nf-Nc + 4:)-3 (5.4.56) 



flavours. So it is analogous to the theory considered in Subsect. 5.3.3 . Thus the low energy 
magnetic theory has no massless gauge fields but has massless composites, and they can be 
interpreted as some of the components of the elementary electric quarks as in ( |5.3.35D . 

For rank(M) = Nc — 2, the low energy magnetic theory is SO{Nf — Nc + 4) with k = 
{Nf — Nc + 4) — 2 fiavours. It is analogous to the theory discussed in Subsect. 5.3.4| . A similar 



analysis shows that this magnetic theory has a massless photon which is confined because of 
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the existence of magnetic monopoles at the origin {qi) = 0. This is just the dual description of 
the the corresponding low energy electric theory when rank(M) = Nc — 2, in which there is a 
massless photon with massless elementary quarks. 

For 3Nc/2 — Nf/2 — 3<rank(M) < Nc — 2, the number of massless flavours number k lies in 
the range 

{Nf - Nc + 4) - 2 < k = Nf - rank(M)<^[(iV/ - iVc + 4) - 2]. (5.4.57) 

The low energy magnetic theory is still strongly coupled since the one-loop beta function coef- 
ficient /3o = 3(A^/ — A'^c + 2) — A; > 0. If we dualize this magnetic theory, the electric theory will 
be a free SO{Nc — rank(M)) gauge theory with Nf — rank(M) massless quarks due to the fact 
that = 3{Nc - rank(M) - 2) - (Nj - rank(M)) < 0. This result is obvious in the original 
electric description. 

For rank(M) < 2>Nc/2 — Nf/2 — 3, the /?o < and hence the variables in the low energy 
magnetic theory are the same as the free ones. 

In summary, when Nj > Nc-, the moduli space of supersymmetric vacua is described by (M), 
whose rank is at most Nc along with an additional sign when rank(M) = Nc- Thus one has 
obtained a consistent description of the classical moduli space of the electric theory as discussed 
in Subsect. 5.1.2| in terms of the strong coupling effects of the magnetic theory. 



Mass deformation 

Like in the above two special cases, we consider a tree-level superpotential Wtree = mM^^^f /2. 
In the electric theory this term gives a mass to the Nf-th. quark Q^i and the correspond- 
ing low energy theory is an SO{Nc) gauge theory with Nf — 1 quarks. In the magnetic 



theory, combining this term with the superpotential (5.4.1), we have the full superpotential 
^fuu = ^M'iqi-qj + \mM^f^f. The M^/^/ equations of motion lead to {q%^) = -fim. This 
non- vanishing expectation value further breaks the magnetic SO{Nf — A^c + 4) gauge theory 
with Nf quarks to an SO{Nf — Nc + 3) gauge theory with Nf — 1 quarks. The qNf equation of 

motion gives IVP^f = 0, i = 1, • • •, Nf — 1, and the M^^f equations of motion yield Q^-^Nf = 0. 
Therefore, the remaining low energy magnetic theory is a magnetic SO{Nf — Nc + 3) gauge the- 
ory with Nf — 1 flavours and the superpotential Wl = l/2/iM*-'gr-g^. This low energy magnetic 
theory is dual to the low energy SO{Nc) gauge theory with Nf — 1 massless quarks. This can 
be seen from following two aspects. First, the scale relation ( |5.4.51 ) for the high energy theories 



can be precisely reduced to the one that relates the low energy electric and magnetic theories 
mentioned above. (5.2.10) gives the scale of the low energy electric SO{Nc) theory with Nf — 1 
massless quarks, 

^^Nc,Nf-l — ^^^Nc,Nf ' (,0.4.0»j 



while (|5. 2.141) gives the scale of the low energy magnetic theory 



-r3[(^,-^.+3)-2]-(7V,-l) _ 3[(7V,-^,+4)-2]-W^ i 

^^Nf-Nc+3,Nf-l — ^^Nf-Nc+A,Nf \-^im) . (_0.4.0yj 



Inserting ( 5.4.58 ) and ( ^.4.5S| ) into ( 5.4.51| ) we indeed get the scale relation that relates the 



SO{Nc) electric theory with Nf — 1 flavours to the SO{Nf — Nc + 3) magnetic theory with 
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Nf — 1 flavours, 

28^3(7Ve-2)-(7V^-l)p(7V^-iVc+l)-(iV^-l) ^ ^_-^^Nf-(N,-l) _ (5.4.60) 

Secondly, if we consider a concrete case, A'^^ = Nc + 1, the corresponding magnetic description is 
an 50(5) theory with Nf + 1 flavours. The mass term mM^f^f /2 breaks the SO{Nc) electric 
theory with A'^^ = Nc + 1 flavours to the low energy SO{Nc) electric theory with Nf = Nc 
flavours, while at the same time, the non-vanishing expectation value {qNf) breaks S0{5) with 
Nf = Nc + l flavours to the low energy magnetic SO{4:)'^SU{2)xxSU{2)y with Nf = N^ which 
was discussed in the last subsection. This explicit low energy pattern coincides with the general 
consideration [^]. 

5.5 Electric-magnetic-dyonic triality in supersymmetric S0{3) gauge theory 
5.5.1 Peculiarities of supersymmetric S0{3) gauge theory 

Supersymmetric 5*0(3) gauge theory is somehow exceptional compared to the general cases 
introduced above. New non-perturbative phenomena arise. The most remarkable of them is 
the occurrence of two theories dual to the original one. If the original 50(3) gauge theory is 
"electric" , one dual theory is "magnetic" and the other one is called "dyonic" . One refers to this 
dynamical pattern as electric-magnetic-dyonic triality. Moreover, a discrete symmetry (Z^jsfj,) 
which is explicit in the original 5*0(3) theory can be realized in the dual magnetic and dyonic 
theories. However, such symmetries can not be explicitly observed in the dual Lagrangians 
because they are implemented by non-local transformations on the fields and hence are called 
"quantum" symmetries. In the following we first give a general introduction to the special points 
of supersymmetric 5*0(3) gauge theory and then, following the route of Ref. ||T|, introduce some 
concrete cases with the definite matter contents. 

Let us first have a look at the discrete symmetries of the 5*0(3) gauge theory with Nf 
quarks. It is invariant under the Z2 charge conjugation transformation C and an enhanced Z^n^ 
symmetry, 

Q^^i2nn/mfQ_ (5.5.1) 

This is because the quarks are in the adjoint representation of 5*0(3). With the normalization 
of 5*0(3) generators Tr(T°T*) = 6°''^, a, 6 = 1, 2, 3, the Ua{1) operator anomaly equation is 

d'^jl^^ = ANf^e^^^^Fiyip. (5.5.2) 

This Z^^^ symmetry will be realized non-locally in the dual theories. We can roughly understand 
this as follows in the dual magnetic theory, which is an SO{Nf + 1) theory with Nf dual quarks 
Qi and has the discrete symmetry Z2Nf and charge conjugation Z2 generated by the operation 

g^e-2W(2^/)Cg. (5.5.3) 

The full symmetry in this dual magnetic theory should be generated by the " square root 

" of the operation ( ^.5.3| ). There are many possible choices in the "square root" of the charge 
conjugation C, but Intriligator and Seiberg, using the concrete examples, found that it should 
be a special element of the 5*L(2, Z) electric-magnetic duality modular transformation ||T5[| , 

A = TST'^S. (5.5.4) 
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The discrete Z^n^ is thus a non-local "quantum symmetry" . 

Another special point is that in the dual description of S0{3) gauge theory a new superpo- 
tential term proportional to 



det{qi-qj) 



(5.5.5) 



arises with qi being the magnetic quarks. The necessity of adding this superpotential term stems 
from ensuring that the dual of the dual of the SO (3) gauge theory should be SO (3) itself. The 
discussion in Subsect. ^.4.2 shows that the dual description of SO{Nf + 1) with Nj flavours is 
50(3) with Nf flavours and an extra interaction term proportional to detM. By analogy, we 
can see that only with the inclusion of ( 5.5.5| ) the dual of the dual of the SO (3) superpotential 



( 5.4.11 ) is identical to that of the original theory. For Nf>3, the full superpotential of SO{Nf+l) 
should be of the form ( 5.4.11 ) with the replacements 



A' 



2Nc-5 
Nc,Nc-l 



2(Nf-l)-l 



q'-q^; 

~2iNf-l)-l 



that is, 



W=^^M^^q,q, + -^±^detiq,q,). 

Nf+l,Nf 



(5.5.6) 



(5.5.7) 



The scale relation ( 5.4.12 ) should remain the same with the exchange A<->A since now 50 (3) is 
the original theory, and thus we get the scale relation 



14/A2{^/-l)-lN2A6-2iV^ 



914/ A-^^'/--^^--^\i! A" 
^ \-'^Nf+l,Nf ) ^^3 



Nf 



2Nf 



and its square root 



(5.5.8) 



(5.5.9) 



where e = ±1 comes from taking the square root of the instanton factor Ao «r ■'^ of the electric 



50(3) theory and the phase (— 1)^-^/ preserves the relation ( 5.5.S| ) along the flat directions and 
under mass deformation. 

The term ( ^.5.51) in the superpotential ( |5.5.7| ) brings some new phenomena into the dual 
SO{Nf + 1) theory. Despite the invariance of the term (5.5.5) under the global symmetry 
SU{Nf)xUji{l), it breaks some of the discrete symmetries, since under the transformation 

q ,ei2n7r/(4Ar^) 



det{qi-qj) — >e''''' det{qi-qj). 



(5.5.10) 



This shows that only the Z2Nf subgroup of the Z4i\f^ symmetry and the charge conjugation 
C remain unbroken. Due to the anomaly ( ^.1.9| ) in the SO{Nf + 1) gauge theory, except for 
Nf = 1,2, the transformations qi shift the vacuum angle 9: 



e — >e + 2A^/ 



2tt 

Wf 



+ 1T. 



(5.5.11) 
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Therefore, the symmetry transformation qi — >e^'^'^/^'^^f\i in the original electric 50(3) theory, 
which should also exist in the dual SO{Nf + 1) theory, changes the sign of (15.5.51) (i.e. the n = 1 
case of ( |5XlO| )) and shifts the vacuum angle by vr (see (|5.5.1lD ) for Nf^\,2. Intriligator and 
Seiberg interpreted this phenomenon as follows [^]. The original electric S0{2>) theory has, 
in fact, two dual descriptions corresponding to the two signs of this term for Nf^l,2. One of 
them is "magnetic", which is the electric SO{Nf + 1) theory of discussed in Subsect. p. 4. 2 ; The 
other dual theory is "dyonic" , which will be reviewed later. These two dual theories are related 
to another by a duality transformation. We will see that these triality transformations are the 
extension of the Z2 group of = 1 duality transformations to the modular transformation 
group SL{2, Z). Precisely speaking, it is the subgroup of SL{2, Z), 



S3^SL{2,Z)/T{2), 



(5.5.12) 



which permutes these three theories, where r(2) is the subgroup of SL{2,Z) generated by the 
monodromies ( ^.3.119 ). In one word, the full Z^^f includes the moduli transformation which 
exchanges the magnetic and dyonic theories and which appears as a quantum symmetry in the 
dual descriptions. 

Since the theories with Nf = 1,2 are exceptional cases, we first discuss how the quantum 
symmetry is realized in these two cases and then turn to the cases with more flavours. 



5.5.2 One-flavour case: Abelian Coulomb phase and quantum symmetries 

Since the quark now is in the adjoint representation of the 5*0(3) group, the model is just 
the N = 2 theory discussed by Seiberg and Witten [Q]. The theory has a quantum moduli 
space labeled by the expectation value u = {M)/2 = Q'^/2. The 50(3) gauge symmetry is 
spontaneously broken to SO{2)=U{l) on this moduli space. Consequently, the low energy 



theory has a Coulomb phase with a massless photon. As discussed in Subsect. |5.3.4| , the low 
energy gauge coupling is given by the algebraic curve solution ( |5.3.12q ). 



y 



One usually chooses for convenience the normalization Aa^i- 
convention the curve solution changes to 



2As 1 and M^2M. 



y 



(5.5.13) 
With this 

(5.5.14) 



As discussed in Subsect. 5.3.4 , the singularities of the quantum moduli space is given by the 
zeroes M±= it 4A3 of the discriminant A(M) = — 16A| ^. There exists a pair of massless 
magnetic monopoles g^-^ at = 4A3 and a pair of massless dyons q^_-^ at M_ = — 4A3 Cor- 



respondingly, the effective superpotentials, for the monopoles and dyons, according to ( ^.3.147 ) 
are, respectively 



M 



Near the singularities M = M-t, from ( 5.3.146| ), the superpotentials are, respectively, 

« ^(M-4A|i)g+)g(;); Ty_;«^(M + 4A|i)g+)g(-). (5.5.16) 



M 



(5.5.15) 



2^1 



2/x 
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Comparing ( 5.5. 16[) with ( ^.5.7 ), one can see that the first term is the Mq^q term and the 



second one is ( 5.5.5| ). 



Let us see what the quantum symmetry in this model is. ClassicaUy, the N = 2 SU{2) 
gauge theory has a global /^-symmetry SUii{2)xUR{l) [@, |2^. At the quantum level, the Ur{1) 
symmetry is broken by an anomaly. Since all the fermionic fields, which include the gaugino 
and quarks, are in the adjoint representation and their transformations under C/ij(l) have the 
same form, the operator anomaly equation for this i?-current in the adjoint representation is 

Qi^jiR) = 4^r^_i_,/..Ap^a^^a^ ^ 8^6'^-^''F;,F^"^, a = 1, 2, 3. (5.5.17) 

This anomaly shifts the vacuum angle: 9< — >9 + 8a, and hence the C/r(1) is broken to under 
which the field Q and its fermionic component transform as 

g^g2W4Q^ V^Q-^c^-^/Vq, n = l,2,---,8. (5.5.18) 

The index R in Zg indicates that it is the remanent from the Uji{l). Since the center elements 
of SUr{2) are contained in Z^, the full global symmetry including the charge conjugation C is 

([sUr{2)xZ^) /Z2)xC. (5.5.19) 

Now let us observe how the discrete symmetries of ( p.5.19| ) are realized in a given vacuum. 
Prom (|]5l|), the Z§ generator e^'^'^l^ acts on the scalar component of M as the operation i?, 

R : M — >e'''M = -M. (5.5.20) 

Hence the Z^ symmetry is spontaneously broken to Z^ for Mj^O since the elements e^*"'^/® 
of Z^ with n even still leave M invariant. At the origin M = of the moduli space the full 
Z^ symmetry is restored. It should be emphasized that for a given vacuum, i.e. a given point 
on the moduli space, only a Z^ symmetry is left of the Ur{1) symmetry, while on the whole 
moduli space the full Z^ symmetry is still preserved. R^ acts as charge conjugation on the 
scalar component of Q, so does on Q, 

R^ : Q — >e'^Q = -Q. (5.5.21) 

Thus for Mt^O this remaining Z^ should be generated by R^C. Intriligator and Seiberg further 
observed that the generators of Zg- includes an SL{2,Z) modular transformation p 



w = RA (5.5.22) 

with 



A = (TSy'SiTS) ={ ^ ; , (5.5.23) 




where T and S are the SL(2, Z) generators given in ( 5.3.63 ). Since that A"^ = —1 = C, C being 
the charge conjugation generators. Thus, w is the square root of the Z^ generator, R^C, i.e. a 
generator of Z^. 

The following consideration shows why the moduli transformation A necessarily appears in 
w. Consider the central charge Z = arif. + aon^a of the N = 2 superalgebra at M = 0. The 
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action of Ufi{l) on the supercharge (two-component form), Q, is Q — >e*"Q. After Ur{1) is 
broken to Z^, the above transformation is carried out by the elements of Zg and is generated 



by the transformation R : Q — 
must transform under w as Z — 
(|5.3.113|) for a{M) and aoiM), 



/8Q. 



Due to the N = 2 superalgebra, Z~{Q, Q}, and Z 
iZ. On the other hand, from the integral expressions 



an 



^ rM/{4Al,) dx^x - M/(4A2 i) 



vr Ji 



^ /■+! dx^x-M/{AKl^) 

vr J-l yjx'^ - 1 

it is easily seen that near M = [15| 



a n, 



+ a'j^n'f, = i{ane + od^?^ 



(5.5.24) 



(5.5.25) 



if rig and are related to rig and by the modular transformation A = (TS) S{TS). Since 



the modular transformation A can be rewritten as CT{S ^T'^S) whereas according to (|5.3.80 ) 



5 ^T'^S is the monodromy around = 4A3 i, thus A is actually congruent to CT modulo the 



multiplication by the monodromy |15|. 

If Mj^O, the Zg symmetry is broken to Z^. The broken Z^ generator w maps the massless 
monopole at the singular point M = 4A| ^ to the massless dyon at M = — 4A| At the origin the 
Zg symmetry is restored and these massless soliton states are degenerate and are mapped from 
one to another by the Z^ symmetry. Since the monopoles and dyons are collective excitations, 
the fields representing them are not local, so it is not possible to give w a local realization. This 
fact further confirms that A should be a modular transformation. In particular, A cannot be 
diagonalized by an SL(2,Z) transformation, i.e. we cannot find a 2x2 matrix X with integer 
elements to make A diagonal by the operation X~^AX. This means that there exists no photon 
field multiplet which is invariant under the action of A, since the photon supermultiplet is the 
only local object in the low energy theory. Therefore, even A cannot be realized locally in the 
low energy effective theory [15|. 

Now we consider how the above non-local symmetry is reflected in the dynamics ( ^.5.15| ) of 
monopoles and dyons. The interpretation is as follows. The electric S0{3) theory has two dual 
theories, one of them, which is called the magnetic dual, describes the physics around M = 4A3 ^ 
with the superpotential W-^- in ( ^.5.15| ). The other dual theory, which can be called the dyonic 
dual, gives the physics near M = — 4A3 ^ with the superpotential W- in ( |5.5.15D . The magnetic 
dual is related to the electric theory by the modular transformation S of SL(2, Z) modulo r(2), 
while the dyonic dual is related to the electric description by the SL{2,Z) transformation ST 
modulo r(2). 



5.5.3 Two-flavour case: non-Abelian Coulomb phase and quantum symmetries 

In this case the classical moduli space is parametrized by the expectation value of the colour 
singlets M^^ = Q^-Q-', i,j = 1,2, which transform as the adjoint representation of the global 
SU{2)f flavour symmetry. For M^^^O the SU{2) gauge symmetry is completely broken and the 
theory is in the Higgs phase. On the submanifold of the moduli space where det M = , the 
rank of M should be 1, and the SU{2) gauge symmetry will break to U{1). There now only 
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exists a photon supermultiplet in the low energy theory, and the theory is in a Coulomb phase 

There are not only these two phases in the low energy theory, a confining phase can also arise. 
To see this, we add a tree level superpotential Wtree = For detm-T^O, both Qi and Q2 

get a mass, and after integrating out the massive matter fields, the low energy theory is an = 1 
pure SU{2) gauge theory, which is known to be in the confining phase. For detm = but m^O, 
only one of the matter fields gets a mass, the low energy theory is the N = 2 supersymmetric 
Yang-Mills theory discussed by Seiberg and Witten. Since now the matter field is in the adjoint 
representation, the theory is in the Coulomb phase as shown in Ref. fll. Thus we see that the 
theory can be in three different phases, the Coulomb, confining and the Higgs phases. Note that 
since the theory has no field in the fundamental representation of gauge group, as discussed in 



Subsect. 2.4, the confining phase and the Higgs phases are distinct. The order parameter, the 
Wilson loop, obeys an area law in the confining phase, but a perimeter law in the Higgs phase. 

In the following we discuss the dynamics of each phase. Let us first consider the confining 
phase. The low energy effective Lagrangian for A'" = 1 supersymmetric SU{Nc) gauge theory 
was constructed in the 1980s from the Ub,{1) anomaly |^, |9^. Since locally SO{3)=SU{2), the 
low energy effective action for the present = 1 pure SO {3) Yang-Mills gauge theory is the 
same as in the pure SU{2) case [|^, 84 1: 



eff 



S 



In 
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+ 2 



S 



In 



'A2 (detm)2^ 
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+ 2 



(5.5.26) 



where S = W"Wa is the composite (glueball) field and we have used the decoupling relation 



(|5.2.12 ) for the SO{3) theory, A3 2(detm)2 = A3Q. According to Intriligator's "integrating in" 



technique IgJ], the low energy superpotential for the 5*0 (3) gauge theory with matter fields can 
be obtained from 



W = Wes + \M'^mij = S 
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by integrating out rriij. dW/drriij = gives 



TJiij = 4SM~/ 



(5.5.27) 



(5.5.28) 



and hence 



det m 



16g2 
detM' 



(5.5.29) 



Inserting (|5X28|) and (|5X29|) into ( ^X2^ ) we obtain the low energy superpotential for the 
50(3) gauge theory with two flavours. 



W = S 



In 



(5.5.30) 



(detM)2 J 

With the inclusion of the mass term for the two flavours, the full low energy superpotential is 



mull = S 



In 



(det M)2 



(5.5.31) 
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Because S, as a glueball field, is always massive, it should be integrated out. The equation of 
motion for S, dW{uii/dS = 0, gives 

S = ±^. (5.5.32, 

16A3,2 

Thus after integrating out S the full superpotential for the confining phase is 

Wmi = + ^TVmM. (5.5.33) 

The dynamics of the Coulomb and the Higgs phase can be discussed as follows. Integrating 
out M from ( p.5.33| ) we obtain 

{Mij) = ±4 (A3,2 detm) (5) = ±A3,2 detm. (5.5.34) 

Taking 



^ = n " , (5.5.35) 




i.e. choosing only the second flavour Q2 to be massive. After integrating out Q2, the low energy 
theory is the Seiberg-Witten model and hence is in the Coulomb phase Q. Note that now 
detM = since from ( 5.5.34| ) detm = 0. Nevertheless, (5.5.34) and ( 5.5.351 ) give 



Tr(Qi)2 = TrMii = ±4A3,2m22 = ±2A|i, (5.5.36) 
where we have used the scale relation (5.2.12) between A3^2 and A3^i. The exact solution is given 



by the curve 

y2 _ ^3 _ j\^^-^rj.2 _|_ 4A3_2"T'22a:^- There exist massless monopoles and dyons 
at the points Mu = ib4?n,22A3^2- The Higgs phase is represented by the generic points in the 
moduli space with mass matrix m = (i.e. raij = 0). 

In summary, the above discussion has shown that all the three phases can be described by 
the superpotential 

detM 1 , , 

W = e— + -TrmM, (5.5.37) 

8A3^2 2 

where e = 0,ibl labels the three branches. The branch with e = describes the Higgs or 
Coulomb phases of the theory. Both of these phases are obtained for detm = 0. For m = 0, 
the generic point in the moduli space is in the Higgs phase. When only m227^0, the low energy 
theory is in the Coulomb phase, and it has a massless monopole at the point Mu = 4m22A3^2 
and a massless dyon at the point Mu = — 4m22A3^2- When detm^^O, the monopole (the dyon) 
will condense and lead to conflnement (oblique confinement), e = — 1 represents the confining 
branch and e = 1 the oblique confinement branch fl5| ]. 

Now let us turn to the dual description of the electric 50(3) theory with Nj = 2. It has two 
dual theories and they are SO (3) gauge theories with two flavours. The holomorphy, dimensional 
analysis, the global and gauge symmetries determine the superpotentials of the dual theories, 
which should take following form: 

9 /ha 1 \ 

W = — Tr (Mq-q) + e det M + — ^ det{q-q) , (5.5.38) 

3/x y 3/x^ 24A3,2 / 
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where e = ±1 labels the two dual theories and the scales of the theories are related by the square 
root of (^.4.121 ), 



64A3,2A3,2 = /i^ 



(5.5.39) 



The sign ambiguity introduced by taking the square root is reflected in (|5.5.38 ) by the sign e. 
The first term in ( |5.5.3^ ) is the standard one ( |5.4.1[ ) of the dual theory. The det M term, from 
( 5.4.11D, s hould appear for Nf = Nc — 1 and the det{q-q) term is as in ( 5.5.5 ). The coefficients 
in ( 5.5.38| ) and ( 5.5.39| ) are chosen to guarantee the duality; later we shall explain in detail why 
they are chosen as those given in ( |5.5.3S| ). 

The dual magnetic theory should also have three branches. In comparison with ( 5.5.37 ), 
the superpotential is not only of the form ( |5.5.3^ ), there should also emerge another term 
characterizing the branches. Thus the full superpotential of the dual magnetic theory should be 



2 / 8A 

Tr(MiV) + e ( det M + 



3/x 



24A 



det iV + e 



detM 



3,2 



8A, 



(5.5.40) 



3,2 



where Nij = qi-qj and e = 0, ±1 labels the three branches. Integrating out Nij by the equations 
of motion for Nij and adding a mass term, Wtree = Tr(mM)/2, we immediately obtain 



8A, 



3,2 



— + -Tr(mM). 

l + 3ee/ 2 ^ ' 



(5.5.41) 



This superpotential is the same as ( 5.5.37| ) with the identification 



l + 3ee 



(5.5.42) 



Eq. ( 5.5.41 ) shows that the coefficients in ( ^.5.38| ) are chosen to guarantee the identification of 
this dual potential with ( 5.5.37 ). 

The e = branch describes the the weakly coupled Higgs phase of the dual theory. On the 
other hand, when e = (5.5.42) gives e = — e = =Fl- From the above discussion, we know that 
in the electric theory this corresponds to the two strongly coupled branches. In particular, when 
e = 1, the dual theory is in the Higgs phase, and e = — 1 states that the corresponding electric 
theory is in the confining phase. The Higgs branch of the e = — 1 dual theory describes the 
oblique confinement branch of the electric theory since now e = 1. Therefore, the e = 1 branch 
should be regarded as the magnetic dual and the e = — 1 branch as the dyonic dual. These are 



exactly the duality patterns introduced in Subsect. 5.5.1 



The two other branches of the dual theories are strongly coupled. The branches with e = e, 
which describe the oblique confinement of the magnetic theory and confinement of the dyonic 
theory, give the e = branch and hence correspond to the Higgs branch of the electric theory. 
The branches with e = — e, which correspond to the confinement phase of the magnetic theory 
and the oblique confinement phase of the dyonic theory, also yield e = e. and hence give another 



description of the strongly coupled branches of the electric theory |15]. 

Overall, in this two-flavour case, there are three equivalent theories: electric, magnetic and 
dyonic. The moduli space of each of them has three branches: Higgs, confinement and oblique 
confinement. The map between the branches of the different theories is the 5*3 permutation 
given by (5.5.42). Let us argue this from the discrete symmetry, along the line of the discussion 
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in Subsect. 5.5.2. The electric theory has a symmetry generated by Q — ^e^'^'^I^Q and charge 
conjugation C. In the magnetic theory the symmetry takes the form: M — ^e^^'^/^M and 
q — >e~'^™ 1^ AQ^ where A is the non-local moduli transformation and satisfies that = C. Thus 
the Z^ symmetry is a "quantum symmetry". 

In the following we explicitly verify the above duality patterns by working out one example, 
the Coulomb phase of the electric theory. This phase is obtained by adding VFtree = 
to ( 5.5.40| ) with e = e and integrating out the massive fields. The equations of motion for M^^, 



N22-, M^'^ and A^i2 from the superpotential 

2 / 8A 1 \ 1 

W~ + Wtree = —Ti{MN) + 6 dct M + dct iV + -mM^^ (5.5.43) 

3/i y 3/x^ 16A3^2 / 2 

give, respectively, 

^iqrq2) + ^M'' + \m = 0, M^' = qrq2 = 0, M^' = 0. (5.5.44) 

3/U 3/i^ 2 16A3,2 A* 



( |5.5.44 ) shows that for M^^ + 3e'mfj,'^ / (16A32)7^0, the expectation value of q2 will break the gauge 
group to 50(2). i^jA^i ) and j ^JM ) lead to the low energy superpotential for the remaining 
massless fields qi, denoted as qf and q^ according to their S0{2) charges, 

Wl = ^(M''-m-^]q+qY = ^(W-4emA3^qtq{, (5.5.45) 
z/i y 1dA3^2 / Z/J, ^ ' 

where the relation ( ^.5.3S| ) was used. This low energy superpotential will be modified by quantum 
corrections from instantons in the broken magnetic 5*0(3) part. For large m, the instanton 
contribution is small and can be ignored. The superpotential shows that the low energy theory 
has massless fields q^ at M^"^ = 4emA3^2 = 4emA3 These massless fields can be interpreted as 
the monopoles for e = 1 and the dyons for e = — 1 of the = 1 case. This is precisely the dual 
interpretation according to which the e = 1 branch is the magnetic description and the e = — 1 
the dyonic one. 

In addition to the above two monopoles in the Coulomb phase, one can still find other 
monopoles in the Nj = 1 theory arising from the strong coupling dynamics of the dual theories. 



The superpotential (|5.5.43|) shows that qi gets an effective mass 



4M^^ e 

m = 1 — u (5.5.46) 

3/i 12A3,2 



for u = (?27^0. Thus qi should be integrated out first and an Nf = 1 theory is obtained. ( 5.5.46 ) 
and (5.2.12) give the scale of the low energy magnetic theory 



All = ( — A3,2 + -^x ) . (5.5.47) 



There should exist massless monopoles at 

rii 



... / 4 ~ e \ I6A3 2M 
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The M^^ equation of motion in ( 5.5.44| ) gives 



4eA 



3 

-m 
4 



16A 



-M 



11 



3,2 



3 

—m. 

4 



From i W^M ) and (Fslsj ), we obtain 



M 



11 



4mA, 



3,2- 



T3 + e 
lie ■ 



For mT^O, since e = ±1, the above equation gives only one solution: 



M 



11 



-4emA3_2 = -4eA 



3,1- 



(5.5.49) 



(5.5.50) 



(5.5.51) 



Therefore, another monopole of the Nf = 1 theory has been found, whose existence is a conse- 
quence of the strong coupling dynamics of the dual theory. 

In the m = case, a similar analysis shows that there exists a strongly coupled state in the 
dual theories along the flat directions with detM = 0. This state can be interpreted as the 
massless quark of the electric theory. 

Finally, we consider the dual of the dual description ( ^.5.38| ) and see how the triality behaves 
[15|. From the scale relation ( 5.5.39 ), the dual of the dual theories ( 5.5.38| ) should be an SO (3) 
theory with Nf = 2 quarks, say d*, gauge singlet fields M and N and the scale 



^3,2 — ^3,2- 

By analogy with ( 5.5.38 ), the superpotential should be 

2 



(5.5.52) 



W 



3^ 



Tr(MiV) + e 



8A3 2 det M det N 

+ 



+r] 



8A3 2 det N 



3/i^ 



+ 



det(d-d) 
24A' 



24A 



3,2 , 



3/i 



Tr[N{d-d)] 



3,2 



2.^.,.,.^ detM detN 

— Tr(MiV) + e — \ ^ 

3fi ^ \ 24A3,2 24A, 



3,2, 



— Tr[iV(d-d)] 



/ det TV det (d-d) 



(5.5.53) 

24A3,2 24A3,2 J ' 

where e = ±1 and rj = ±1 label different duals. There are two possible choices for e and rj. 
The first one is e = —r]. Then the superpotential shows that iV is a Lagrangian multiplier 
implementing the constraint M = d-d and consequently the superpotential isW = 0. Thus with 
this choice the dual of dual theory is just the original electric theory with d* = Q*. The other 
choice is e = rj, and the superpotential ( ^.5.53| ) becomes 



W = — TV(MiV) - — Tr[iV(d-d)] + e 
3fi 3/x 



detM _^ detiV _^ det(d-d) 



24A3,2 12A 



3,2 



24A 



3,2 



(5.5.54) 



Now we integrate out A^^,-. The equations of motion for N^j give 



det NK 



-1 



8A 



3,2 



{di-dj - M, 



A| 2 [det(dj-dj - Mij)] {di-dj - Mj, 



(5.5.55) 
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Inserting ( |5.5.55| ) into ( 5.5.54 ) we get the superpotential 

e 



W 



I2A3.; 



24A3.2 



[dei M + {d-d)\ . 



(5.5.56) 



(5.5.56) does not describe new dual theories. Defining 

1/4 



A 



3,2 



A 



d^ 



(5.5.57) 



3,2, 



and using the scale relation ( ^.5.39| ), we rewrite ( ^.5.56| ) in terms of the new variables, 

1/2 



W 



A 



3,2 



12A3,2 \A3,2, 
^Ti[M{q-q)]+e 



8A' 



3,2 



detM + 



24A3,2 
24A3,2 



det M + ^ det(g-. 



A 



3,2 



det 



(5.5.58) 



This is precisely the magnetic dual superpotential (|5.5.38 ). Thus it does not give a new dual 
description. 

In summary, the supersymmetric 5*0(3) gauge theory with Nf = 2 has three equivalent 
descriptions: the original electric theory and the two magnetic dual ones. The above discussions 
show that taking the duals of the dual theories permutes these three descriptions. 



5.5.4 Nf = Nc = 3 case: Identification of = 1 duality with = 4 Montonen-Olive- 
Osborn duality 

This case has several special points [^]. First, the one- loop beta function vanishes, and 
hence the bare coupling constant tq = 9q/{2tt) + Ain/^gQ) is not renormalized at one-loop. 
The two-loop beta function is negative, so the theory is not asymptotically free and the the- 
ory is free in the infrared region; Secondly, the (magnetic and dyonic) dual descriptions are 
SO{4:)=SU{2)xxSU{2)y gauge theories, thus we should discuss the duality for each SU{2)s 
branch. In particular, since the electric quark superfields Q can be written as a 3x3 square ma- 
trix in terms of their flavour and colour indices, the theory allows a cubic superpotential ~ det Q 
at tree level. With this cubic superpotential, the A'" = 1 duality is in fact the duality proposed by 
Montonen and Olive and found by Osborn in A^ = 4 supersymmetric Yang-Mills theory. 

Like in the discussions in previous sections, the various symmetries and holomorphy as well 
as the mass dimension determine the superpotential of the magnetic and dyonic theories to be 

W = ^TT[M{q-q)] + —L- detiq-q), s = X,Y, (5.5.59) 
2/i 64A^,3 

where q-q = ^^^^^ (^^^'''^ Qrxry'^x^Y ^^^'^^ magnetic quarks q belong to the fundamental 
representation of each SU{2)s. The scales A^ 3 of the magnetic SU{2)s are chosen to be equal 
and are given by the relation 

g27e»'r^oA3g = /x^, (5.5.60) 

where tq is the bare gauge coupling mentioned above, and e = ±1 shows that the term e^'^'^° is 
the square root of the SO {3) instanton factor. The sign of e determines whether the dual theory 
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is magnetic or dyonic. Note that in the two-flavour case e only appears in the superpotential 
( 5.5.38 ) and not in the the scale relation ( ^.5.39| ). However, here e appears in the scale relation 
so that it can relate the instanton factor for the SU{2)s to the square root of the instanton 
factor for the electric 50(3) theory. 

As usual, we analyze the duality by looking at the flat directions and mass deformation. The 
analysis in the flat directions is similar to the general A'^^ = Nc case and the det{q-q) term in the 
superpotential does not modify the analysis essentially. Thus, in the following we only discuss 
the mass deformation. 

Introducing a large mass term Wtree 



for the third flavour, according to ( 5.2.12 ) 
the decoupling of this heavy flavour in the electric theory will lead to a low energy theory with 
two flavours and the scale 



(5.5.61) 



In the dual theory, adding the above mass term to the superpotential ( 5.5.59|) , we have 



Wf^n = ^Tr[M{q-q)] + ^^^i^ det{q-q) + ImM^^ 



2n 



64A33 



(5.5.62) 



The equation of motion for M^^ from ( |5.5.62| ) gives the expectation value, {q^) = —fim, which 
breaks the dual SO{4:)^SU{2)xxSU{2)y gauge group to a diagonal subgroup 50(3)^. ( |5.2.17D 
gives the decoupling relation of the dual theory 



4(A3 )2(^m)-2 = A^ 



3,2- 



(5.5.63) 



(|5.5.60 ), ( 5.5.61|) and ( 5.5.63 ) immediately yield the relation (^.5.39| ) between the scale A3^2 of 
the low energy magnetic theory and the scale A3 2 of low energy electric theory. This is another 
argument for the correctness of the relation ( 5.5.601) . Integrating out the massive field M^^ using 
the equations of motion for N33 = 93-^3, we have 



33 



,3 „3\ 



32A3 



■det{q-q){q -q 



(5.5.64) 



Inserting (5.5.64) into (5.5.62), we obtain 



W 



l-TT[M{q-q)] + ^mM^' 



1 

2/1 



Ti[M{q-q)] + 



32A 



det(g-g) 



3,2 



(5.5.65) 



where we have taken into account ( ^.5.6C| ) and ( ^.5.63| ). q denotes the two light flavours. In 
addition, the contribution generated by instantons in the broken part of the SU (2) x x SU {2)y 
gauge group should be included. To get the instanton contribution, we introduce the Lagrangian 
multiplier field L and rewrite the second term as TT[L(q-q)] — 32eA3^2 det L. The original term 



can be recovered upon integrating out L. Consequently, the superpotential (|5.5.65|) is rewritten 
as 



W = ^Tr[M{q-q)] + Ti[L{q- 



32eA3 2 det L. 



(5.5.66) 
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( 5.5.66 ) implies that q^-^rY Set the effective mass 2L + M / fi and hence that they should be 
integrated out. The low energy theory is a pure SO{3)d gauge theory with the scale given by 



dm, 



a: 



3,2 



det — + 2L 



-\ 2 



a: 



2 [det(M + 



3,2" 



(5.5.67) 



A superpotential contribution by instantons is 

2eA3,2 



2eAin 



det(M + 2//L). 



(5.5.68) 



The whole low energy superpotential is the combination of this instanton generated one and 
(|X68D, 



W = — Tr[(M + 2nL)(q-q)] - 32eAs 2 det L + det(M + 2^1). 

2id ' jj,"^ 



(5.5.69) 



Integrating out L, ( ^.5.69| ) gives 

2 



W 



3/x 



-Tr 



M{q-q) 



+ e 



8A3,: 



det M + 



24A' 



■ det(g-^ 



3,2 



(5.5.70) 



which is just the superpotential of the dual 5*0(3) gauge theory of the Nf = 2 case given by 
(|5X38|) . 

Next we add a perturbation to the electric theory in the form of a cubic superpotential p5[| 

Wtree=PdetQ, (5.5.71) 

where /3 corresponds to the Yukawa coupling. This kind of superpotential is special for Nf = 3 
since only in this case Q can be written as a square matrix in terms of its flavour and colour 
indices. If we choose /? = \/2, the gauge coupling will be identical to the Yukawa coupling, 
and the theory is very similar to the = 4 50(3) supersymmetric Yang-Mills theory since all 
of these three flavours are in the adjoint representation and the one-loop beta function is zero. 
However, in general this theory is not identical to the A^ = 4 supersymmetric 50(3) Yang-Mills 
theory since the two-loop beta function is negative, and thus only in the infrared region, the 
theory with the cubic superpotential agrees with the A^ = 4 supersymmetric Yang-Mills theory. 
The choice f3 = V2 means that we rescale Q as 



Q- 



'V2 



1/3 



g. 



(5.5.72) 



Due to the non-vanishing two-loop beta function, there is a conformal anomaly connected to the 
scale transformation ( 5.5.72| ) in the infrared region [^], which is proportional to 



41n 1^^^ j (feiW^Wa,) + h.c. 



(5.5.73) 
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This leads to a relation between te, which is the effective gauge coupling in the infrared region, 
and To = 9 /{2it) + Aiir/gQ, the bare gauge coupling: 

g2mrB ^ g2i7rro (^^^ = ^e^^'^^" f3^ , (5.5.74) 

since the classical Lagrangian takes the form l/g^ J cPOCW^Wa) + h.c. . 

What are the effects of the cubic superpotential in magnetic theory? ( p.4.8| ) and the second 
relation in ( |5.4.9|) mean that the electric operator detQ is mapped to {Wa)'x ~ (W^a)y- There- 
fore, the addition of the above cubic superpotential to the electric theory makes the magnetic 
SU{2)xxSU (2)y theory have sT^Ayg. Consequently, the various symmetries determine that 
the superpotential ( ^.5.59| ) should be modified to 



W = —Tr[M{q-q)] + —^/{te, e) detiq-q). (5.5.75) 



1 2ee*'^'^° 

—TT[M{q-q)] + : 

2/i /X' 

Similarly, the scale relation ( 5.5.601 ) is modified to 



e2V'^^«A3 35,(rs,e)=/i3, (5.5.76) 

where / and Qs are functions of te and e whose explicit forms are not known. When /3 = 0, 
the scales should coincide: Aj^ 3 = Ay 3, and thus from ( 5.5.74 ), ( |5.5.75| ) and ( ^.5.76| ) we should 
have 

TE = ioo, /{te, e)|r£;=oo = 5s('^S, e)|rB=oo = 1- (5.5.77) 

In the infrared region the magnetic SO{4:)=SU{2)xxSU (2)y theory with AxT^Ay also flows 
to the = 4 supersymmetric gauge theory. This can be observed from the Ax^Ay limit. We 
denote te in this limit by r*. Since supersymmetric SU{2) gauge theory with Nj = 3 is free in 
the infrared region, for Ay = the SC/(2)y gauge symmetry has become a global symmetry and 
hence is not a dynamical symmetry any more. Consequently, the magnetic quarks ql^ry ^® 
written as g^, A = 1, • • -,6. Thus the magnetic theory is an SU{2)x theory with six doublets 
coupled through the superpotential ( ^.5.75| ). This superpotential breaks the global SU{6) to 
SU{3) fxSU{2)Y under which the SU{2)x doublets g^x the representation (3,2). The 

strong SU{2)x dynamics confines them to be the meson fields Nij=qi-qj in the representation 
(6, 1), and (p"^ in the representation (3, 3) of SU{3) f^SU {2)x- This can be seen from the decom- 
positions of the fundamental representations of 5C/(3) xS'C/(3) and SU{2)xSU{2): 3x3 = 3©6, 
2x2 = 1©3. The above global and SU{2)x gauge symmetries and the holomorphy determine 
that the interaction of these fields should be given by the superpotential 

I^int = -l^{cl>'-cl>^) + + 2detcP, (5.5.78) 

2 Ax 8 A3^ 

where the (j)^ have been rescaled to have mass dimension 1 instead of 2. Combining ( |5.5.7^ ) with 



(|5.5.75D and adding a mass term Tr(mM)/2, we have the full superpotential 



mull = —M'mi, + —^ f{r,,e) + 2^gx{T,,e) 



detN 



If^m + 2det0 + + iTi.(™M). (5.5.79) 

2 Ax 8 A3^ 2 
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Now we gauge the group SU{2)y, i.e. localize this group and introduce new degrees of 
freedom, the SU{2)y gauge fields. If the energy is higher than Ax, the coupling of the SU{2)y 
gauge theory is very weak and runs with the scale Ay. If the energy is much lower than Ax, 
the SU{2)y gauge fields will couple to the three triplets (jf. The coupling ry will become very 
strong and will not run. Thus it should satisfy 



A3 

^2i-KTY tlx. 



(5.5.80) 



This means that for Ay<cAx, Ty~ioo. 

The fields M and in (5.5.79) are massive and should be integrated out. The My equations 
of motion set 



and the Nij equations of motion give 



(5.5.81) 



Mi. 



/(T„e) + 2V(T*,e) 



m. 



-1 



After integrating out M and the superpotential ( 5.5.79 ) becomes 



W = 2detcP+^J-m^j{cj)'-cP^] 
2 Ax 



/(r.,e) + 2V(n,e) 



det m. 



(5.5.82) 



(5.5.83) 



For m = 0, this superpotential is proportional to the Yukawa potential det Thus in the 
infrared region the magnetic theory can be identified with an A^ = 4 SU{2) super symmetric 
gauge theory with weak coupling ry. 

The above discussion on the infrared magnetic theory was based on the limit AxJ?>Ay . Away 
from this limit, in the infrared magnetic theory also flows to an A^ = 4 supersymmetric gauge 
theory with the coupling ry being a function of te- 

It should be emphasized that the A^ = 4 supersymmetric theory with ry, as the infrared 
limit of the magnetic theory, is the not the same as the A^ = 4 supersymmetric gauge theory 
with Te given by ( ^.5.74 ), i.e. the infrared limit of the original electric theory. The original 
electric A^ = 4 supersymmetric gauge theory, with coupling te-, is weakly coupled for /?<d; this 
can be seen from ( 5.5.74| ): 



te^ — ln/3 ~ oo. 
i-K 



(5.5.84) 



(Note that r = 9/{2it) + Ain/g'^.) The magnetic A^ = 4 theory, with coupling ry, is strongly 
coupled for /3<Cl. This is because when /?<d, the mapping from the electric operator to the 
magnetic one leads to 



13 det Q^p iWa,fx-Wo,)l 



~0. 



(5.5.85) 



Consequently 



Ax~Ay, 



(5.5.86) 
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and hence according to (5.5.80), ry~0. Conversely, the magnetic = 4 gauge theory is weakly 
coupled when Ax^Ay- This limit occurs for /? ~ 1, where the original electric iV = 4 theory is 



weakly coupled. Based on this fact, Intriligator and Seiberg assumed that [15| 

1 

TE = • 

In this sense the = 1 duality can be interpreted as a generalization of the 



(5.5.87) 
4 duality 



proposed by Osborn based on the Montonen-Olive conjecture. 

In this duality, the meson operator M*-' of the electric theory can be related to the correspond- 
ing operator of the magnetic theory in the Ty^ioo limit by differentiating the superpotential 
( 5.5.83 ) with respect to rriij, 

^ ' "-^ -"'^ ' +2V(n)l det(m)mri 



Ax 



4gg»7rro 



/(n 



(5.5.88) 



One notices that M*-' has not the simple form of {(jf-cp^) but is shifted. A similar shift was 
observed by Seiberg and Witten in discussing the flow from the = 4 to the N = 2 theory 
when m has one vanishing eigenvalue and the two other eigenvalues are equal. This gives a 
strong support to the above assumption that A^ = 1 duality is related to A^ = 4 duality [15|. 



5.6 Dyonic dual of SO{Nc) theory with Nj = — I flavours 

It was shown in the last section that there exists a dyonic dual description in the 5*0 (3) gauge 
theory, which is a new duality phenomenon. In this section we shall explore some aspects of this 
dual theory in more detail such as its flat directions and mass deformation etc. 

We start from the electric SO{Nc) {Nc > 4) theory with Nf = Nc — 1 flavours discussed in 
Subsect. 5.4.2| . Its dual magnetic description is an 5*0(3) gauge theory with A'^^ quarks and the 
superpotential (5.4.11). Now we consider the dual of this magnetic theory |15]. The discussion 
in Subsect. ^.4.2 shows that the S0{3) theory has both magnetic and dyonic dual descriptions. 
Both of them are SO{Nc) gauge theories with Nf matter fields (T, gauge singlet fields M^^ and 
Nij and the superpotential 



W 



— Tr [N(M 
2/x 



d-d)] 



1 



6a2(7Vc-2)- 



- [detM - edet(d-(i)] 



according to ( 5.4.11 ), where e = ±1 and the scales satisfy 

2{Nc-2)~l 



~2{Nc-2)-l 
^Nc,Nc-l 



eA 



(5.6.1) 



(5.6.2) 



due to the scale relations ( p.4.12| ) and ( 5.5.9| ). The equation of motion from (5.6.1) yields 
j^ij — One can easily see that the theory ( ^.6.1 ) with e = 1 gives W = and ( ^.6.2 ) 

shows that 



~2{Nc-2)-l 
^Nc,Nc-l 



A 



2(Afc-2)-l 
Nc,Nc-l ■ 



(5.6.3) 



Thus this is just the original electric theory with the matter fields identified with the electric 
quarks Q*. On the other hand, the theory (|5.6.1| ) with e = — 1 has the superpotential 



W 



1 



32A 



_2)-i det((i-(i) 



1 



2(Afc-2) 
Nc,Nc-l 



~2{Nc-2)- 
32Ajv^ AT 1 



-det (d-d) 



(5.6.4) 
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and the scale 



~2(Nc-2)-l 
^Nc,Nc-l 

According to ( 3.1.3| ), we have 



f.2{Nc-2)-l _ f.2{Nc-2)~l 



e 47r 



1 



T = ^ + ^i^-^\nK^° = -^InA 



1 



2vr g 



2i7r 



Nc,N 



3{Nc-2)-Nf 



f 2i7r 



f 



2m 



^^2(7V.-2)-l 



(5.6.5) 



(5.6.6) 



so the scale difference ( 5.6.5 ) with the original electric theory means a shift of the vacuum angle 
e by vr, 



+ 7r. 



(5.6.7) 



Therefore, the theory with the superpotential ( 5.6.4| ) is called the dyonic description of the 
original electric theory. Let us next consider the physics in the flat directions of the dyonic dual 
theory and the effects of mass deformation. 



Flat directions 



The flat directions of this theory are very subtle. The natural variables parametrizing the 
classical moduli space are the singlet fields M^^ = (f'-dP . The M equation of motion from 
( |5.6.4| ) gives detM = 0. Since M is an NfxNf matrix, one might conclude that the classical 
moduli space of vacua is given by all the values of M^^ subject to the constraints det M = 0, 
i.e. rank(M)<A'^^ — 1, and the gauge symmetry at most breaks to SO{2)=U{l). However, this 
conclusion is not correct since from ( 5.6.4 ) this theory is scale A dependent. This can be made 
more clear from the following arguments |15|. Consider the flat directions where M is diagonal 
and has Nf — 1 non-zero equal eigenvalues a. In the case of the vacua far away from the origin 
of moduli space, i.e. a»A^^^^, the SO{Nc) gauge symmetry will break to SO{2)=U{l) due 
to the non- vanishing (M). From the superpotential ( ^.6.4 ) and the Higgs mechanism, some 
quarks will acquire masses of order a^f~^ /A'^^f'^ while the massive gauge bosons are much 
lighter, their masses are of the order ^/a. In the case that the energy of the theory lies between 
these two values, A^^ , < < a, the gauge symmetry is neither broken nor are the quarks 
in the vector representation of SO{Nc). This occurs because the interaction described by the 
superpotential ( 5.6.4 ) is not renormalizable. Therefore, the above symmetry breaking pattern 
cannot be applied to the large o case. On the other hand, if the the expectation values of 
are very large, the gauge symmetry is broken at a high energy scale and the SO{Nc) gauge 
interaction is weak. This is because its one-loop beta function is positive. However, in this case 
the superpotential ( 5.6.4 ) leads to strong coupling for the massive fields so that they cannot be 
easily integrated out and hence the classical analysis gives the wrong conclusion. 

What will happen if we consider the origin of the moduli space? Near the origin, the 
expectation value (Mjj)<cA^^ Nf~i^ thus one can analyze the flat direction by flrst putting 
the superpotential ( ^.6.3[) aside. Then the dyonic dual description is similar to the electric 
theory. From the discussion on the electric theory in Subsect. 5.5.2| , we know that this dyonic 
dual theory should have several branches as does the electric theory. We only consider its oblique 
conflning branch, which should still be described by the superpotential ( 5.4.28| ), only with the 

scale replaced by A. This Wobi will differ from ( p.4.28| ) by a sign due to the relation ( ^.6.2 ) 
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with e = — 1. Now considering the superpotential ( 5.6.4| ) on this branch and adding to it Wobi 



win give the full superpotential VFfuU = 0. Thus on this branch with oblique confinement of the 
dyonic description, one finds that the flat directions given by the space of (M^^) are identical 
with the ones in the original electric theory, except that this theory is strongly coupled. 

Mass deformation 

To discuss the mass deformation, we again add a large mass term for the Nf-th. flavour, 
Wtree = to the superpotential ( |5l6^ ), 

^Mi = .2^-^ det M + ImM^f^f . (5.6.8) 



32A 



2Afc-5 



The above discussions shows that in flat directions, near the origin of moduli space, the dynamics 
is strongly coupled, and the theory has a confinement branch and hence there exist monopoles. 
Away from the origin, in the case m<cA, the massive fields can be integrated out. From ( p. 6. 
the equations of motion of these massive fields lead to: 



j^Nf^^Nf ^^i_^Nf i = l,...,iVy-l(=iVj-2). (5.6.9) 



( 5.6.9| ) implies that d f = while may not vanish. If d^^O, the SO{Nc) gauge symmetry 



will break to SO{2)=U{l), the massless fields being M*-' = d^-d^. However, rewriting the 
superpotential 

^Mi = - ■ 2L5 det MM^v.TV, + ^mM^/^/ 




where we have used the decoupling relation ( ^.2.1[1| ) , we see that in the region 

there are also light fields coming from d^^ , denoted as d^ according to their U{1) charges. The 

fields d^ can be interpreted as the dyons of the low energy Nj = Nc — 2 theory. Recall that 



these dyons were found in Subsect. |5.3.4| by means of a strong coupling analysis of the electric 
theory and in Subsect. 5.4.2 by a strong coupling analysis of the magnetic theory, while here we 
recognize them in a weak coupling analysis of the dyonic theory. This means that in the dyonic 
dual theory, the dyon is a fundamental particle. As a natural consequence, an oblique confining 
superpotential like ( 5.4.281 ) should be present in the tree level Lagrangian of the dyonic theory 

(HI). 



Finally, to clearly show the triality between electric, magnetic and dyonic theories, let us see 
what the magnetic dual and dyonic dual descriptions of this dyonic theory look like ||l5|. First 



we consider the magnetic dual of the dyonic theory with superpotential (5.6.4). It is an S0{3) 



gauge theory with A'^^ quarks qi and singlet fields M*-' . Its superpotential should be composed of 



the superpotential ( 5.4.11 ) of the magnetic 5*0(3) gauge theory and the tree level superpotential 
( 5.6.4 ) of the dyonic theory, 

1 , , , , 1 



W = —M'^ (qi-qj) ^M^z^ ^et M + det M. (5.6.11) 



64A^ 1 32Ajv„ v„_i 
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According to ( |5.6.2|) a nd the square root of ( |5.4.12 ), A^^jv^_]^ = — A^^'=^^_j^, we see that ( |5.6.11 ) 



is the same as ( |5.4.l"Tl) , so the magnetic dual of the dyonic dual theory is exactly the magnetic 
dual of the original electric theory. If we take the dyonic dual of the dyonic theory with super- 
potential ( 5.6.4 ), according to ( ^.6.6 ) and (|5.6.7 ), the vacuum theta angle will be shifted by vr 



again and this will lead to a superpotential which cancels ( 5.6.4| ). Thus the dyonic dual of the 
dyonic dual theory is the original electric theory. 

To summarize, the SO{Nc) theory with Nf = Nc — 1 flavours has three equivalent descrip- 



tions: the original electric 50(3) theory discussed in Subsect. |5.3.4 the magnetic SO{3) theory 



described in Subsect. 5.4.2| and the dyonic SO{Nc) theory considered here. Taking the dual of 



the dual theory permutes these three descriptions. 

5.7 A brief introduction to Sp{Nc = 2nc) gauge theory with Nf = 2nf quarks 

In this section we shall give a brief introduction to the non-perturbative phenomena, especially 
the electric-magnetic duality, of = 1 supersymmetric Sp{Nc) gauge theory with Nf flavours 
of matter in the fundamental representation. These phenomena such as the generation of a 
dynamical superpotential, the erasing of the classical vacuum degeneracy by non-perturbative 
quantum effects, the appearance of a conformal window and the relevant duality are qualitatively 
similar to those found in the SU{Nc) gauge theory with matter in the fundamental representation 
and in the SO{Nc) gauge theory with matter in the vector representation |^]. In fact, it was 
shown that the dynamics behaviours of the Sp{Nc) gauge theory are parallel to that of the 
SO{Nc) theory since by formally extrapolating the parameter Nc in the SO{Nc) to negative 
value, the result obtained in the SO{Nc) theory can be easily adapted to the Sp{Nc) theory 



[IOC]. Thus in the following we shall only state the main results. 
5.7.1 Some aspects of Sp{Nc = 2nc) gauge theory 

Sp{Nc) gauge theory 

First we briefly introduce the unitary symplectic group Sp{Nc). It is composed of the 
transformations that preserve the antisymmetric inner product tjaJ^^^b [|oT|, with 



{J^"") =[-i j = ^N./2xN./2<^i^2, (5.7.1) 

where the element 1 denotes Nc/2xNc/2 unit matrix. Thus the number of colours Nc should be 
even, Nc = 2nc. The dimension of this group is Nc{Nc + l)/2 = nc{2nc + 1). In particular, the 
number Nf of flavours must be even since for an odd number of (chiral) fermions there exists 



a discrete global anomaly |102], which will make the theory inconsistent at the quantum level. 
So, we write Nf = 2nf. It should be emphasized that the fundamental representation of Sp{Nc) 
is always pseudo-real. 

The classical Lagrangian of supersymmetric Sp{2nc) gauge theory has the same form as 
(|5.1.1| ) and ( ^.1.2 ). The classical global flavour symmetry is S'C/(2nj)xC/yi(l)xf^i?o(l) 



explicit transformations of the fields are similar to those hsted in ( [sTsD , ( p^ and (|T|). At 



the quantum level, the tOi(l) and [/^^(l) symmetries will suffer from the ABJ chiral anomaly. 
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SU{2nf) 


Ua{1) 




Ur{1) 






+1 





{uf - I- nc)/nf 


A 








+1 


+1 



Table 5.7.1: Representation quantum numbers of fundamental fields. 



The corresponding operator anomaly equations are 

1 



1 



4n/ - 4(nc + 1 



327r2 



^f^uxppa^pa^^ a = 1, 2, • • n,(2n, + 1) 



(5.7.2) 



respectively. In the same way as in the SU{Nc) and SO{Nc) cases, one can combine C/a(1) and 
C//jo(l) to get an anomaly-free i?-symmetry with the i?-charge |51] 



R — Rq + 



-A. 



(5.7.3) 



Thus the quantum theory has anomaly-free global symmetries SU{2nf)xUR{l). According 
to (l5l7^ ), the various U{1) quantum numbers of the quark superfield and gaugino and their 
representation dimension under SU{2nf) are listed in Table 5.7.1| . The perturbative theory 
gives the one-loop beta function coefficient ||5l|| : 



Po = 3(iVc + 2) - 2Nf = 3(2nc + 2) - 2n/. 



(5.7.4) 



Classical moduli space 

The classical moduli space is described by the Z)-flatness directions. Q may have non- 
vanishing expectation values in a D-flat direction. Up to gauge and global rotations, these 
expectation values (QV) can be written in the following matrix forms |98] 

f ai ••• 0---0\ 
02 ••• ••• 



Q 



\ 



for nj < ric and 








0/ 



2x2 



(5.7.5) 
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/ ai 
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• 







• 
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• 








. 
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• 


/ 



L2x2 



(5.7.6) 
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for nf>nc- ( 5.7.5| ) shows that for generic Oj these expectation values break Sp{2nc) to Sp{2nc 



2nf) by the Higgs mechanism for nj < ric and completely break Sp{nc) for nf>nc- Thus the 
moduli space of vacua is described by the expectation values of the "meson" superfields 

Mij = Qi-Qj = e'''Qir-Qjs = -Mji. (5.7.7) 

Note that the fundamental representation of Sp{2nc) is always pseudo-real, so the metric in the 
colour space is antisymmetric. The number of fields Mij is nf{2nf — 1). For nf < ric, this is just 
the number of the matter fields left massless after the Higgs mechanism. For Uf > Uc, since from 
( 5.7.6| ) and ( 5.7.7| ) rank((M))<2nc, the Mij should be subjected to the classical constraints |99] 



e^--^^"/M,,,,M,3,,. • -M,,^^^,,,^^^, = 0. (5.7.8) 

In particular, for nf = ric + 1, the above constraint can be written as 

Pf M = 0, (5.7.9) 

where Pf M is the Pfaffian of the antisymmetric matrix M. Note that the moduli space of (M) 
subject to the constraint ( ^.7.8| ) is singular on submanifolds with rank((M))<2(nc — 1) since in 
this case some of the Oj are zero and Sp{2nc) is not broken to Sp(2nc — 2nf). Consequently, 
there exist additional massless bosons on these singular manifolds. 

The number of the meson superfields M^^ subject to the constraints ( 5.7.8 ) is AnfUc — 



nc{2nc + 1). It is precisely the number of the matter fields remaining massless after the 
Higgs mechanism. Note that there are no baryons in distinction to the SU{Nc) and SO{Nc) 
cases since the invariant tensor e''i "^2nc of Sp{2nc) is always reducible, i.e. it can always be 
broken up into sums of products of the second rank anti-symmetric tensor J*-' . Therefore, the 
baryons always decompose into mesons. 

5.7.2 Quantum moduli space and non-perturbative dynamics 

The non-perturbative quantum effects will modify the classical moduli space. Like in the SU{Nc) 
and SO{Nc) cases, the dynamics is very sensitive to the relative numbers of colours and flavours. 
Different ranges of the colour and flavour numbers will present distinct physical pictures [^] . 

nf<nc: dynamically generated superpotential and erasing of classical vacuum 

This range is very similar to the SU {Nc) case. In the low energy theory there is a dynamically 
generated superpotential and it lifts all the classical vacuum degeneracy. The explicit form of this 
dynamically generated superpotential is determined by the holomorphicity and the anomaly-free 
global SU{2nf)xUFt{l) symmetry as well as the mass dimension 3. The representation quantum 
numbers of the quantities entering the superpotential are listed in Table 5.7.2| . Similarly to the 



dynamical superpotential ( |3.4.32| ) of the SU (2) case, and since M is an antisymmetric matrix, 
the dynamical superpotential should be 

/.a/2\ l/K + l—/) /.3(... + l)-n,\ VK + l-"/) 

H' = ^("o.v)(pjjj-] =AK.„,)Uipi^ . (5.7.10) 
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SU{2nf) 


Ua{1) 








nf{2nf — 1) 


+2 





2(nj - 1 - nc)/nf 


detM 





4n/ 





4(n/ - 1 - nc) 







4n/ 


-4(n/ - 1 - ric) 






Table 5.7.2: Representation quantum numbers of the quantities composing of the dynamical superpo- 
tential, A being the dynamical scale. 



A(nc,nf) can be determined from the low energy limit and the explicit instanton calculation. 
First, the one-loop beta function coefficient ( ^.7.4 ) and ( 3.4.^ ) give the running coupling 



(5.7.11) 



Considering the large a^f limit, ( 5.7.51) shows that the Sp{2nc) theory with 2n/ flavours becomes 
the low energy Sp{2nc — 2) theory with 2nj — 2 flavours. In the low energy theory 



PfM = a-;PfM, 



(5.7.12) 



where M denotes the mesons corresponding to the light flavours. With ( 5.7.11 ) the identification 
of the running coupling at the energy q = gives the relation between the high energy and 
low energy scales 



'iric—n 



A 



c-(nf-l) _ 2An^,nf 



3n, 

ric — l.rif — 1 



(5.7.13) 



As in the SU{Nc) case discussed in Sect. 3.4.1 , the requirement that the superpotential ( 5. 7. 101 ) 
properly reproduces the superpotential of the low energy theory, restricts the coefficients A{nc,nf) 
to the form: 



A{n^,nf) = 2"//("^+i-"/)^(nc - n/,0) = 2"//("^+i-"/U(n, - n/). 



(5.7.14) 



Further, giving the (2n/ — l)-th and 2n/-th flavours a large mass by introducing a tree level 
superpotential, Wtree = mM2nf-i,2nf, the low energy theory is the Sp{2nc) theory with 2n/ — 2 
flavours with the scale given by the matching of the running couplings of the high and low energy 
theories at the energy q = m: 



. 3K+l)-{n/~l) _ . 



3(nc+l)— n/ 



(5.7.15) 



After integrating out the two heavy flavours, the low energy superpotential coincides with the 
general form of ( |5.7.10| ) only when the A[nc,nf) satisfy 



Uc + 1 — nj 



\ ric + l 



ric+l 



(5.7.16) 
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To ensure ( |5.7.14 ) and ( 5.7.16|) A{nc,nf) must be equal to 

A{nc,nf) = {nc + l- n^)e2WK+i-n^) (2"^-!^) ^^^"'^^""^^ , 

n = l,2,---,nc + l-n/. (5.7.17) 

The constant A can be determined from the instanton contribution. An exphcit calculation 
in the modified dimensional regularization scheme shows that A = 1 [103|. The dynamically 
generated superpotential is now finally fixed: 

W = {n, + l- n^)e2-/K+i-n,) ^ ^ 

n = l,2,---,nc + l-n/. (5.7.18) 

As mentioned in the SU{Nc) case, the concrete dynamical mechanisms generating the su- 
perpotential ( ^.7.18| ) for Hf < He and nj = ric are different. For nj = ric, the gauge group 
Sp{2nc) is completely broken, and ( |5.7.18| ) is generated by an instanton in the broken Sp{2nc). 



A similar calculation as in the SU{Nc) case can explicitly verify this |^2|. For n/ < Uc, ( 5.7.18 ) 



is associated with gaugino condensation in the Sp{2nc — 2nf) supersymmetric Yang-Mills theory, 

W={n, + 1- Uf) (^-^WWo^ \sv{2n^-2nj). (5.7.19) 

Like in the Nf < Nc case of the SU {Nc) theory, the dynamically generated superpotential 
( 5.7.19[ ) has lifted all the classical vacua since it leads to non- vanishing F-term, F = dW/dQ^O. 



As the SU{Nc) and SO{Nc) cases, this is another typical example of dynamical supersymmetry 
breaking. However, if we add a mass term Wtree = rriijM^^ /2 to ( ^.7.18| ) and integrate the 
massive fields, the low energy Sp{2nc — 2nf) Yang-Mills theory has ric + l supersymmetric vacua 
represented by the expectation values of Mij, 

(M,,) = e^WK+i) (2"-ipfmA'i':;^;^)-"^y^^"^^'^ {m-%. (5.7.20) 



This conclusion can also be obtained from calculating the Witten index [|3l|. Note that now the 
mass matrix of the Sp{2nc) quarks is antisymmetric. 

Uf = ric + 1: Smoothing of classical singular moduli space and chiral symmetry breaking 



The superpotential ( 5.7.18D does not make sense for nf>nc + l, so the dynamically generated 



superpotential W = 0. Consequently, the vacuum degeneracy is not lifted for nf>nc + 1 and 
there exists a continuous quantum moduli space parametrized by the expectation values of Mij . 
Giving masses to all of these 2n/ flavours, their expectation values should still be given by 



(5.7.20). This leads to a constraint to the quantum moduli space expressed in terms of the 



Pfaffian 



PfM = 2"-iA2";=+i . (5.7.21) 



This is a quantum deformation of the classical constraint ( 5.7.8| ) as for the Nf = case of the 



SU{Nc) theory. This quantum correction is due to the contribution from instantons. Because of 
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triangle diagrams 
and gravitational anomaly 


anomaly coefficients 


Sp{2nfyUR{l) 


-2ncTr(t^P) 




-nc{2nc + 3) 


Ur{1) 


-nc{2nc + 3) 



Table 5.7.3: 't Hooft anomaly coefficients, here denoting the generators of Sp{2nf). 



the quantum deformation, there are no longer any classical singularities on the quantum moduli 
space. Thus the quantum moduli space of vacua is smooth and there are no other additional 
massless fields. This conclusion can be verified by the 't Hooft anomaly matching. 

It is easy to see from (|5.7.6D and ( 5.7.7 ) that the non- vanishing (Mij) satisfying ( 5.7.21 ) 
break the global SU{2nf)xUR{l) chiral symmetry to Sp{2nf)xUR{l) since Mij is antisymmet- 
ric. We can check the 't Hooft matching conditions for this unbroken global symmetry. The 
fundamental massless fermions are the gaugino A'' and the quarks (5%,. Their representation di- 
mensions and anomaly-free i?-charges under the gauge group Sp{2nc) and the global symmetry 
Sp{2nf)xUR{l) are {nc{2nc + l),l)_i and (2nc,2nj)_i, respectively. The massless composite 
fermions are the fermionic components of the fluctuations of M around (M) satisfying ( 5.7.21 ) 
and their representation quantum numbers are (l,nj(2nj — 1) — l)-i. We can write down the 
Sp{2nf)xUR{l) Noether currents and the energy-momentum tensors composed of the funda- 
mental massless fermions and the fermionic components of quantum moduli as in the SU{Nc) 

+ 1, the anomalies do match. 



n, 



and SO{Nc) cases. It can be easily calculated that for rij 
The explicit non- vanishing anomaly coefficients are listed in Table |5.7.3 

We make two flavours heavy by adding a mass term Wtree = w.M2n^-i,2n^- From the high 
energy and low energy scale relation ( 5.7.15 ) and the constraint ( 5.7.2l| ), after integrating out the 
two heavy flavours, we immediately get the superpotential ( 5.7.18|) for the low energy nj = n-c 
theory. 



nf = nc + 2: Confinement without chiral symmetry breaking 

Before discussing the quantum moduli space let us first have a look at the classical moduli 



space given by the constraints (5.7.8|), which now become 



,n---«2nc«2nc + l*2nc + 2«2nc + 3*2nc + 4 /If /If. . —f) ('^ 7 99') 

(^.7.22[) shows that the number of constraints is ^ ^ ^ = 6. Thus the classical low energy theory 

has nf{2nf — 1) — 6 ={nc + 2){2nc + 3) — 6 =nc{2nc + 7) light fields M. In the quantum theory, 
the light fields in the low energy theory are nf{2nf — 1) =(nc -|- 2)(2nc + 3) =nc{2nc -|- 7) + 6 
antisymmetric fields M but subject to the dynamics given by the superpotential 

PfM 

W = ^r^Sr^- (5-7.23) 
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Triangle diagrams 
and gravitational anomaly 


Anomaly coefficients 


5C/(2n/)^ 


2ncTr(t^{t^,t^'}) 


SU{2nfrUR{l) 


-2nc(nc + l)/(nc + 2)Tr(t^t^) 




-n;^(2ne + 3)/K + 2)" 




-nc{2nc + 3) 



Table 5.7.4: 't Hooft anomaly coefficients for both high and low-energy theories, being the generators 
of SU{2nf) 



The classical constraints can arise as the equations of motion from this superpotential. This can 

C2nf — 2nc \ 
2 ^ j — ^ 

components of M, hence only nc{2nc + 7) fields remain massless. This coincides with the classical 
case as it should be. 

A new phenomenon is that there will be singular submanifolds in the quantum moduli space 
when rank((M)) <2(nc — 1). In distinction from the classical physical interpretation, here the 
singularity implies that some of the quantum components of M become massless on these sub- 
manifolds. At the origin of the moduli space, rank ((M)) = 0, all the {nc+2)(2nc+3) components 
of M are massless and the full global 5f7(2n/)xC7ij(l) chiral symmetry is unbroken. Thus we 
can check whether the 't Hooft anomalies match for the massless fermions at both fundamental 
and composite levels. The massless fundamental fermions are the gaugino and quarks, and their 



quantum numbers under SU{2nf)xUii{l) are given in Table 5.7.1. The massless composite 
fermions are the fermionic components of the quantum moduli around the origin (M) = and 
their SU{2nf)xUfi{l) quantum numbers are {nf{2nf — l))-i. One can easily calculate the 't 
Hooft triangle anomaly diagrams and the C/j?(l) axial gravitational anomaly. The non- vanishing 
anomaly coefficients are collected in Table |5.7.4| and they indeed match. Note that at Mij = 
the chiral symmetry does not break but the colour degrees of freedom are confined. A similar 
phenomenon was also observed in the Nf = Nc + 1 case of the SU{Nc) theory. 



Making two flavours heavy by adding Wtree = rnM2nf-i,2nf to the superpotential ( 5.7.23 ) 



and integrating out these two massive fields, we can get the constraint ( 5.7.21 ) in the low energy 
Uf = ric + 1 theory as an equation of motion. 

Uf > ric + 2.- Conformal window and duality 



Increasing the number of flavours, we now reach the theories with nj > ric + 2. ( ^.7.4 ) 
shows that for nf>3{nc + 1) the one-loop beta function coefficient f3o<0, the theory is not 
asymptotically free. It is free in the infrared region. So this range is not interesting. In the range 
3(nc + l)/2 < Uf < 3(nc + 1), there is a non-trivial infrared fixed point of the renormalization 
group flow at which the theory is in an interacting non-Abelian Coulomb phase. From the 
discussions on the phases of gauge theory in Subsect. |2.4| the theory in this phase can have a 
self-dual description. It was found [^] that the dual description is an Sp{2nf — 2nc — 4) gauge 
theory with 2nf matter fields in the fundamental conjugate representation of SU{2nf), gauge 
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Triangle diagrams 
and gravitational anomaly 


Anomaly coefficients 


5C/(2n/)^ 


2ncTV(t^{t^,t^'}) 


SU{2nfrUR{l) 


-2nc(nc + l)/n/Tr(t^t^) 




-nc(2nc + 3) 


Unil) 


nc{2nc + 1) - 4nc(nc + if/nj 



Table 5.7.5: 't Hooft anomaly coefRcients contributed by the massless fermions of the electric and 
magnetic theories, being the generators of SU{2nf ). 



singlets Mij = —Mji and a superpotential 



1 



W = —Mijq\q^,r', (5.7.24) 



where /U is a parameter with mass dimension. The one-loop beta function coefficient of the gauge 
coupling of the dual theory is, according to ( ^.7.4| ), 

= 3 [2{nf - nc - 2) + 2] - 2n/ = 6(n/ - nc - 1) - 2n/. (5.7.25) 



( |5. 7.251) shows the reason to require nj > 3(nc + l)/2: this choice makes Pq > and the dual 



theory has an identical fixed point of the renormalization group flow as the electric theory, at 
which the electric and magnetic theories give physically equivalent description. Similarly to the 
SU{Nc) and SO{Nc) cases, the relation between the dynamical scale A of the electric theory 
and the scale A of magnetic theory is 

AS?"'^^"'Ajt'n"-2"n!""' = C(-l)"/-"-V"^. (5.7.26) 

This scale relation will lead to typical electric-magnetic duality features as described for the 
SO{Nc) and SU{Nc) theories. The low energy electric theory is equivalent to high energy 
magnetic theory and vice versa. 

Taking the singlet M to transform as the meson fields Mij = Qi-Qj of the electric the- 
ory, the magnetic theory theory with the superpotential ( 5.7.24| ) has a global anomaly- free 



SU{2nf)xUji{l) flavour symmetry as the electric theory, under which M is in the represen- 
tation (nf{2nf — l))2(i-(nc+i)/n/) magnetic quark superfields qi in {2nf)(^^^_^_iy^^. At 
(M) = 0, the global SU{2nf)xUR{l) is unbroken in both the electric and magnetic theories. 
One can easily check that the 't Hooft anomalies contributed by the massless fermions in the 
electric Sp{2nc) theory, gaugino and quarks, match those contributed from the massless fermions 
in the magnetic theory: magnetic gaugino, magnetic quarks and the fermionic components of 
the singlet M. Both sets of massless fermions give identical 't Hooft anomaly coefficients as 



listed in Table 5.7.5 



Along the lines of discussion of the SU{Nc) and SO{Nc) theories, we shall discuss the dy- 
namical behaviour in the flat directions and under the mass deformation of the magnetic theory. 
Let us first find the flat directions in the magnetic theory. The equations of motion for M from 
the superpotential ( ^.7.24| ) and the D-tevms of the Sp{2nc — 2n/ — 4) gauge theory give the 
flat directions parametrized by (g*) = and arbitrary {Mij). Now giving M2nf-i,2nf a large 
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expectation value, the quark superfields Q2nj-i and Q2nf of the electric theory will get large 
expectation values and they will break the electric Sp{2nc) theory with 2nj flavours to a low 
energy Sp{2nc — 2) theory with 2nj — 2 flavours and the scale 

aT:J;J = JT7 r, (5.7.27) 

which is obtained from matching the running couplings at the energy {M2nf-i,2nf) ■ On the other 
hand, in the magnetic theory, a large {M2nf-i,2nf) will give a large mass {2^)~ {M2nf-i,2nf) to 
q'^"-f~^ and g^"'-^. The low energy magnetic theory is an Sp{2nf — 2nc — 4) theory with 2nj — 2 
flavours, a superpotential of the form (5.7.24) and a scale 



S^Cil-^'"'^ = (2/^)"^M2„,_i,2n, A3(-+i)-"/ . (5.7.28) 



(5.7.24) and ( ^.7.2^ ) show that the scale relation is preserved for the low energy electric and 



magnetic theories and hence the duality relation remains. 

Another interesting example is giving large values to rank((M)) eigenvalues of M. Then 
rank((M)) magnetic quarks get heavy masses, and the low energy magnetic theory is the 
Sp{2nf — 2nc — 4) gauge theory with 2nf — rank((M)) flavours. From the above discussions, we 
know that the electric Sp{2nc) gauge theory with nj>nc + 2 has a vacuum at the origin, (Q) = 0, 
while the Sp{2nc) theory with nf<nc + 1 does not: when nf<nc, the dynamical superpotential 
has erased all the vacua and the classical vacuum at the origin cannot escape from this fate; 
when Uf = ric + 1, the instanton correction smoothes out the singularity at the origin. In the 
magnetic theory, for 2nf — rank((M))<2nj — 2nc — 2 = 2(nj— Tic — 2) + 2, i.e. rank( (M))>nc + 1 
there should exist no vacuum at (q) = due to strong coupling effects. Since the equation of 
motion of M requires the vacuum to be at {q) = 0, there is no supersymmetric vacuum for 
rank( (M))>nc + 1. This is an obvious classical constraint in the electric theory, while in the 
magnetic theory it is recovered from the strong coupling dynamics and the equations of motion 
of M. 

In the following we consider mass deformation. Giving a mass to the (2nj — l)-th and 2n/-th 
flavours by adding the superpotential Wtree = fnM2nf-i,2nf: the low energy electric theory is an 
Sp{2nc) gauge theory with 2nj — 2 flavours and the scale 

= mAltn'l'^-'''' ■ (5.7.29) 
On the other hand, the equations of motion for M2nf-i,2nf obtained from Wtrec and the super- 



potential (I5.7.24D yield 

(g2n/-l.g2n^) = -2^,m. (5.7.30) 



This expectation value breaks the dual Sp{2nf — 2nc — 4) theory to Sp{2nf — 2nc — 6). Further- 

, and M>„ 

zuf — l i2nf 

{qKq2nf-i^ = = 0. (5.7.31) 



more, the equations of motion of -^2ny-i ^^'^ "^2n/' ^ ~ ^l'^/ ~ ^) yi^ld 



This means that 
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( 5.7.30 ) and ( ^.7.32| ) imply that the light fields in the low energy Sp{nf — ric — 3) theory are the 



singlets Mrj and the 2nf — 2 magnetic quarks with a superpotential of the form ( ^.7.24 ). The 
matching of the running couplings at the energy (g^^/^^-gi^"/) gives the scale relation between 
the low energy and high energy magnetic theories, 

1^3(nf-nc-2)-{nf-l) _ , ._ir3{nf-nc-l)-nf (K 7 -i-i^ 

^^nf-nc-3,nf-l — -(fim) . [0.1.66) 



( |5.7.29 ) and ( ^.7.33| ) show that the dual scale relation ( 5.7.26 ) is still satisfied and hence the 



duality is preserved in the low energy theory. 

Another kind of mass deformation consists of assigning masses to some of the flavours by 
adding a mass term Wtree = m*-^Mjj/2 with rank(m*'') = 2r. The low energy electric theory is 
an Sp{2nf — 2r — 2nc — 4) gauge theory with 2nj — r flavours. If one chooses the mass matrix 
m to satisfy nj — r — — 2 = 0, the magnetic gauge group will be completely broken and 
there will arise a contribution to the superpotential from the instanton in the broken magnetic 
gauge group. On the other hand, this also occurs in the low energy electric theory when n/ = 
Uc + 2. Turning on the mass term VFtree = fnM2nj-i,2nj in the electric Sp{2nc) theory with 
Uf = ric + 3 and integrating out the (2nj — l)-th and 2ny-th flavours, we get the low energy 
Sp{2nc) gauge theory with Uf = nc + 2. In the magnetic theory, with the addition of Wtree, the 
equation of motion for M2nf-i,2nf yields {q^'^f~^-q^'^f) = — 2/im. The other magnetic quarks 

q^ , i = 1,- ■ •, 2nf — 2 = 2{nc + 2) get masses (M*-')/(2^). This is implied by the superpotential 



(5.7.24). Thus Sp{2nc) breaks to Sp{2) and the instanton in this magnetic Sp{2) gauge group 



yields a low energy superpotential 

Atni;f'^Pf(M/(2^)) _ AtJ-3+^)pfM 



W 



CPfi? CPfM 



2nr. ~ r,«„-J-l A 2n,+l ' (5.7.34) 



2-^+3(mA^":„ ,3 2«=+iA 



nc,nc+2 



where we have used the scale relation ( [5.7.26 ) ^^/nc+3^i n!Xt^^ ~ C^jP""^^, and the decoupling 



relation A^"''^l,_2 = mA^"''„^_|_3. ( ^.7.34 ) shows that if the constant appearing in ( ^.7.26| ) is 



C = 16, the superpotential ( [5.7.34| ) is precisely the superpotential ( 5.7.23D for the Uf = nc + 2 



case of the electric theory. Therefore, all the results for nf<nc + 2 in the electric theory can be 
obtained from the dual magnetic theory with nf<n(. + 3 by flowing down through introducing 
mass terms. 

To summarize, super symmetric Sp{2nc) gauge theory with matter fields in the fundamen- 
tal representation is another typical example that exhibits duality and other interesting non- 
perturbative dynamical phenomena. Therefore, all the = 1 supersymmetric gauge theories 
have conformal windows and dual descriptions. This is in fact a generalization of Montonen- 
Olive-Osborn duality of the A^ = 4 supersymmetric theory and Seiberg-Witten duality of the low 
energy N = 2 supersymmetric theory. However, there are some differences between A^ = 1 dual- 
ity and A^ = 2, 4 duality. In the A^ = 1 duality the original electric theory and the dual magnetic 
description have different gauge groups and matter field contents. Especially, the A^ = 4 and 
N = 2 dualities are thought to be exact, while A^ = 1 duality only arises in the infrared region. 
In spite of this limitation, the potential application of A^ = 1 duality in exploring the non- 
perturbative dynamics should not be underestimated since A^ = 1 supersymmetry can be easily 
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broken to get a non-supersymmetric theory. In addition, the associated conformal windows also 
have great significance since we get a large number of non-trivial interacting four-dimensional 
conformal quantum field theories [104|. 



6 New features of = 1 four-dimensional superconformal field 
theory and some of its relevant aspects 

The discussion in the previous sections shows that non-Abelian electro-magnetic duality emerges 
in the IR fixed point of = 1 supersymmetric gauge theory, where the theory is described by 
an interacting superconformal invariant field theory. This is a new conformal invariant quantum 



field theory in four-dimensions [104]. The only known non-trivial superconformal field theories 



known before in four dimensions were the N = 4 supersymmetric Yang-Mills theory [105| and 
the special N = 2 theories with vanishing /3- function [ |106[ |. In fact, conformal invariance and 
duality depend on each other: superconformal symmetry, manifested by the vanishing of the 
NSVZ /3-function, is the necessary environment for the survival of electric-magnetic duality, 
otherwise the running of the coupling will ruin the electric-magnetic duality. On the other 
hand, duality is very useful in understanding the dynamical structure of superconformal field 
theory. The combination of electric-magnetic duality and superconformal symmetry has revealed 
a large number of non-perturbative dynamical phenomena. Furthermore, some non-perturbative 
information beyond the IR fixed point can be acquired by investigating the renormalization 
group flow. Note that the realistic colour number Nc = 2> and flavour number Nf = 6 satisfy 
the conformal window condition, 3Nc/2 < Nf < 3Nc. In this section we shall introduce some 
of the new features of these non-trivial four-dimensional superconformal field theories and some 
related aspects including the critical behaviour of the various anomalous currents, anomaly 
matching in the presence of higher order quantum corrections, the universality of the operator 
product expansion and the evidences for the existence of a four-dimensional c-theorem provided 
by duality and superconformal symmetry. 

6.1 Critical behaviour of anomalous currents and anomaly matching 



As shown in (2.5.8), in a superconformal field theory, the supersymmetry algebra determines 
that the energy-momentum tensor, the supersymmetry current and the chiral i?-current all lie in 
a single supermultiplet. Consequently, the axial anomaly of the i?-current, the 7-trace anomaly 
of the supersymmetry supercurrent and the trace anomaly of the energy-momentum tensor 
also belong to the same supermultiplet. However, the trace anomaly of the energy-momentum 
tensor is proportional to the /3-function and thus cannot be saturated by the one-loop quantum 
correction, while it was for a long time believed that the axial anomaly only receives contributions 



from the one- loop quantum correction [107]. This used to be the famous anomaly puzzle in 



supersymmetric gauge theory. A series of investigations have concluded that this paradox is 
actually due to the difference between the operator form and the matrix element form of the 
chiral anomaly equation [|108|[ -[ 114 [: the operator form of the anomaly equation is one-loop 



only, while the matrix element form can receive multi-loop contributions. It was pointed out in 



Ref. [114 1 that this difference actually occurs in any gauge theory, since the gauge invariance of 
the regularization schemes adopted in calculating the anomaly can only unambiguously fix the 
form of the renormalized matrix elements, while the form of the operator equation is conditional. 
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Only in super symmetric gauge theory, has this anomaly paradox been exposed because of the 
anomaly supermultiplet. 

In previous sections we only considered the one-loop 't Hooft anomaly matching as a check 
of the duality and other non-perturbative dynamical phenomena. Since = 1 duality only 
exists in the IR fixed point of the theory, where the theory is in a strong coupling region, the 
effects of higher order quantum corrections cannot be neglected. Therefore, we must now check 
't Hooft 's anomaly matching including higher order quantum corrections. 

Among the various anomalous currents participating in 't Hooft anomaly matching, only the 
singlet chiral ii-current is affected by higher order quantum corrections |115| ]. Eq. ( 3.1.211) shows 
that in supersymmetric SU{Nc) QCD with Nj flavours the anomaly-free i?-current at the one- 
loop level is a combination of two classically conserved but quantum mechanically anomalous 
axial vector currents. One is the current Rq lying in the same supermultiplet with the energy- 
momentum and the supersymmetry supercurrent. It was given by Eq. (3.1.13) and can be 
rewritten in the following two-component fleld form |115| 

Nf 



Oaa 



9 



(6.1.1) 



which is the fermionic part of the lowest (^ = ^ = 0) component of the supercurrent superfield 



108, 115], 



Oaa 



ae^wU-^ 



+ 
+ 



(q^q,v^-v 



z 

+ 4 



(6.1.2) 



where Z is the wave function renormalization constant of the quark chiral superfields. Note that 
here and in what follows, for the convenience of discussion, we have rescaled the vector supermul- 
tiplet V — ^V/g. Another axial current is the flavour singlet axial vector current composed 
only of the matter fields, and its two-component field form is Kaa = J2i^Ji (V'l^V'a + V'l^V'a) • 
This chiral current is usually called the Konishi current, it is the fermionic part of the 66 com- 
ponent of the following superfield |p9| , 



Z 



-V 



Qe^Q] + 



Q:V^-V]) 



which corresponds to the transformation invariance of the chiral superfields: 



(6.1.3) 



(6.1.4) 



The anomaly of this current comes only from the one-loop quantum correction, and can be read 
from the Konishi anomaly relation pi 



N 



D^K 



-F=r2 , 



D^zJ2{QU''Q^ 

i=l 



N 



2^2 



(6.1.5) 
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here and in what follows, W'^ = W^Wa- The superfield 



i=l 



(6.1.6) 



is usually called Konishi supercurrent due to the Konishi anomaly relation [^ ]. 

The higher order effects of the Rq anomaly can be easily inferred from the operator anomaly 
equation of the supercurrent Joad found a long time ago [|115[| , 



Oad 



i=l 



(6.1.7) 



with 7 being the anomalous dimension of the matter fields, 7 = —^dlnZ/d^ = — din Z/iiln/i. 
The many loop effects are reflected in the term proportional to 7 in Eq.( |6.1.7D . The combination 
of (leTsl) and (|T|) gives the multi-loop anomaly equation for Rq, 



d'Ro, = - iV/(i - 7)] f'^^'^f;,. 



(6.1. 



The anomaly coefficient is proportional to the NSVZ beta function of the gauge coupling, given 
by Eq.( |3.4.96 ). The 9^ component of the Konishi anomaly relation ( |6.1.5 ) gives the axial anomaly 
of the Konishi current, 



d>'K, 



(6.1.9) 



Eqs. (6.1.8) and (6.1.9) suggest that the anomaly-free i2-current with the inclusion of the higher 
order effects should be the following combination 



N 



f 



(6.1.10) 



In the dual magnetic theory, complications will arise in constructing the anomaly-free R- 
current due to the cubic superpotential (4.1.5) involving the magnetic quarks q, q and the 
colour singlet M. The magnetic Konishi current consists of a magnetic quark part and a singlet 
field part. 



-9 

Nf Nf-Nc 

Nf{Nf+l)/2 
k=l 



qra 



qa ^ qra. 



aa 



M- 



(6.1.11) 



The -Ro-current in the magnetic theory has the same form as in the electric theory, 

Road = ^TliXoAa) - Kd- (6-1.12) 
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The superpotential provides an additional classical source for current non-conservation. The 
anomaly equations of the supercurrent superfield J and the Konishi relation are thus modifica- 
tions of Eq. ( 6.1.7] ) and ( |6.1.5| ), respectively [115|, 



Oaci 



3W 




Nr 



167r2 ^ 8 ^ 



i=l 



(6.1.13) 



1=1 



Nf 

E 



— h 

2 



167r2 



(6.1.14) 



and Zi are 



ab 



where is a certain general chiral superfield contained in the superpotential W, % 
the anomalous dimension and the wave function renormalization for ^i, Pq = 3Nc - 

the coefficient of the first order /3-function, C* is defined by the normalization Tr(r'^T' 
with T'^ being the matrix representation to which the <I>*s belong, and W is a general classical 
superpotential. 

According to ( |6.1.13| ) and (6.1.14), the conserved i?-current of the magnetic theory with the 
inclusion of the higher order quantum corrections should be the following combination [115]: 



Rn 



3{Nf - N,) 



Nf 



M 



Rl + c,Kl + CMKff, 



2Nf 



Nf 



7q = 



7<?; CM 



3iV^ - 2N 



f 



N 



f 



7m 



Cm 



7M, (6.1.15) 



where ■~fq and 7m are the anomalous dimensions of the fields q, q and M, respectively. The 
meaning of the terms and their coefficients in ( |6.1.15 ) is as follows: the special combination 



- 2KI^^ is classically conserved and its coefficient is the numerator of the NSVZ beta function 

M 



of the magnetic gauge theory; the coefficient of Kf^ is proportional to the beta function /3j 



f{2"fq + 7m) of the Yukawa coupling / of the cubic superpotential W/ = fq~Mijq^^. 

Although the higher order quantum corrections in constructing the anomaly-free R-current 
are considered, they actually do not affect 't Hooft's anomaly matching. Since the 't Hooft 
anomaly is an external gauge anomaly, the theory should be put in a background of some 
external gauge fields. It was explicitly demonstrated that all the higher order contributions to 
the external anomalies of the i?-current cancel exactly [115]. We first consider the Ur{1)Ub{^)'^ 
triangle diagram. Introducing the external Ub{^) gauge field to couple to the baryon number 
current, one can easily calculate the anomaly of the i?o-current of the electric theory |115], 



487r2 ^ 



(6.1.16) 



The form of this beta function can be easily understood: due to the non-renormahzation theorem of W/, the 
Yukawa vertex f{tf}q(j>Mi^ — h '4^q'4^M4'~+ i'M(l>M'4>~) is not renormalized, hence the renormahzation of the couphng 

constant / is determined by the wave function renormahzation constants, fn = Z'^^^ f . Thus the beta 
function is /3/ = 27, + 7m. 
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where G^j^u = d^Gy — d^Gf^ is the external Ub{1) gauge field strength. The anomaly for the 
Konishi current in the external field background, like the internal anomaly, comes only from 
one-loop quantum corrections. 



^^NjN^G^^G,.. 



(IgTToI) , (leTiel) and (IgTTtI) lead to 



(6.1.17) 



167r2 



2N^)G'"'G^ 



(6.1.18) 



Thus the external anomaly of the i?-current in the triangle diagram Uji{l)UB{^)'^ receives no 
higher order contributions. This cancellation is actually attributed to the definition ( |6.1.10| ) of 
Ru, which ensures that the higher order contribution of the triangle diagram containing Rq is 



dismissed. Note that the anomalies we used to derive Eq. ( 6.1.10 ) are the internal ones. On the 
magnetic theory side, it can also easily be found from (|6.1.7| ) that = /{8Tr'^)G^^'^G^i, 

[115]. Thus the 't Hooft anomalies for the triangle diagram Ur{1)Ub{^)'^ match exactly as in 
the one-loop case. Similarly, the other two triangle diagrams containing the i?-current, the axial 
gravitational anomaly Uii{l) and the triangle diagram UR{l)SU{Nf)'^ , also match exactly as in 
the one-loop case. 

There remains the C//j(l)^ triangle diagram. This diagram only concerns the f7ij(l) current. 
It was argued from the holomorphic dependence of the quantum eff^ective action on the external 
field that the external anomaly for this triangle diagram gets only contributions from one- 
loop quantum corrections [|115[| . It is well known that the Wilson effective action of a pure 
supersymmetric Yang-Mills theory depend holomorphically on the gauge coupling and field 



strength [112, 112]. In the presence of matter fields such as quarks and mesons, the Wilson 
effective action of a supersymmetric gauge theory with the inclusion of an external gauge field 



takes in Pauli-Villars regularization the following general form [112, 115], 



1 



167r2 
1 



^ - (^3Ca In ^ - ^ In / d'xd'9T,W 



+ 



167r2 



ext 



(6.1.19) 



where go is the bare gauge coupling, fj, is the renormalization scale, it also plays the role of 



infrared cut-off in the Wilson effective action [113[. Mq and Mj are the Pauli-Villars regulator 
masses for the ghost superfields and matter fields, respectively. The ghost fields arise due to 
the (super-)gauge-fixing. Go is the in the adjoint representation of gauge group; VFext is the 
superfield strength corresponding to the external gauge field; Cf^* are defined similar to Cj for 
the generators when they appear in the interaction term with the external gauge field. W($*) 
is the superpotential, and its presence or absence depends on the concrete model. 

The holomorphy of the vector part of the Wilson effective action determines that the coeffi- 
cients in front of W'^ and Wgxt saturated by only the one-loop quantum correction. Higher 
order quantum corrections only enter the wave function renormalization constant Z, and are 
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absent for the coupling constant. Note that the Wilson effective action is actually an opera- 
tor action. Its expectation value yields the usual quantum effective action, i.e. the generating 
functional of the IPX Green functions, 



iSw{f^)\ 



(6.1.20) 



The one-loop contribution to the Rq anomaly (including both the internal and external anoma- 
lies) can be obtained through the action of the operator M^d / BMq + Mid/dMi on the vector 
field part of the one-loop quantum effective action. 
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167r2 
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(6.1.21) 



The anomaly for the Konishi current is also given by the differentiation Mi^r°'^'=-^°°P. This 



way of calculating the anomaly confirms that the i2-currents constructed in Eqs. (6.1.10) and 
( |6.1.15 ) indeed have no internal anomaly, since the W^Wa term of pone-loop jg invariant under 
the action of the operator 



.(0) 



(6.1.22) 



The non-invariance of the part in ( pT2l| ) under the action of ( |6. 1.221 ) gives the external 
anomaly of the i?-current. The higher order quantum effect is reflected in the presence of the 
wave function renormalization factors Zi, which can be included by the replacement |112|] 



Mn 



Mo 



(6.1.23) 



Eq. (|6.1.23[ ) also implies that the role of Zi for the ghost regulator mass Mq is played by the 
factor {go/g)"^^^ ■ Consequently, the multi-loop quantum effective action is 



-imulti— loop 



1 



167r2 
1 



^-f3Ccln 



Mq ^ M, 
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167r2 



M^ 
Zi^ 



(6.1.24) 



The W'^ part of this multi-loop quantum effective action is invariant under the action of the 
modified operator 



dM 







dMi 



l + c. 



(0) 



(6.1.25) 



This means that the i?-current remains internal anomaly-free in the presence of higher order 
quantum correction, as it should be, while the action of ( |6.1.25| ) on the Wg^t part of rmuiti-ioop 
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yields the external anomaly of the i?-current. With the relation ( |6.1.23 ) it can be easily found 
that 



'dMo 
d 

'dm 



dMi 



pmulti— loop 
pone— loop 



(6.1.26) 



This implies that the external anomaly of the i?-current is exhausted by the one-loop quantum 
correction, and thus the anomalies of the Ur{1)^ triangle diagram match like in the one-loop 
case. 

The above discussion is a detailed analysis of the infrared behaviour of the i?-current with the 
inclusion of the higher order quantum correction carried out in the operator form of the anomaly 
equation. One can also start from the matrix element form of the anomaly equation [|ll6f |. 
The matrix element form of the anomaly equation for the Konishi current has indeed revealed 
some more interesting features than its operator form. The operator anomaly equations for the 
Konishi current, Eqs. ( |6.1.9 ) and (6.1.17), imply that its internal and external anomalies have 
only one-loop character, but from the matrix element form one sees that the external anomaly of 
the Konishi current is proportional to the /3-function and hence presents multi-loop character. 
Furthermore, the matrix element form shows that the Konishi current must be renormalized 
and thus it receives an anomalous dimension. This implies that the Konishi current remains 
anomalous at the critical point, despite the fact that the matrix element of its operator anomaly 
equation is proportional to the /3-function, which vanishes at the critical point. In the following 
we shall illustrate this by working out two examples, supersymmetric QED and QCD. 

For supersymmetric QED, its generating functional in the presence of an external vector 
super field 14xt is 



(6.1.27) 



where T4xt; ^] is the classical action of supersymmetric QED, 
1 



+ gauge fixing part. 



d^eW^ + h.c. 



+ I d^Od^e 



(6.1.28) 



and r is the quantum effective action. We consider the case that the external momentum 
A;^|VFgxt(^)|, then only the terms quadratic in Wext survive in an expansion in powers of 



|W^t(/c)|/|A;| . Thus the quantum effective action in this energy region is [47| 



r [Kxt 



WL + h.c. . 



(6.1.29) 



Eqs. (6.1.5) and ( |6.1.7| ) show that the operator form of the Konishi anomaly D K and the su- 
percurrent anomaly D"^ J^a are proportional to the vector superfield strength operators W"^ and 
DaW^, respectively. Thus to determine the matrix element of the operator anomaly, one should 
first compute the expectation value {W'^). From Eqs. ( |6. 1.27 ) and ( 6.1.28| ), this expectation value 
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can be expressed in terms of the external field 14xt) integrated over d'^xd?9, and it is obtained 
by taking the logarithmic derivative of Z with respect to 1/g'o, 



/ 



(fxd^e{W'^) + h.c. = -4i 



d 



d{i/gl) 



In Z. 



(6.1.30) 



Omitting the integration over x and 9, ( 6.1.29| ) and (l6.1.30| ) imply that the matrix element of 
the chiral superfield operator is directly connected to the external superfield strengths W^^^ 
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ext 
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ext • 



(6.1.31) 



Here I3q = g(^/(27r^) is the one-loop /3-function of supersymmetric QED [114, IK:]. The factor 
/^o(5o)//^(S'o) depends on the UV cut-off A, and hence it can be identified as a renormalization 
factor of the operator VK^, i.e. 



/?o(go) w2 



Consequently, Eq. ( |6.1.31j ) becomes 
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(6.1.33) 
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( |6.1.33 ) and the Abelian analogue of the operator anomaly equations, ( |6.1.5| ) and ( |6.1.7| ) pT 



D J 

±y On 



9o 



(6.1.34) 



lead to the renormalized matrix elements of the operator anomaly equation in the external 
background field Ve^t, 
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(6.1.35) 



(|6.1.31 ) and ( |6.1.35| ) imply that the supersymmetry supercurrent is not renormalized and it 
is conserved at the fixed point, whereas the Konishi current must be renormalized with the 
renormalization factor Zxigo) ~ P{9o)/ l^o{9o), and the renormalized Konishi current is 



ZkK. 



(6.1.36) 



Therefore, the Konishi current will stay anomalous at the IR fixed point despite the fact that 
the matrix element of its anomaly equation is proportional to the beta function. 
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For supersymmetric QCD, the analysis is not so simple as in the AbeHan case because the 
external background gauge field is charged with respect to the gauge group, otherwise it cannot 
participate in the interaction with the matter fields. Furthermore, the matrix element of a 
current operator depends on gauge fixing. However, in the kinematic region where the currents 
carry zero momentum, their matrix elements can be reduced to a form similar to ( 6.1.35 ) |47]. 
With the one- loop form of the Wilson effective action ( 6.1.19| ) 



SwiiA 



+ /3oln 



Nf 



one— loop 



r2 
' ext 



+ 



r 7 

/ d^xd^ed^Y. T {Q'^^^Q' + Q'e-^Q'^) , (6-1-37) 
i=i 



and the relation between Sw[fj] and r[/i], ( |6. 1.201 ), the differentiation of the IPI effective action 
with respect to the one-loop coupling l/g'^^ 



-loop gives 

/3(a) (3o{ao) 1 

/3o(a) /3(ao) 1 - aoA^c/(2vr) 



TrHC 



(6.1.38) 



where /3(a) is the NSVZ P function, and Po is the first order one. The matrix elements form of 
the anomaly equations ( |6.1.5| ) and ( |6.1.7 ) at the renormalization scale /u, can be derived in the 
same way as in the QED case. 



Tr (d^W, 
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ext I 1 



247ra2 

where the renormalized Konishi current is defined as |47| 



27r2 /3i(a) 



2tt 



ZK{ao)K 



(6.1.39) 



(6.1.40) 



and the renormalization factor Z/<(ao) = /5(oo)//3o(oo)- 

Furthermore, the renormalization group invariance of the two-point correlator of the Konishi 
current shows that its anomalous dimension is related to the slope of the beta function at the 
critical point. The scale dimension for a general local operator 0{x) at the fixed point is the 
sum of its canonical dimension do and anomalous dimension 7(0^,) at the critical value of the 
coupling constant, which can be determined from the scaling behaviour of its two-point correlator 
(O(x)O(y)) at large distance (|x — ?/|— >oo). The Callan-Symanzik equation (in coordinate space) 



y\ 



d\x 



- + 2do + 27(a) + /3(a) — 
y\ oa 



(O(x)O(y)) = 



determines that the correlator should be of the form 

(O(x)O(y)) = [Zo{x - y)f [a{x - y)] , 



(6.1.41) 



(6.1.42) 
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where Zq is the renormahzation factor for the operator O, a(x — y) is the running couphng 
constant defined at the scale ^ ~ l/\x — y\, (/)[a(x — y)] is an unknown function up to some 
space-time or internal indices. At the critical point, /3(a^) = 0, 7(a) = 7*, the correlator 
( I6.1.42D behaves as 



(O(x)O(y))^ 



y 



(6.1.43) 



For the Konishi current, as discussed above, its renormahzation factor depends on the beta 
function. It is enough to look at the two-point correlator of its axial vector component, 



a-fi^ Da, Da J\ 



\e=o- 



(6.1.44) 



( |6.1.36 ), (|6.1.40 ), the Lorentz covariance and the renormahzation group equation for {afj_{x)ay{y)) 
lead to fn^i 



(a^(x)a^(y)) 



/3(a) 



n 2 



/3o(a) 



<Pi{a)9tJiu ^ {x - y)^,{x - y)u4>2{a) 
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(6.1.45) 



where the form factors 0i.2(a) cannot be explicitly determined from the Callan-Symanzik equa- 
tion. At large distance, the running gauge coupling a{\x — y\) flows to a*, i.e. the value at the 
IR fixed point. Without losing generality, we assume that the /J- function has only a simple zero. 
Hence near the critical point, 



P{a) = /3'(a*) (a — a*) . 



(6.1.46) 



The definition of the /3 function at the scale fir-^l/\x — y|, /? [a(^)] = da{n)/dlnfi, gives 

TiParl-r-i/l >oO. (6.1.47) 



— a = \x — y\ 



near \x — y\ 



In the case that (f)i^2 have no pole at the critical point, the substitution ( |6.1.47| ) into (|6.1.45D 
yields ra. 



{af,{x)a,y{y))^ 
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(6.1.48) 



Thus the anomalous dimension of the Konishi current is related to the slope of the beta function. 

In the dual magnetic theory, similarly to the operator form, the matrix element form of the 
Konishi current anomaly equation will become quite complicated due to the flavour interaction 
superpotential among the magnetic quarks and the singlet fields. The conservation of the Konishi 
current is spoiled by both the superpotential and the gauge anomaly. To extract the matrix 



element form of the Konishi current anomaly, a technique was invented 116 | which consists of 
first constructing an anomaly-free Konishi current for the Kutasov-Schwimmer model introduced 
in Sect.^^ |8^, then making the adjoint matter field decouple by introducing a large 

mass term for it. In this way, one can obtain the Konishi current in the usual super symmetric 
QCD, which is thus called minimal supersymmetric QCD as in Refs. |83, 85, 86|. Recall that the 



electric theory side of the Kutasov-Schwimmer model allows the superpotential ( 4.3.26 ), W^i = 
gkTrX^^"^ , X being the matter field in the adjoint representation of the SU{Nc) gauge group. 
The magnetic theory has a superpotential (|4.3.40|) P^mag = 5A;Try^+^ + Y.p^^tpMpqY^~^q, gk, 
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gk and tp are the corresponding coupling constants, which are exphcitly written out here. In the 
critical point of the model, the singlet field Mp is identical to the meson field Mp in the electric 



theory defined by (|4.3.27D due to the duality. 

When the Kutasov-Schwimmer model is at the critical point, the various couplings including 
both the electric and magnetic gauge coupling and those appearing in the superpotentials Wei 
and VFmag take their critical values, a = a^, a = a^, s = etc. The anomaly- free Konishi cur- 
rents in both the electric and magnetic theories are given by the Noether currents corresponding 



to the non-anomalous Ua{^) transformations on the matter fields. According to Eqs. (4.3.12) and 



(4.3.16), the absence of the U{1) anomalies in both the electric and magnetic theories requires 
that 



NfQQ + N,qx = 0, 
NfQg - {N, - Nf)qY 



(6.1.49) 



where qQ{= q^), qx, qq{= q~), qv are the corresponding U{1) charges of Q, Q, X, qg, q~, 



respectively. At the same time, the U{1) invariance of the superpotentials Wei and VFmag in 
both the electric and magnetic theories assign the coupling s, s, tp with the charges 

-{k + l)qY, 



-{k + l)qx, 

f2Nr \ , 

+ l- p\qx+\p-k + 2- 
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1, 2, • • • , /l, 



(6.1.50) 



where use was made of the first relation of ( |6.1.4g| ) and the identification of the singlet fields 
Mp in the magnetic theory with the meson fields Mp of the electric theory at the critical point. 
Furthermore, matching the coupling constant tp at the scale of decoupling one heavy flavour 
requires that the charges qt^ remain identical under a deformation Nf — >Nf — 1. This leads to 
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qx = qy, 



(6.1.51) 



and hence 



■k + l 



(6.1.52) 



The relations ( |6.1.5C| ), (|6.1.51 ) and ( 6.1.52 ) determine that the non-anomalous Konishi super- 
current in the critical electric and magnetic Kutasov-Schwimmer model is a linear combination 
of the Konishi current in the minimal super symmetric QCD and a current constructed from the 
adjoint matter fields |116|, 



Nf 



Kei = ^(Q*W + g*e-VV^Tr(xte^Xe 



-V 
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Tt(m^M 



(6.1.53) 
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where the U{1) charges of the electric quark supermultiplet are chosen as 1 as shown in ( |6.1.4 ). 



We decouple the adjoint field X in the electric theory by introducing its mass term mTrX'^. 
After X is integrated out, the theory returns to the minimal supersymmetric QCD with only 
quark superfields Q, Q. Furthermore, due to the duality map of the chiral operators at the critical 



point of the Kutasov-Schwimmer model [33, |8^, Y also acquires a mass term mTvY'^, thus 



in the magnetic theory the minimal supersymmetric QCD will be reproduced in the low-energy 
limit with the matter fields q, q and M. There are two delicate points to make clear in realizing 
this: first, to precisely produce the minimal dual magnetic theory, one must choose a phase to 
ensure that the magnetic gauge group SU {kNf — Nc — k) breaks down to SU {Nf — N^). This in 
principle should be under control. Second, despite starting from a critical Kutasov-Schwimmer 
model and decoupling the heavy field X (in the electric theory ) or Y (in the magnetic theory 
), usually one does not get the minimal supersymmetric QCD still at the critical point. This 
can be understood from another viewpoint: the heavy fields X and Y can be thought of as 
the regulator fields of the minimal supersymmetric QCD away from its critical point and their 
masses m as the UV cut-off. Consequently, the resulting Konishi operators in the minimal theory 
should be thought of as bare operators defined at the scale given by m. Equivalently speaking, 
the Konishi operators in the Kutasov-Schwimmer model may be thought of as operators of the 
minimal supersymmetric QCD regularized in a particular way. Therefore, the Konishi operators 
in the minimal (electric or magnetic) theories can be defined by directly dropping the fields X 
and Y . This immediately gives 

TV 



i=l 



i^^ag = 2Tr (m^m) + ^ (g^tgVgi ^ ^e-^^^) ^2Jm + ^V ^. (6.1.54) 

1=1 f 

Eq.(6.1.54) shows that the electric Konishi current obtained in this way has its usual form, 



and hence is expected to flow in the infrared region to the corresponding current in the critical 
minimal theory. 



The magnetic Konishi current needs a delicate analysis. Since the i^mag given in ( 6.1.54 ) is 
obtained by the reduction of the magnetic Konishi current in the critical Kutasov-Schwimmer 
model, it is defined at the scale m. At this scale the various couplings of the magnetic mini- 
mal supersymmetric QCD are equal to their critical values with the heavy field Y present, i.e. 
the critical values of the coupling constants in Kutasov-Schwimmer model, 5 = 5j, A = Aj. 
Below the scale m, as stated above, the low energy theory is the usual non-critical minimal 
supersymmetric QCD. Thus the Konishi operator in ( |6.1.54 ) is actually defined on a particular 



renormalization group trajectory, which is a path in the space parametrized by the couplings 
(a, A) of the non-critical minimal supersymmetric QCD. After this point is clear, one can easily 
see how the Konishi current flows to the IR fixed point of the magnetic theory of the minimal 
supersymmetric QCD. Note that the Konishi current operator is a composite operator, thus 
in general its renormalization will lead to mixing with operators of lower dimensions. How- 
ever, before the decoupling of the heavy fields X and Y , the electric and magnetic Konishi 
current operators are identical in the critical Kutasov-Schwimmer model. Thus their dynamical 
behaviour along the renormalization group trajectory, i.e. at any distance (or energy scale), 
should be identical. This means that the magnetic Konishi current operator is renormalized 
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multiplicatively, and hence it cannot mix with operators of lower dimension as soon as this is 
true for the electric Konishi current operator in the off-critical electric theory. Therefore, the 
magnetic Konishi current operator can be rewritten as a linear combination of renormalization 
group invariant operators in an off-critical minimal magnetic theory, 

K^^g = AKi + BK2, (6.1.55) 

where Ki and K2 are two fundamental renormalization group invariant operators constituting a 
basis for any other renormalization group invariant operators. These two operators diagonalize 
the anomalous dimensions matrix, i.e. that they do not mix with each other along the trajectory 
of renormalization group flow. A and B are two constants determined by the original critical 
Kutasov-Schwimmer model, thus they depend only on the critical values of the couplings, 5 = 5jj, 
A = Aj. 

The decomposition ( |6.1.55| ) is explicitly suitable for analyzing the IR behaviour of the mag- 
netic Konishi current near the fixed point. Ki and K2 can be constructed by inspecting the 
various U{1) currents and their anomalies as well as their relations with the Konishi current 
operator. In the off-critical minimal supersymmetric QCD, one well known renormalization 
group invariant operator is the non-anomalous i?-current. However, it does not mix with the 
Konishi current since they belong to current supermultiplet with different superspins. Thus this 
i2-current should be excluded from the candidates for Ki and K2. Two other possible candidates 



are combinations of K and K'^ defined in (6.1.15). One is Kw=K'^ — 2K , whose divergence 



is given by the gauge anomaly, and the other current is Ksp=K^^ , whose divergence is only 



proportional to the superpotential. The magnetic Konishi current ( 6.1.54 ) can be rewritten in 
the following form in terms of these two new currents, 

i^mag = * ^ Kw + 2^^sp. (6.1.56) 

Unfortunately, Kw and K^p mix under the renormalization group fiow, so they cannot play the 
roles of Ki and K2 ■ It is found that Ki is actually the following combination [|116| , 

^1 = ^^^~4^^2^^^^' ^H- + PxKsp = ]3~Kw + ^Ai^sp, (6.1.57) 

where /3a = A(7m + '^Iq)/'^ is the beta function of A, and 7^, 7^/ are the anomalous dimensions 

of the fields q and M, respectively. This form of Ki explicitly remains invariant along the 

2 

trajectory of the renormalization group flow since its D^D divergence is proportional to the 
anomaly of the supercurrent J( 



D^D^Ki = D'^J^a = - ^^'2^ D^D^rWl,^ + PxD^D^W, (6.1.58) 

where Wmag is the gauge superfield strength of the magnetic gauge theory and W is the inter- 
action superpotential among the magnetic quarks and the gauge singlet, W = XqiM^^qK To 
find the renormalization group invariant combination K2 requires determining the matrix F of 
anomalous dimensions. A similar procedure to the one used to derive ( |6.1.36 ) and ( 3.1.40| ) shows 



that the entries of T are proportional to linear combinations of the beta functions in the IR limit. 
Thus the magnetic Konishi current ( |6.1.56| ) in the minimal supersymmetric QCD can formally 
be written as 

-K'mag = A{a^,X^,m)Ki + B{a^, X^,m)K2. (6.1.59) 
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In particular, j4(aji,Aj,m) and B{a^, X^,m) have well defined non-vanishing limits at m — >oo. 
The form of Eq. ( 6.1.59| ) makes it possible to compute the anomalous dimension of the magnetic 



Konishi current. Like what was done in the electric theory, we consider the two-point correlator 
(afj,{x)ay{y)) of its axial vector component a^. The large distance behaviour of this correlator 



is determined by the matrix of anomalous dimensions ] and hence by the renormalization 



factors Z. These renormalization factors take into account the mixing of the operators TrVF^^g 
and W. Since, as shown above, the entries of the Z matrix are given by a combination of the 
beta functions, the correlator {a^{x)ai,{y)) at large distance must depend on the beta functions 
of the coupling constants taken at the scale ~ l/|x — y\. Assuming that the beta functions 
only have simple zeros at the critical point, one has the following asymptotic expansion in the 
neighbourhood of the critical point, 5 = 5^, A = A*, 

Pa = ^^a,(a*, A*)(q - a^) + ^^;^(5^, A^)(A - A*), 

Px = ^L(a.,A,)(a-a,)+^i;,(a„A,)(A-A,), (6.1.60) 

where the constants (3'^^, (3'^^ and {3'^^ are the elements of the matrix /3-j(5j,, A*) = df3{i)/dj 
i,j = a, A. A similar calculation as in the electric theory gives 

1 

(a^(x)a^(y)) ~ , (6.1.61) 

\X - yp'^min + t' 

where is the minimal eigenvalue of the matrix (/3^j). The identification of the correlators 
{afj_{x)au{y))^{a^{x)aj^{y)) at the critical points yields 

/?'(ay,)el = /3'(5*, A*)mag, (6.1.62) 

i.e. the anomalous dimensions of the electric and magnetic Konishi currents are identical at 
the critical points and are given by the slope of the beta functions evaluated at the critical 
points. This is one of the most important conclusions revealed by the matrix element form of 
the anomaly equation of the Konishi current. 

6.2 Universality of operator product expansion 

The operator product expansion (OPE) is an axiomatic-algebraic way to study conformal in- 
variant quantum field theory. It had achieved great success in two dimensions |117| ], where the 
quantum conformal algebras, the Virasoro and Kac-Mody algebras, are derived with the use of 
the OPE, and all of the two-dimensional conformal field theories are classified according to the 
unitary representations of the conformal algebra. Thus a natural idea is to look at the OPE 
in the four-dimensional case. Some new features of the four-dimensional superconformal field 
theories have indeed been revealed by the OPE: 

First, in contrast to the two-dimensional case, the OPE of products of energy-momentum 
tensors T^u does not form a closed algebra. A new operator S with lower dimension arises. An 
explicit calculation in a free superconformal field theory shows that S is the Konishi current 



operator. In particular, S develops an anomalous dimension. Thus, the discussions in Sect.|6.1 



suggests that even in an interacting four-dimensional superconformal field theory S may also be 



identified with the Konishi current operator |47|. 

Secondly, the OPE of T^jy's and the OPE of S's show that there are two central charges, c 
and c', where c is related to the gravitational trace anomaly of the theory. In addition, the OPE 
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of Tpy and S implies that S has a non-vanishing conformal dimension h. These three numbers, 
c, d and h characterize a four dimensional superconformal field theory. In the context of a free 
four-dimensional field theory, an explicit calculation gives 



^ 'l2iVi + 6iVi/2 + iVo), (6.2.1) 



120(47r 

where A'^i, and A^o are the numbers of real vector fields, Majorana spinor fields and real 

scalar fields. For a supersymmetric gauge field theory with gauge group G, there are A'„=dimG 
components of the vector superfield and A'^^^dimT components of the chiral superfield in the 
representation T. The central charge ( |6.2.1 ) hence becomes 



c = ^(3dimG + dimT) = ^(3iV^ + N^)- (6.2.2) 



It was found that in a free supersymmetric field theory |116|, S = <I>^<I>, /i = 0, and 

d = N^ = dimT. (6.2.3) 

( |6.2.1 ), ( 6.2.2| ) and ( 6.2.3| ) mean that c depends on the total number of degrees of freedom of 
the theory, while c' counts the degree of freedom of the chiral matter superfields. 

Thirdly, higher quantum corrections show that c and c' are universal, i.e. they are constants 
independent of the couplings, while h is not. 

In the following we shall illustrate these features by working out several examples of four 
dimensional conformal field theories such as free massless scalar and spinor field theories and 
= 1 supersymmetric gauge theory at the IR fixed point. 

The simplest example of a four dimensional conformal field theory is a massless free scalar 
field theory with the following Lagrangian and propagator in Euclidean space [llC], 

^9^09^0, {<P{x)<P{y)) = 
2 \x-y) 



C = -df'cpdpcP, {<P{x)<P{y)) = 7Z—X^^ (6-2.4) 



and the energy-momentum tensor 



T^.{x) = ^dp^pd.cP - ^5^,{dp^f - ^(l^dpd,^. (6.2.5) 



The correlator {(j){x)(j){y)) immediately leads to the OPE of T^u^s, 

with c = 1 and h = 2, where the omitted terms are less singular terms, and the tensor operator 
X is 

X^upa{x) = 26puSpaa^ -3{6ppS,ya+SupSpa)0'^ -2{S^,ydpda + Spad^dt,)n 

-2 {df^pdi^d^ + 5p„dydp + 6^„df,dp + 5ypdpd„) □ - Adpd^dpd^. (6.2.7) 

The OPE ( 6.2.6| ) is fixed by the symmetry of T^u, the conservation d^Tp_p = d^Tp_p = and the 
tracelessness T^^ = 0. In particular, it shows that a new operator = cj)^ arises. The OPE 
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algebra is closed by the expansions, 



2c' 



+ 



{x — {x — y)^ 



+ 



(6.2i 



with c' = 1. Note that in this special case c = c' = 1, but they are in general not equal. The 
generalization to the case of n free massless scalar fields (/>*, i = l,2,---,n is straightforward, 
where now c = c' = n, h = 2 and S = J2i (p^fp^- 

Another familiar example of a four-dimensional conformal field theory is the free massless 
fermionic field (in Euclidean space). 



C 



(6.2.9) 



The correlator, the symmetry and conservation of T^,y and the parity determine that the form 
of the OPE of T^z/'s should be of the form [I16|, 

1 1 



T^u{x)Tp„{y) 



360 



-X, 



1 



{x - y)' 



+ 



(6.2.10) 



with c = 6. The S-term involves the axial vector current operator = ipl^liii^- This is 
required by the conservation of parity since the parity odd tensor e^uXp appears in the OPE. 
These two simple examples show that the non-closure of the OPE of Tfj_y is a general feature 
of four-dimensional conformal field theory and that the OPE should be the form of (6.2.6) and 
(|6.2.8| ) with c, c' and h generic. 

Now we turn to the supersymmetric case. There is a long known four-dimensional super- 
conformal field theory, = 4 supersymmetric Yang-Mills theory. There also exist some N = 2 
superconformal gauge theories with certain matter field contents. They all have identically van- 
ishing beta functions, and their first central charges do not receive any higher order quantum 
corrections. Thus to reveal the special features of superconformal field theory we need to con- 
sider an = 1 supersymmetric gauge theory in the IR fixed point. Here we choose a general 
classical (four-component form) Lagrangian including both supersymmetric QCD ( 3.1.(i| ) and a 
cubic superpotential W = YrstQ'' Q'Q^ 1^ PI, 



1 



+iV2g [rcD- (r»)/ (1 - - ^(1 + 75) {T%' '^sX'' 



(6.2.11) 
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where $ and ^ are the four-component form of the quark superfield and the flavour indices are 
suppressed. Since the energy- momentum tensor T^,y, the i?-current Rq^ and the supersymmetry 
current he in the same supermultiplet, it is enough to work out the OPE of the lowest component 
of this supermultiplet, i.e. the i?o-current, Roi_i{x) = A j^j^j^X"- /2 — t/j^fj^j^ip /2. Then the OPE of 
the whole supermultiplet can be obtained through supersymmetry transformations. Note that 
at the IR fixed point the iZo-current is identical to the anomaly- free /^-current, Rfj_{x). The 
dimension and conservation of the i?-current require that the OPE of R^{x) should be [^8| 

1 c 

Rt,{x)Ru{y)\x^y = ^ {df,d^ - □ V) _ 

+ (6-2.12) 

where the new operator S(x) is the lowest component of the real superfield S(z) (z = (x, 9, 9)), 
and is related to the renormalized Konishi operator by 

S(z) = /)(<7,y)Krcn(2). (6.2.13) 
p{g, Y) is a function of the couplings that can be determined from an explicit perturbative 



calculation It is dimensionless since Kj^em is a renormalized operator and carries the 

power fi^ of the renormalization scale Similarly, the OPE of S(x)'s should be of the following 
form [BtI, |38tl, 



^WSfe)U-. = :n^^^-^ + --. (6.2.14) 



where the omitted parts in ( |6.2.12| ) and ( |6.2.14| ) denote less singular terms. 

The second central charge c' and anomalous dimension h can be obtained by an explicit 
perturbative calculation. There are two independent methods[28|. The first one is calculat- 
ing the connected four-point correlation function {R^{x)Ry{y)Rp{z)Rcr{w)) in the asymptotic 
region where |x — |z — w|<C|x — z\,\y — w\. However, this method cannot give the proportion- 
ality function p{g,Y). The second method is to consider the two- and three-point correlators 
{K^en{x)Kren{y)) and {R^{x)Ru{y)KT.eniz)) , Kj-enix) being the lowest component of Krcniz). 
Since for a conformal invariant field theory, the two- and three-point functions can be fixed up 
to a constant, the general forms of (iCren(2;)i^ren(y)) and {Rf^{x)R^{y)Kj.e^{z)) can be easily 
written out. Concretely, scale and translation invariance lead to 

(i^ren(x)Kren(y)) = ig^4(^_^)4 ' (6-2-15) 

where A = d j due to ( |6.2.13| ). The tensor form of {Rfj_{x)R^{y)Kj-cn{z)) is fixed by the 
conservation of the i2-current and the correct transformation properties under inversion, x^ — > 
x'^ — /x^, since any conformal transformation can be generated by combining inversions with 
rotations and translations [ESI. Thus 



{R^{x)R,{y)K,Uz)) 



B 



367r6 {x - y)^-^(x - zY+^{y - zY+^^ 

-\ + 1) - - y) 



1 - ^) - y) 

(6.2.16) 
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where I^u{x) = dx'^jdx^ = 6^^ — 2x^Xiy/x^ . In the hmit the most singular term is 

B 1 



{R^,{x)R,{y)K,,,,{z))r 



(6.2.17) 



72^6 (/, - 2) (y - zf+'^h ' {x - yf-^ ' 

The comparison of (|6. 2.151) and (|6.2.17|) with the OPEs j ^JJ^ ) and ( W^M ) leads to the relations 

B 



c{g,Y) 



(/i-2)2yl' 



{h-2)A' 



(6.2.18) 



A and can be obtained through an explicit perturbative calculation. We thus finally get |45]: 

3 



h 



*rst 



(6.2.19) 



The quantum corrections to the first central charge was calculated from a general renormalizable 
theory containing vector, spinor and scalar fields in curved space-time [38|. Specialized to the 
A'^ = 1 supersymmetric gauge theory ( |6.2.1l| ), the result is [48| 



(6.2.20) 



In (|]2l|) and ( |6.2.2q) , Ny = dimG and = dimT as shown in (^^ and ( [OlD . The 
gauge beta function (3{g) and the anomalous dimensions 7^^ of the chiral matter superfields at 



the one-loop level of the model (6.2.11) are the following: 



16vr2/3(5) 



-3C{g) + 



TrC(T) 
dimG 



'rst 



1 

3! 
1 



mrsj t ~r ^ mtrl s ~r ^ mstj r) 



C{G)S' 



ab 



(6.2.21) 



The comparison of ( |6. 2.191 ) and ( |6.2.20| ) with the free field case, (|^2^ and ( [OlD , shows that 
the quantum corrections to c and c' are proportional to a combination of anomalous dimen- 
sion 7*"^ and the beta function P{g). As we know, if the conformal symmetry is preserved at 
quantum level, the beta function and anomalous dimensions must vanish. Hence from (6.2.19) 



and (6.2.20), the first and second central charges c and c' are identical to their classical values. 
Conversely, if both c and c' receive no quantum correction, then the theory remains confor- 
mally invariant, whereas the second relation of ( |6.2.1S| ) shows that under these conditions the 
anomalous dimension h remains non-vanishing if we consider the cubic superpotential composed 
of the chiral superfield. This means that c and c' are independent of the couplings and hence 
are universal, while the anomalous h is not. The above conclusion is the one-loop result. From 
the NSVZ beta function (|l.l| ) and the relation between Prst and the anomalous dimension 7^"^ 
given in ( 6.2.21| ), we conclude that to all orders in the couplings g and Y there exists a fixed 
surface of the renormalization group flow provided that the matter representation is chosen so 
that 3dimGC(G) — TrC(T) = and g, Y are such that 7*"^ = 0. Therefore, an important 
feature of four dimensional super conformal field theory has been revealed: there exists a space 
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of continuously connected conformal field theories and their central charges are universal, i.e. 
c and c' are constants, independent of the couplings in this space. Such quantities are called 
invariants of a four-dimensional super conformal field theory. The third quantity contained in the 
OPE, the anomalous dimension h is, as stated above, not an invariant of a four-dimensional su- 
perconformal field theory, it actually manifests the inequivalence of the continuously connected 
four-dimensional superconformal field theories in this space. These may be the essential features 



of a superconformal field theory in four dimensions |48]. 



6.3 Possible existence of a four-dimensional c-theorem 

The c-theorem was proposed by Zamolodchikov in the context of two-dimensional conformal 



quantum field theory |37]. Its main idea is to define an appropriate function c{g) on the space of 
the couplings, which monotonically decreases along the trajectory of the renormalization group 
flow from the UV region to the IR one. At the fixed point g = gf oi the beta function, f3{gf) = 0, 
the c function c{gf) should be equal to the central charge of the Virasoro algebra of the resulting 
two-dimensional conformal field theory. Since this theorem can show how the dynamical degrees 
of freedom are lost along the trajectory of the renormalization group flow from the UV region 
to the IR region, a theorem, if it exists in four dimensions, will be quite helpful to understand 
the dynamical mechanisms of some non-perturbative phenomena such as confinement and chiral 
symmetry breaking. The search for a four-dimensional c-theorem began immediately after the 
invention of the two-dimensional c-theorem. It was first suggested by Cardy that a c-function 
in the four-dimensional case should depend on the expectation value of the trace of the energy- 
momentum tensor of a quantum field in a curved space-time, integrated over a 4-dimensional 
sphere with constant radius 



C = N I {T^'^)^d^x. (6.3.1) 



Here is a positive numerical factor and its value depends on the normalization of the c- 
function. In a curved background space-time, the trace (T'^) takes the following general form, 

{T^'^) = -aG + bF + daR + eB, (6.3.2) 

where G = l/4(e'^''°"''eQ/3^5i?"'^^)^ = {RpuXp)"^ is the Euler topological number density, R is the 
Riemann scalar curvature, F = C^^^'^f'C^yap with Cfj_y(jp the Weyl tensor, which in a general 
n-dimensional space-time can be expressed in terms of the Riemann curvature, 

2 

C puap — Rp,i/ap 2 idpa-Rup QppRua QuaRpp ~\~ QppRap) 

2 

+ 7 TT7 idpagup - gppQua) R- (6.3.3) 

(n — l)(rz — 2) 



The last term in ( 6.3.2 ) represents the contribution from other external background fields. For 
example, in a background gauge field j4^, B = F^^,F'^^'^ [39|]. The coefficients a and b in ( |6.3.2 ) 
have an universal meaning and they have been calculated |pl| , 

^ = 360^(^° + l^^V. + 62iV,), 

b = (iVo + 6iVi/2 + 12iVi) . (6.3.4) 
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One can see that the coefficient b is just the central charge c given in ( 6.2.1| ). The coefficient d 
has no universal meaning and its value can be defined at will by introducing a local counterterm 
proportional to the integral R^, so it is renormalization scheme dependent coefficient. 

A four-dimensional c-theorem was first attempted in the SU{Nc) gauge theory coupled to 
Nf massless Dirac fermions in the fundamental representation by choosing the coefficient a of 
the Euler number density to be the c- function pO|]. If the flavour number Nf is sufficiently 
small, the theory is asymptotically free and 5 = is the UV flxed point. At g^O, the particle 
spectrum contains — 1 gauge bosons and NcNf fermions. In the low energy case, the theory 
will be strongly coupled, (7— >oo is the IR fixed point. The chiral symmetry SUL{Nf)x SUji{Nf) 
breaks to SUv{Nf) due to quark condensation, yielding Nj — 1 Goldstone bosons. Therefore, 
at the UV fixed point 



CUV 



lim c{g) 
9^0 



1 



360(47r)2 



62{N^ - 1) + llNcNf 



and at the IR fixed point 



ciR = lim c{g) 



360(47r) 



1 



(6.3.5) 



(6.3.6) 



( |6.3.5| ) and ( 6.3.6 ) show that the requirement of a c-theorem, cuv — cjr > 0, is not satisfied 
identically. 

Later it was proposed by Osborn et al. |41] that one can directly choose a coefficient a 



in the trace anomaly as a c-function even away from the fixed point and modify it to satisfy 
the renormalization group flow equation. This scheme is an exact analogue of Zamolodchikov's 
procedure in two dimensions. This c-function can reduce to the coefficient a of the trace anomaly 



when approaching the critical point |39|. However, the monotonically decrease of the c-function 
along the trajectory of renormalization flow cannot be explicitly shown. 

Another attempt was to deflne a c-function by using the spectral representation of the two- 
point correlator of the energy-momentum tensor and constructing a reduced spectral density 



for the spin-0 intermediate state |42]. The concrete steps are as follows. First work out the 
spectral representation of two-point correlator of energy-momentum tensors in n-dimensional 
(Euclidean) space-time. 



(r^,(x)r,p(o)) = (T^.(x)r,p(o)),^o + (r^.(x)r,p(o)),^2 

= A. 



00 roo 

d/icW(/i)nW^^(a)G(x,^) + y^ d/ic(2)(;.)ng,),^(a)G(x,/i) 



3.3.7) 



where 



Ar. 



2"-ir(n/2)(n + l)(n-l)2^ 



and s = 0, 2 denotes spin. 



G{x,fM) 



(27r)"p2 + ^2 2tt \2tt\x 



(n-2)/2 



K{n~2)/2ifJ'\x\) 



{6.31 



(6.3.9) 



is the two-point correlator of the fields involved. Lorentz covariance and the conservation of the 
energy-momentum tensor determine that there are only two possible Lorentz structures for the 
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(g\ 

intermediate states: s = and s = 2. The tensors Ilij.u,ap are, respectively. 



1 



r(n- 1 
1 



n 



1 



i n 



(6.3.10) 



Away from criticality, owing to the UV divergence, the spectral density must be scale depen- 
dent, c^^\^) = c^f^\fi,A). The analysis shows that the candidate for c-function should be the 
"reduced" spin-0 spectral density |42], c(/x, A) = c^'')(//, A)//i"~^, and this indeed satisfies 



lim c(u, A) 



icuv-cm)6{i^)=Ac^''^6ifi). 



(6.3.11) 



This c-function candidate indeed monotonically decreases along the trajectory of the renormal- 
ization group flow from short distance to short distance and becomes stationary at the fixed 
point, but its physical meaning at the fixed points is not clear. It has only been checked that in 
free scalar and spinor field theories, c(/i. A) coincides with the coefficients a of the trace anomaly 

dU). 

The above attempts at establishing a four dimensional c-theorem imply that if the c-function 
exists it will reduce to the coefficients a or 6 of the trace anomaly at the fixed points. 

The new non-perturbative results make it possible to test a c-theorem in four-dimensional 
super symmetric gauge theory |45|. The introduction in Sects. 3.4, 4.1 and 4.2 shows that the 
particle spectrum of = 1 supersymmetric QCD in the IR region can be deduced, hence a 
theorem can be explicitly checked for most of the ranges of Nf and Nc- The analysis supports 
the existence of a four-dimensional c-theorem |45|. At the UV fixed point the theory is a free 
theory with a particle spectrum composed of — 1 vector supermultiplets and 2NfNc scalar 
supermultiplets. Since for a free theory the c-function reduces to the sum of the central charges 
carried by the free fields, one has in the UV fixed point 



CUV = {N^ - l)cv + 2NfN^cs, 



(6.3.12) 



where cs and cy are central charges corresponding to the scalar and vector supermultiplets. 
At the IR fixed point, the low energy dynamics of the theory depends heavily on the relative 
number of Nf and Nc and one must perform the analysis according to different values of Nf and 
Nc- First, considering the Nf = case, the low-energy pure supersymmetric Yang-Mills theory 
is strongly coupled, the gluons and gluoninos condensate into massive colour singlets and hence 



they develop a mass gap fSlI] , so the IR theory contains only the vacuum state. Consequently, 



CIR = 0. 



(6.3.13) 



For < Nf < Nc, the dynamically generated superpotential erases all the vacua and the 
particle spectrum is not clear. For Nf = Nc, there exists a smooth moduli space described by 
the expectation values of Nj meson supermultiplet operators M'^j, the baryon B and antibaryon 

superfield operators B with the constraint ( 3.4.52 ), det M — BB = A'^^", so that at the IR fixed 
point, there are Nf -1-2 — 1 massless scalar superfields, since the quantum fluctuations must 
satisfy the constraint. Thus we get 



cm = [N] + l)cs. 



(6.3.14) 
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For Nf = Nc+1, the quantum moduli space has singularities associated with additional massless 
particles. The maximum number of massless particles is at the origin of the moduli space, there 
are Nj free massless mesons and 2Nf free massless baryons. Their contribution to the central 
charge is 

ciR = {Nf + 2Nf)cs. (6.3.15) 

In the range Nc + 2<Nf<3/2Nc, the low energy theory is effectively described by a magnetic 
SU{Nf — Nc) gauge theory with Nj magnetic quarks, Nf magnetic antiquarks and Nj mesons. 
All these particles are free at the IR fixed point and hence the central charge is 

CIR = [{Nf - Ncf - l]cv + [2Nf{Nf - Nc) + N}]cs. (6.3.16) 

In the range 3/2Nc<Nf<3Nc, the IR region is described by a superconformal field theory, and 
can be parametrized equivalently by the magnetic or electric variables. However, both versions of 
the theory are interacting theories, the one- loop results ( 6.3.2| ) and (|6.3.4| ) for the trace anomaly 



are not enough to extract the central charge cjr. A technique of computing exactly the trace 
anomaly and hence cjr for these interacting superconformal field theories will be introduced in 
next section. In the range Nf>3Nc, the theory ceases to be asymptotically free, the particle 
spectrum at the UV fixed point is not clear and hence the central charge at the UV fixed point 
cannot be calculated. The above known central charges at the IR and UV fixed points all give 

CUV - cm > 0. (6.3.17) 

This hints at the possible existence of a c-theorem for a supersymmetric gauge theory. 

More explicit and concrete evidence for the existence of a four dimensional c-theorem was 
provided by calculating exactly the renormalization group flows of the central charges of = 1 



supersymmetric QCD in the conformal window 3/2Nc<Nf<3Nc |36]. The explicit formula for 



the flows of the trace anomaly coefficients were given. It was shown that the coefficient a 



of the Euler number density in the trace anomaly ( 6.3.2 ) is always monotonically decreasing 
auv — o-iR > 0. This is a strong support for the existence of a four-dimensional c-theorem in 
A^ = 1 supersymmetric gauge theory. The following section will give a detailed introduction. 



6.4 Non-perturbative central functions and their renormalization group flows 

A quantitative investigation of the existence of a four dimensional c-theorem was made by work- 
ing out the explicit non-perturbative formula for the renormalization group flow of the central 
functions. The central functions are the central charges away from the conformal criticality |4^ . 
If an asymptotic gauge theory has a non-trivial infrared fixed point, at which the theory be- 
comes an interacting conformal field theory, then the quantum field theory away from criticality 
can be regarded as a radiative interpolation between a pair of four dimensional conformal field 
theories. To extract certain non-perturbative information about this quantum field theory, one 
should first identify relevant physical quantities and observe their renormalization group flow 
from the UV fixed points to the IR ones. As stated in previous sections, at the fixed points, the 
c- functions coincide with the central charges. These central charges are the coefficients of the 
leading terms in the operator product expansion of the various conserved quantities in the fixed 
points. In the conformal window 3Nc/2 < Nf < 3Nc oi N = \ supersymmetric QCD, the NSVZ 
/3-function shows that the theory has a non-trivial IR fixed point, where the theory admits an 
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equivalent dual magnetic description but with strong/weak coupling exchanged. In the follow- 
ing, we shall review the derivation of the renormalization group flow of the non-perturbative 
central functions associated with the various conserved quantities developed in Ref. [^]. The 
explicit non-perturbative formula for the central functions shows that the appropriate candidate 
for the c-function should depend on the coefficient of the Euler term in the trace anomaly. 

In a supersymmetric gauge theory, several facts help to determine non-perturbatively the 
renormalization group flow of the central functions. First, the energy-momentum tensor Tfj^y[x) 
and the i2o-current Rofj,{x) lie in the same supermultiplet, so do the trace anomaly T'^ and the 
anomalous divergence of the i?o-current, d^R^. This fact makes the coefficients of the trace 
anomaly and B^Rq relevant. Secondly, if one introduces external source fields for the flavour 
current j^{x) and the energy-momentum tensor T^jy(x), the trace anomaly has a close relation 
with the two-point correlators {j^{x)ju{y)) and {T^y{x)T\p{y)) and their central charges. Finally, 
the anomalous divergence of the i?o-current can be exactly calculated at an infrared fixed point 
through 't Hooft anomaly matching. As shown in Eq. ( |6.1.1(]| ), the iio-current can be combined 
with the Konishi current to an (internal) anomaly- free i2-current, and the combination coefficient 
of the Konishi current is just the numerator of the NSVZ /3-function. Thus at the IR fixed point 
the iio-current will coincide with the (internal) anomaly-free i?-current, whereas the 't Hooft 
anomalies for this internal anomaly-free i?-currents can be calculated in the whole energy range 
from only the one-loop triangle diagram. Therefore, the 't Hooft anomalies of the -Ro-current 
can be exactly determined at the IR fixed point. In the UV region, g = Q must be the UV fixed 
point due to asymptotic freedom, so all the anomalies can be computed in the context of a free 
field theory. We are going to show the non-perturbative derivation of the renormalization group 
flow of the central functions. 

The = 1 supersymmetric QCD has the anomaly-free global symmetry SUL{Nf)xSUR{Nf) 
xUBil)xUji{l). The fermionic parts of flavour currents corresponding to SUL{Nf)xSUR{Nf) 
xUb{^) given in Sect.H are rewritten in four-component form fsF 



= ^V'7/.(l-75)t^V', = ^V'7/.(l - 75)t^^, 

jf, = ^ (V'7m75V' - V'7a*75^) • (6.4.1) 

If written in two-component form they are the 99 component of the current superfields QH^Q, 
Qt^Q^ and {Q^Q + QQ"^), respectively; and being the generators of SU{Nf) in the funda- 
mental and conjugate fundamental representation. The anomaly-free i?-symmetry current is the 
combination ( |6.1.10| ) of the anomalous Konishi current and the i?o-current, and the fermionic 
parts of their four-component forms are 

= 2^7m75V' + -ji>l p^l^i^ , Rofi = 2^''7m75A'' - - (V'7m75'0 + V'7/.75V') • (6.4.2) 
Note that in ( |6.4.1 ) and ( 6.4.2| ) the flavour and colour indices carried by the quarks are sup- 



pressed. 

Let jfj, denote one of the flavour currents listed in ( 6.4.1| ). The conservation of the current, 



the dimensional analysis and the renormalization effects restrain the two-point correlator of 
to be of the form 

{Ux)Uy)) = {0,d, - d\,) M/^ll. (6.4.3) 
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Since is conserved at quantum level, it has no anomalous dimension. As a consequence, the 
Callan-Symanzik equation 



(6.4.4) 



and the /3-function P[g{fi)] = fidgdi) /dfj, determine that the function b depends only on the 
running coupling g{l/x). At the UV and IR fixed points of the renormalization group flow, gjjv 
and giji, the following limits exist: 



buv 



lini6[5(l/x)] = h[guv], 



lim h[g{l/x)] = b[g 



IR\- 



(6.4.5) 



To determine the renormalization flow bjjv ~ bin, we first consider the correlation function 
(|6.4.3| ) to any order in perturbation theory, and then make reasonable arguments to extract 
the all orders result. In perturbation theory, one unavoidable result is the emergence of UV 
divergences. To regulate all the sub-divergences contained in b[g{l/x)], we first expand the 
function b[g{l/x)] to any finite order of g, 



b[gil/x)] = Y.b^[g{l^)]e, t^Hxi^), 



n>0 



where 6„[g(/i)] is a polynomial in g{p). Evaluating Eq.( |6.4.^ ) at 

b[gifj.)] = bo[g{fi)]. 

( |6.4.3| ) and the Callan-Symanzik equation (6.4.4) yield 

db[g{l/x)] 



1/fj, gives 



(6.4.6) 



(6.4.7) 



dfj, 



0, 



/?(5)^ + (ri + l)6„+i(ff) 



dg 



0, 



{g) 



m dbnjg) 
n + 1 dg 



{6.U 



Eq.( 6.4.^ ) shows that all bn{g) with n>l can be expressed in terms of P{g), bo{g) and its 
derivatives. However, when inserting ( 6.4.6| ) into ( 6.4.3| ), one can easily see that at short distance 
is too singular to have a Fourier transform in momentum space. This is actually the 
reflection of the UV divergence in coordinate space. With a newly developed regularization 
method in coordinate space called differential regularization |119f| , the overall divergence near 
X = can be regulated as follows [^, 44]: 



[ln(2;^)]" 



n! 



2n+l 



k+k+l 



2H 



The fully regulated form factor of the correlator ( 6.4.3| ) thus becomes 



(6.4.9) 



b[g{l/x)] 



^bn[g{^J)] 



kj.k+1 



2n+l 



f^^ik + iy.x^ 



+ a- 



(6.4.10) 
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Consequently, the scale derivative of b{g{l/x)\/x^ can be written as the sum of the local contri- 



bution of the = term plus a non-local term proportional to I3{g) due to Eq. ( 6.4. 



where 



3.4.111 



(6.4.12) 



and F{x) is the sum of all the terms with k>l in the scale derivative. In particular, with 
Eq. ( |6.4.8| ), the scale derivative of yields a differential equation for b[g{n)] p^ . 



P{g)^+2b{g)=2b{g). 



(6.4.13) 



Eq. (|6XT3|) means that the functions b[g{fj,)] and b[g{^)] coincide at the fixed points of the 
renormalization group flow. This result is an important step towards the non-perturbative 
determination of the renormalization flow of the 6-function. It should be emphasized that 
Eqs. (|6X8| )— ( |6XT^ ) were derived within perturbation theory, but they can be regarded as 
non-perturbative results p^ . 

The function b[g{iJ,)] turns out to be the coefficient e of the external field part of the trace 
anomaly ( |6.3.2 ). This can be easily shown by writing down the generating functional for the 
current correlation function ( 6.4.3| ), 



e-r[BM] 



(6.4.14) 



where ip denotes all the fields appearing in the functional integral including the ghost fields 
associated with gauge fixing. is the external field coupled to the fiavour current listed 
in (6.4.1). Since the action of the scale derivative is equal to the insertion of the trace of the 
energy-momentum tensor with zero momentum, i.e. the insertion of / d'^xT'^ | 101 ], 



dV dr 



(6.4.15) 



we have 
d 



3iV,-iV/(l-7) 
327r2 



(6.4.16) 



where the general from of the trace anomaly of = 1 supersymmetric gauge theory plus an 
external anomaly was used: 



3iV,-jV(l_^) ^ I 1 ^2 



(6.4.17) 
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q being a coefficient needing to be determined. On the other hand, the scale derivative of the 
flavour current correlator ( |6.4.3| ) gives 



d r,4.. d 



i5B^{x) i5B^{y) 



3N,-Njil-j) , 1 
^ [Pf^u) +p{B^^^) 



l{d,d, - 6,.n)6('Hx) - ^^ W^)My) J d'z{F^^,f). (6.4.18) 



Comparing the above equation with ( |6.4.11 ), one can immediately identify the coefficients of 



their local terms up to contributions 0{P[g{fi)]) which will vanish at the fixed points 

1 

8"^' 



q = ^b[g{fi)]+0{f3[g{fi)]). (6.4.19) 



The renormalization group flow of b[g{fj,)], can be computed from the anomalous diver- 
gence O^Rq, which lies in the same supermultiplet with the trace anomaly and hence their 
coefficients should be identical. In particular, as shown in Eq. ( |6.1.1C| ), the i?Q -current can be 
combined with the Konishi current to form an (internal) anomaly- free i?-current. The (exter- 
nal) anomalous divergence {d^R^) can be calculated exactly from the one-loop triangle dia- 
gram {R^{x)ju{y)jp{z)). Note that 't Hooft anomaly matching holds only for the correlator 
{R^{x)ju{y)jp{z)), not for {Rop{x)j„{y)jp{z)) or {Kp{x)ju{y)jp{z)) . This is because Ro^{x) and 
Kp_{x) have internal anomalies, so in the higher order triangle diagrams, there will arise so- 



called "rescattering graphs" [114] containing an internal triangle diagram in which the axial 
vector current will communicate with a pair of gluons due to the internal anomaly coming from 
the sub-fermionic triangle diagram. This will produce higher order non-local contributions to 
the chiral anomaly. In view of this, the expectation values of the anomalous divergence of R^, 
i?0/i and Kp, in the presence of the external field Bp coupled to the fiavour current jp are as the 
following: 



{d>^Rop) = -^b[g{f,)]B^^'^Bp, + ..., 

{d^Kp) = -^l[g{,,)]B^^Bp, + .... (6.4.20) 

The omitted terms in (d'^Rop) denote the non-local contributions proportional to the internal 
anomaly fi[g{fi)]Fp^F^'^ . There is a similar non-local contribution to {d^Kp), which will cancel 
the corresponding terms of {d'^Rop) in the linear combination ( |6.1.10| ) and leads to (d^Rp). In 
fact, these non-local contributions are irrelevant for the following analysis since their local terms 
are of the order O {(3[g{n)]); The quantity s is a constant independent of the renormalization 
scale. 

The combination of ( |6.1.1C| ) and ( |6.4.2C| ) implies that the external anomaly coefficients satisfy 
the relation 

%(/^)] + (l - ^ - = -s. (6.4.21) 
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This relation holds along the whole trajectory of the renormalization group flow since s is 
independent of the renormalization scale. For an asymptotically free supersymmetric gauge 
theory, g = is the UV fixed point and the anomalous dimension "f^guv) vanish at the UV 
fixed point. Consequently, buv and kuv can be calculated from the one-loop triangle diagrams 
(RqJJ) and {KJJ) in the context of a free field theory. The coincidence of Eq. ( 6.4.21 ) at scale 
/X and in the UV limit gives 

%(/^)] = buv + 7b(^)]%y - (l - ^ - - kuv) . (6.4.22) 

As for the IR aspect, in the conformal window 3Nc/2 < Nf < 3Nc, the theory flows to a non- 
trivial fixed point g-^. The vanishing of the NSVZ /3- function gives the exact infrared limit value 
of the anomalous dimension, 

1IR = 1- (6.4.23) 

Then, at the IR fixed point, Eq. ( |6.4.22| ) becomes: 

biR - buv = linkuv- (6.4.24) 

Furthermore, based on the observation that the gaugino does not contribute to the flavour 
current correlator, and that the quark and antiquark contribution to the combination R^^ + 
cancels, we obtain in the UV limit, 

{d^'Ro^) + {d^'K^) = 0. (6.4.25) 

This equation together with ( 6.4.20| ) yields 

buv = -kuv- (6.4.26) 

The cal culation of the one-loop {d''Ri,{x)jf,{y)jp{z)) gives buv = ^Nf/N^. (|6.4.23D , (|A2|) and 
( |6.4.26 ) lead to bjR = 6. The total renormalization group flow of the central function b from 
the UV limit to the IR fixed point is thus obtained, 

buv - biR = 6 - l) . (6.4.27) 

One can easily see that this flow is always negative in the whole conformal window, 3Nc/2 < 
Nf < 3Nc, This contradicts the c-theorem and hence the 6- function is excluded from being a 
candidate for a c-function. 

In the magnetic theory, the four-component form of the flavour currents corresponding to 
the global symmetry SU{Nf)gXSU{Nf)~xUB{l)xUR{l) is 

= AT^ - Nc (^^g^^^sV'g - ^-^^/.TsV^j • (6.4.28) 
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The anomaly- free magnetic i2-current is given by the combination ( |6.1.15| ), where the four- 
component form of the Konishi current and the original i?-current are 

Kff = Jv^mTmTsV'm, Ro^. = \\''l^.l^\''-K^. (6.4.29) 



The flavour interaction superpotential W/ = fq^MijCp^ makes the analysis of the identification 
of the external trace anomaly coefficient e with the central function h quite complicated, since 
now 6 is a function of both g{l/x) and However, the same analysis as in the electric 

theory shows that they indeed coincide at the fixed points |36]. 

The derivation of the renormalization group flow of the central function b in the magnetic 
flavour current correlator is similar to the electric theory, and the difference is only in the 
Konishi current part. The combination ( |6.1.15| ) and the matrix elements of the external anomaly 
equations 



1 

48^2- 
1 



{d'Klf) = + (6.4.30) 

as well as the scale independence of s, lead to the relation 

b = W + 7A'J^ + 7Af%y^ + (27, + 7Af)p*')-%f 

3(iV^ - N,) 
Nf 



(kii) _ 2fe(^^) - kijl + 2%f ) , (6.4.31) 



where, as in the case of the electric theory, a quantity with subscript UV means that it is 
evaluated from the lowest order triangle diagrams at high energy, while the other quantities are 
defined at an arbitrary renormalization scale fi. 

At the IR fixed point, the vanishing of the /3-functions for both the gauge magnetic coupling 
and the Yukawa coupling gives 

= :_M£_^^ (6.4.32) 

The above anomalous dimensions and the relation ( |6.4.31| ) lead to the renormalization group 
flow 

biR - buv = li^'li^l + VA?~klft) ■ (6.4.33) 

Eq. (I6.4.33D is the non-perturbative formula for the flow of the central function of the flavour 
currents in the magnetic theory. For the baryon number current listed in ( |6.4.28| ), the one-loop 
triangle diagram {j^jvjp) and {O^Rq^) + {d^K^) = in the UV hmit yield 



huv = -k^l = j^^^ kifp=0. (6.4.34) 
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(|6.4.33 ) and ( 6.4.34| ) determine that bm = 6. Therefore, the flow of the central function of the 
baryon number current is 



biR - buv = 6 



3(iV/ - iVc 



2Nf - 3iVc , . 



This flow is again positive throughout the whole conformal window of the magnetic theory, 
3(iV/ - Nc)/2 < Nf < 3{Nf - Nc) (i.e. 3Nc/2 < Nf < 3Nc). Moreover, the central functions in 
the electric and magnetic theories have the same IR values, = bjR = 6. The above results 
are actually an inevitable outcome of the electric-magnetic duality in the conformal window. 
They can be regarded as support for Seiberg's electric-magnetic duality conjecture. 

Having verified explicitly that the central functions of the flavour currents are not suitable 
candidates for the c-function, we turn to the gravitational central functions Q]. These central 
functions are contained in the operator product expansion of the energy-momentum tensor T^i/. 
The conservation of Tfj_y implies that the two-point correlator of the energy-momentum tensor 



should be of the form p4|| : 



1 „ c[g(l/x)l f [Infxyu), (j(l/x)l , , 

{T,,{x)T,^m = -^n^.p. + W, /^ ^ ' '\ (6.4.36) 

where vr^^y = d^dy — and Il^upa is the transverse traceless spin 2 projective tensor, the 

4 case given in Eq. ( 3.3.101) 



n 



^fiupa ^Vr^^TTpg- 3 (TT^pTT^g- -|- pcr'^up) i 

n%<, = n^.p'' = o, 9^n^,p, = a"n^,p, = 9m^,p, = 9"n^,p, = 0. (6.4.37) 

With a non-local redefinition [^] 

T^u = T^u{x) + ^^T,^,TPp, (6.4.38) 

one can get the two-point correlator of the energy-momentum tensor with an improved trace 
property and a simple correlator: 

(T^.(x)Tp.(0)) = -^li^^^^M^, (6.4.39) 

As for the flavour current, the central function c[(7(l/x)] is connected to the coefficient of the 
Weyl tensor part of the gravitational anomaly. For = 1 supersymmetric QCD, we introduce 
the background metric gp^(x) for the energy-momentum tensor T^u{x) and the external U{1) 
gauge field for the i?o/i-current. According to the general form (|6.3.2 ) of the trace anomaly 



in the presence of external fields, the trace anomaly at the fixed point is 



a 



where V^^, = d^Vy — dyV^ is the field strength of V^. The coefficients of {C^upa)'^ and [V^u)"^ are 
identical since d'^Rofj, and the trace anomaly are in the same supermultiplet. The coefficient of 



the Euler number density is an independent constant |39]. 

The renormalization group flow of the c-function and the a-function can be determined using 
a similar technique as in the flavour current case. First, the c- and a-functions in the UV limit 
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can be calculated in a free field theory due to the asymptotic freedom. In a free supersymmetric 
gauge theory with Ny vector and A'^^ chiral supermultiplets, the central function c at the UV 



fixed point is given by (6.2.2) and the a- function is p9| , p.l8| 



auv = ^ (9iV. + N^) ■ (6.4.41) 

For A'' = 1 supersymmetric QCD, Ny = — 1 and = 2NcNf. Off criticality there will arise 
internal trace anomaly terms in (T'^), but they are proportional to the /? function for gauge 
coupling, I3[g{fi)], and hence give no contribution to the flow. The central charges thus depend 
on the running gauge coupling, c = c[g{fj,)], a = a[g{fj,)]. The next step is still to resort to the 
Rq^ anomaly since the coefficient of the O^Rq^ is connected to the trace anomaly coefficient. In 
particular, d^Ro^ can be exactly evaluated in the IR region. In the presence of the background 
gravitational field and the external gauge field coupled to the i?o-current, the external field part 
of the d^Ro^ anomaly is of the following general form: 

d^'Rof, = (uc + va) R^"'P''R^,p, + (rc + sa) V, (6.4.42) 

where u, v, r and t are universal (or model independent) coefficients, and they can be calculated 
in the UV limit from free field theory due to asymptotic freedom. With the observation that 
gauginos and quarks have opposite i?-charges, +1 and —1, respectively ucuv + 'vai/v and rcuv + 
sauv can be evaluated from the triangle diagrams {RqTT) and {RqRoRq), respectively: 

ucuv + vauv = — ^^^2 ' 

27Ny -Ny , . . ^ 

rcuv + sauv = ^^^2 • (6-4-43) 

With the values of cijy and auv given in ( |6.4.41| ), it can be easily found that 

{d^ iV-9Ro,))uv = '-^^^^^R'-'^R,^,. + ^"^^^-^^^V ^-y,.. (6.4.44) 

The same procedure as for deriving Eq. ( |6.4.1S| ) shows that off criticality the coefficient 
c[g{fi)] of (W^upa)'^ and (V^;/)^ in the trace anomaly ( 6.4.40 ) is related to the central function 
c[g{iJ.)] as 

c[g{f,)]=c[g{fi)]+0[P{g)]. (6.4.45) 

So they coincide at the fixed points of the renormalization group flow. The anomaly coefficients 
of the terms in O^Rq^ appear as the combination c — a and 5a — 3c. The renormalization group 
flow of c[(7(/i)] — a{g{^y\ and 5a[(7(/i)] — 'ic[g{^)\ can be determined in the same way as deriving 
Eq. ([6.4.271) . First, the triangle axial gravitational anomalies {RTT), (RqTT) and [KTT) give 

{d,{^gR^)) = j^s,e^'^'PR,,^sR%, 

mVaR^)) = (5[5(m)] - a[g{f,)]) e^^'^^'^R.^^sR^ + ■■; 

{d,{^gK^)) = -±^k[g{,,)Y'''^PR^,,„,R% + ..., (6.4.46) 
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where the omitted are the non-local 0[(5{g{iJ,))] terms coming from the internal anomaly. In the 
UV limit, the quantities k[g{ij,)] and c[g'(/x)] — a[g{^) can be calculated exactly from the one-loop 
triangle diagrams, {RqTT)uv and {KTT)jjy |3^ ], 

kuv = -^N^ = -\NfN,, 

cuv-auv = -^[N,-^-N^=-^^[Nl-l-'^-NfN)j. (6.4.47) 
The scale independence of si and the combination Eq. ( 6.1.10 ) lead to 
%(/")] - O'ioilj)] = CUV - auv + ^l[9ifJ-)]kuv 

-^1 - ^ - 7b(M)]) {k[g{^^)] - kuv) . (6.4.48) 

The non-perturbative formula for 5a — 3c can be obtained from the triangle diagram (RqRqRq) . 
Eq. (|6.4.2| ) shows that the fermionic part of the i?o-current is contributed by the gaugino, the 
left- and right-handed quarks, all of which are Majorana spinors, and these three contributions 
have the same form ^'7^ 75^/2. The amplitude of the triangle diagram formed by three identical 
axial currents composed of Majorana spinors has a Bose symmetry. A calculation in the UV 
limit yields [|2| 



d 1 d d 

= ( ^ 

— g ^i.w(x, y, z), 

) = C^^{y,x,z). (6.4.49) 

With Eq.( |6.4.4"9| ), rewriting the combination (|6.1.1Cl| ) as i?OAt = Rfi + {l — liR)Kf^/3 and consider- 
ing the various Bose symmetric contributions of gaugino and quarks to the anomalous divergence 
of the triangle {RqRqRq) , one can write down the following anomaly equations [p^]: 

d 

T;—{RotM{x)RoAy)Rop{z)) = (5a [^(/i)] - 3c[gifi)]) C^,y{x,y, z), 

OZp 

d 

— {Rp{x)R^{y)Rp{z)) = S2Cp^{x,y,z), 

^ [{R^{x)R,{y)Kp{z)) + {K^{x)R,{y)Rp{z)) 
+{Rp{x)Ky{y)Rp{z))] = 3A;i [g{^)]Cpu{x,y, z), 
^ [{R,{x)K,{y)Kp{z)) + {K,{x)K,{y)Sp{z)) 

OZa 



-V{Kp{x)Ry{y)Kp{z))\ = 3k2 [g{fj.)]Cpu{x,y, z), 
d_ 
dz 



— {Kp{x)K,{y)Kp{z)) = ks [g{f,)]Cp,{x,y, z), (6.4.50) 



where the coefficient S2 stays constant along the trajectory of the renormalization group flow 
since the i?^-current is internal anomaly-free. The above Bose symmetric anomaly equation and 
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the combination ( |6.1.1C| ) yield 



1 2 1 3 

5a - 3c = S2 + h (7 - 7/ij) + 3 (7 - Iir) ^2 + ^ (7 - Hr) h- 



(6.4.51) 



In the UV hmit, the coefficients of the triangle anomaly involved in ( 6.4.50 ) can be exactly 
calculated in a free theory, 



luv = 
huv = 

Thus Eq. (|A5|) becomes 



9 

0, huv = Y^A^x 



9 



:iVv 



16 ^A^/' 



16 ^ ^ 



2NfN,. 



1 1 
5auv - ^cuv = S2- kiuvliR + -^linhuv - -^Imhuv- 



(6.4.52) 



(6.4.53) 



Eqs. (|6.4.51|) and ( |6.4.53|) give 



5a[g{fi)] - 3c[g(/x)] = 5auv - ^cuv + h, 

h=jiRkiuv - ^huvliR + ^ksuvliR + ki [g{fj-)] (7 - im) 

1 2 1 3 

+ 3^2 [gifJ-]] (7 - Iir) + [g{n)] (7 - 7/r) . 



(6.4.54) 



With Eqs. (|6X48|) and (|6X54|) , the non-perturbative formula for the central functions turns out 
to be 



5 5 1 

CUV + c (7 - Iir) ^ [^(/-i)] + ^imkuv + 

6 6 2 

1 11 

auv +2^'^- ^ir) ^ + -jllR^UV + -jh. 



(6.4.55) 



Evaluating c[g{^y\ and a[g{jjL)\ at the IR fixed point, we get the renormalization group flow of 
the central charges. 



CIR — CUV 



5 , 1 , 1 2 , 1 3 , 

-^imkuv + -jlmkiuv - -^liRk2UV + -^Imksuv 



N,Nf 
48 



lIR 



Nr 



N 



+ 3 



f, 



N 



f 



aiR — auv 



1 , 1 , 1 2 , 1 3 , 
T,lIRkuV + T,lIRklUV - TllRk2UV + -riliRk'iUV 

2 2 O 04: 

^]r{2 + 3^]. 



48 



(6.4.56) 



In deriving ( |6.4.56| ) we have used the values listed in (6.4.47) and (6.4.52). 

In fact, the values of the central functions at both the UV and IR fixed points can be 
calculated directly. Since the NSVZ /3-function vanishes at the IR fixed point, the combination 
(7.1.10) shows that Rq^ and i?^ coincide at the IR fixed point. Because the anomaly-free i?^ 
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has one- loop exact external anomalies and the coefficients are scale independent, the IR values 
of the external anomaly coefficients must be equal to the UV ones. This fact means 



d d 
-K—{Ro^{x)Ro„{y)Rop{z))iR = T^{R^{x)Ru{y)Rp{z))iR 



dz, 



dzp 
_d_ 

dZr 



{R^{x)R,{y)Rp{z))uv- 



(6.4.57) 



Using R^/ = Rop + (1 - 3Nc/Nf)K^ with Rq^, and K^, given in ( |6.4.2| ) and considering the 
relative contributions from the gaugino and quarks, one can find p^] 



5ajR - 3ciR 



16 



X 1 ^ 



_9_ 
16 



f, 



(6.4.58) 



Calculating d / dzp{R^{x)Ry{y)Rp{z)) in the UV limit as in free field theory, we obtain: 

9 



bauv - ^cuv 



16 



1 



2 

27 



(6.4.59) 



Applying a similar procedure to the axial gravitational triangle diagram (TTR), we find: 



ciR — ajR 
CUV — auv 



16 V 



1 + 2 



16 



— A^.^ - 1 - -NfN, 



(6.4.60) 



The values of the central functions at the fixed points are thus fixed: 

3 



CiR 



aiR 



CUV 



1 
16 

_3_ 
16 

1 r 
24 



7{N!-l)-m^Nf(^^^ +5 



3{N^ - 1) + 2NfNc 



auv 



+ 1 



48 



1 

16 

- ( 2iVc' 
16 I " 



7iV; - 2 - 9 



1 - 3 



9{N^ - 1) + 2NfN^ 



(6.4.61) 



It can be easily checked that the flow equation ( |6.4.56 ) is satisfied with the above explicit values 
for the central charges. In a similar way, the flow of central charges in the dual magnetic theory 
can be worked out: 



CiR — CUV 



aiR — auv 



1 

24 



1 



1 

12 



1 



SNA 
2Nf) 

3iV, 



2N 



f, 



(6.4.62) 



The result given in Eqs. (6.4.56) and (6.4.62) shows that the flow of the c-function can be both 
positive and negative. For example, in the electric theory, cjr — cuv is negative near the lower 
edge of the conformal window, Nfr^3Nc/2, but positive near the upper edge, Nfr^SNc, while 
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in the magnetic theory cjr — cjjv is positive in the entire conformal window. Thus there is no 
c-theorem for this c-function in supersymmetric gauge theory. However, the flow of the central 
charge function a always satisfies aj r — ajjv < for both the electric and magnetic theories in the 
whole range of the conformal window. This fact seems to suggest the existence of an "a-theorem" , 
i.e. a suitable c-function would be the coefficient of the Euler term of the trace anomaly. In 



Sect. 3.S we have already introduced the partial quantitative result obtained by Bastianelli that 



both Cm — cuv and am — auv are negative |45]. Now the explicit non-perturbative formula 



shows that the c-theorem is only applicable to the a-function. This coincides with the initial 
choice made by Cardy l40|] . 

7 Concluding remarks 

7.1 A brief history of electric-magnetic duality 

The status of QCD as a true theory describing strong interaction has been generally accepted 
for more than 20 years. Due to the property of asymptotic freedom, its predictions at small 
distances such as deep inelastic scattering processes can be calculated and coincide with the 
results of experimental tests. However, its description for the low energy dynamics of quarks 
is not clear yet. It is well known that the remarkable strong interaction phenomena at low 
energy are colour confinement and chiral symmetry breaking |121| ], but the mechanisms for both 
of them are still not fully understood. Although some phenomenological models have been 
proposed, the final truth should be determined by an exact solution of QCD. However, with the 
present methods, it is impossible to find an exact quantum action of QCD since it is a highly 
non-linear theory. Perturbative calculations become invalid at low-energy due to the strong 
coupling. Therefore, understanding the non-perturbative dynamics of strong interaction theory 
is a big problem awaiting to be solved. 

Duality has provided a possibility to tackle this problem since it relates the strong coupling 
in one theory to the weak coupling in another theory. The other feature of duality is that it 
interchanges fundamental quanta in the theory with the solitons of its dual theory. It has long 
been known that such a duality relation really occurs in two-dimensional relativistic quantum 
field theories. Based on Skyrme's conjecture, Coleman and Mandelstam found that the bosonic 



sine-Gordon model is completely equivalent to the massive Thirring model |122, 122]- The strong 
and weak coupling in these two theories are exchanged and the solitons of the sine-Gordon theory 
corresponds to the fundamental fermions of the massive Thirring model. 

The search for duality in four-dimensional gauge theory has a long history. It was noticed 
early one, that classical electrodynamics, formulated in terms of field strengths, possesses an 
electric-magnetic duality symmetry, if magnetic charges and currents are introduced as sources. 
The quantum theory of magnetic charges was found by Dirac |124]. He found the famous 



quantization condition ensuring the consistency of the quantum mechanics of a magnetically 
charged particle moving in an electromagnetic field. This quantization condition implies that 
the electric-magnetic duality, if it exists, exchanges strong and weak couplings. 

However a consistent quantum field theory with magnetic monopoles was not found until 
after more than 40 years. In 1974, 't Hooft (6^ and Polyakov [^] independently found finite 
energy classical solutions in the Georgi-Glashow model and that they can be interpreted as 
monopoles. At large distance, this classical solution behaves as a Dirac monopole. Furthermore, 
another kind of soliton solutions carrying both electric charge and magnetic charge (dyon) was 
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found by Julia and Zee |6S]. In the Prasad-Sommerfield limit, the explicit analytic solutions for 
the magnetic monopole and the dyon were worked out. In this limit the classical masses of the 
magnetic monopole and dyon saturate the Bogomol'nyi bound and hence such monopole and 
dyon solutions are called BPS solutions |74]. A comparison of the classical masses and charges of 
the BPS monopoles with those of the fundamental quantum particles such as the massive gauge 
bosons and Higgs particles produced by spontaneously symmetry breaking in the Georgi-Glashow 
model [74 1 shows that the whole particle spectrum including the BPS magnetic monopoles is 
invariant under electric-magnetic duality provided that the BPS monopoles are interchanged 
with the massive gauge vector bosons [0]. This observation motivated the Montonen-Olive 
duality conjecture that there should exist a dual description of the Georgi-Glashow model where 
the elementary gauge particles should be BPS magnetic monopoles and they should form a 
gauge triplet together with the photon, while the massive magnetic bosons should behave as 
"electric monopoles". This conjecture was further reinforced by the fact that two very different 
calculations for the long-range force between the massive gauge bosons (done by computing the 
lowest order Feynman diagrams contributed by photon and Higgs particle exchange Q), and 
that between the BPS magnetic monopoles ( a calculation due to Manton |125f| ) yielded identical 
results. Later Witten considered the strong CP violation effects (i.e. including a 0-term) in the 
Georgi-Glashow model and found that the 0-term shifts the allowed values of the electric charge 
in the monopole sector |126|. As a consequence, Montonen-Olive duality was extended from 
Z2 to SL{2, Z) duality since the ^-parameter and the coupling constant of the theory can be 
combined into one complex parameter. 

However, the Montonen-Olive conjecture suffers from several serious drawbacks. First, owing 
to the Coleman- Weinberg mechanism |127], a non-zero scalar potential will be generated by 
quantum corrections even if the classical potential vanishes, consequently, the classical mass 
formula will be modified. Thus there is no reason to believe that the electric-magnetic duality 
of the whole particle spectrum is not broken by radiative corrections through a renormalization 
of the Bogomol'nyi bound. Secondly, it is well known that the massive gauge bosons have 
spin one, while the magnetic monopoles are spherical symmetric solutions and should have spin 
zero. Thus although the mass spectrum is invariant under duality, the quantum states and 
quantum numbers in two dual theories do not match. In addition, there is the difficulty to test 
this conjecture since the duality relates weak to strong coupling and we know very little about 
solutions of four dimensional strongly coupled theory. Fortunately supersymmetry provides a 
way to circumvent these problems. 

The main physical motivation to introduce supersymmetry is to solve the gauge hierarchy 
problem |128| ], To some extent, it prevents the generation of quantum corrections to the mass 
terms and provides a naturalness to mass relations in quantum field theory. In (extended) su- 
persymmetric gauge theories with central charges, the supersymmetry has another effect: the 
Bogomol'nyi bound is a property of some representations of the supersymmetry algebra. Due 
to the work of Witten and Olive |12£], the physical meaning of the central charges was made 
clear: they are precisely the electric and magnetic charges. Thus supersymmetry protects the 
Bogomol'nyi bound against quantum corrections, guaranteeing that the bound is true both at 
the classical and the quantum levels. The main reason for this is that the BPS mass formula is a 
necessary condition for the existence of the short representations of the supersymmetry algebra. 
A typical example with a non-vanishing central charge is = 2 supersymmetric Yang-Mills 
theory, which is obtained by the dimensional reduction of A = 1 supersymmetric Yang-Mills 
theory in six dimensions and whose bosonic part is just the Georgi-Glashow model |130|]. So 
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the supersymmetric generalization of the BPS magnetic monopole and dyon solutions can be 
naturally obtained. Observing the massive supermultiplets arising out of higgsing this model, 
one can see that they are only four-fold degenerate and not sixteen-fold degenerate as usually 
expected from the representation of supersymmetry algebra realized on massive particle states. 
This fact indicates that the central charge of = 2 supersymmetry saturates the bound. Nev- 
ertheless, this also shows that the states in the short massive supermultiplet have spin 1/2 and 
0, but not spin 1, or 1/2 and 1, but not 0. Thus N = 2 supersymmetric Yang-Mills theory is not 
an appropriate theory admitting Montonen-Olive duality. This obstacle is surmounted in = 4 
supersymmetric Yang-Mills theory, which can be obtained through a dimensional reduction of 
ten-dimensional = 1 supersymmetric Yang-Mills theory This model also admits the Higgs 
mechanism and has BPS monopole solutions. The massive vector multiplets naturally saturate 
the Bogomol'nyi bound. However, in this model, thanks to the larger supersymmetry, the short 
supermultiplet containing the BPS states and the one containing the massive vector bosons are 
isomorphic, both of them have spin s = 0, 1/2 and 1 states. Further, the = 4 theory pos- 
sesses another remarkable feature: the /3-function vanishes identically |105]. This means that 
the gauge coupling is a genuine constant and does not run. This property not only makes the 
relation between the couplings of the electric and magnetic theories generally valid, but also 
present a first non-trivial superconformal field theory in four dimensions, since the trace of the 
energy momentum tensor is measure of conformal symmetry and it is proportional to the P 
function [p^] . 

This is far from the end of the duality story. After more than a decade, Seiberg and Witten, 
in two papers [Q, ^ which already have become classical, based on the general form of the 
low-energy Wilson effective action of A^ = 2 supersymmetric Yang-Mills theory Q, made the 
conjecture that there exists an effective electric-magnetic duality in A^ = 2 supersymmetric Yang- 
Mills theory. Further using this conjecture they determined the explicit instanton coefficients 
appearing in the low-energy effective action and the whole structure of quantum vacua. The 
results of Seiberg and Witten were supported by explicit instanton calculations and hence this 
duality conjecture is convincing. As a consequence, Seiberg- Witten's work set off a new upsurge 
in the search for dualities in quantum field theory 131 |. 

In addition, in an exciting development Seiberg found that if the numbers of colours and 
flavours satisfy 3Nc/2 < Nf < 3Nc, the A^ = 1 supersymmetric SU{Nc) QCD has a definite 
infrared fixed point, where the theory becomes an interacting superconformal field theory. A 
duality also then arises in the IR fixed point. Moreover, a series of non-perturbative results 
including those in SO{Nc) and Sp{2nc) gauge theories have been obtained |11, 14, |l^, p^ . 
A^ = 1 supersymmetric theories have the possibility for practical physical applications after 
breaking the supersymmetry. Therefore, a confirmation of N = 1 duality would be remarkably 
significant. 



7.2 Possible application of non-perturbative results and duality of = 1 
supersymmetric QCD to non-supersymmetric case 

To conclude this report, we mention some possible physical applications of Seiberg's A^ = 1 
duality. A natural expectation is that we can get some understanding on the non-perturbative 
aspects of ordinary QCD from the exact results of supersymmetric QCD deformed by breaking 
the supersymmetry. It was first investigated in Ref. |132| ] how to extend Seiberg's exact results 
on supersymmetric QCD to nonsupersymmetric models by considering the effects of soft super- 
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symmetry breaking terms. In the electric theory a soft breaking term is composed of the mass 
terms of squark fields and the gaugino: 



This term can be rewritten in a superfield form: 

>CsB = j (feMqiQ^e^^Q + Qe-^^ Q^) - j d^eMgTiiWWa 



(7.1) 



(7.2) 



where Mq is a vector superfield whose D-component equals —'m'q and Mg (M*) is a chiral 
(anti-chiral) superfield whose F-component equals nig {m*). At the low energy, there are many 
possible gauge invariant soft supersymmetry breaking terms that can be built from the meson 
M and baryons, B and B. For the case Nf<Nc + 1, the soft term (precisely speaking, the first 
order expansion of soft supersymmetry breaking terms near the origin of moduli space) was 



proposed to be | 132 |, 



SB 



CmMqTt{M^ M) + CbMq{B^ B + B^ B) + CmM{M,B,B) + \i.c. 



(7.3) 



where Cm, Cb and Cm are normalization constant coefficients, M{M,B,B) is a function of 
the composite chiral superfield and is invariant under the global symmetry SUi^Nf) xSUn^Nf) 
xUb{1) xUr{1). The expectation value (Tr (W^Wa)) in ( [7. 3D should be understood as a combi- 
nation of the various chiral superfields appearing in the low energy effective Lagrangian which has 
the same quantum numbers as Tr (VF"Wq). The rationale in introducing this soft breaking term 
lies in that {S) = — (Tr {W^Wa)) exists in the low-energy effective Lagrangian of supersymmetric 
As pointed out in Ref. [132|, the soft breaking terms in ( [7. 3]) are not the most 



gauge theory 

general terms that can be written down. There are term of higher order in the fields, suppressed 
by powers of A, of the form Tr(MtM)2("+i)/A2", Tr(5t5)2("+i)/A2" and Tr(5t^)2("+i)/A2". 
However, ( [7.3]) may be true near the origin of the moduli space (M) = (B) = {B) = 0, thus 
the vacuum under consideration with the above soft breaking terms is the one near the origin 



of the moduli space. For the range Nf>Nc + 2, as seen in Sect. 4.1, the theory has a dual 
description and the composite superfield is effectively replaced by the dual magnetic quarks. 
Correspondingly, near the origin of the moduli space, (M) = (q) = (q) = 0, the soft breaking 
term is 



£SB = CMmljTv{4>lj(t)M) + Cqmg{(j)l(l)q + (j)U>~ 



(7.4) 



where Cm and Cq are normalization coefficients. With these soft breaking terms at the funda- 
mental and composite field levels, it is found that in the case of Nj < Nc, the standard vacuum 
of ordinary QCD with both confinement and chiral symmetry breaking can be obtained. How- 
ever, when Nf>Nc, some strange phenomena arise: there appear new vacua with spontaneously 
broken baryon number for Nf = Nc and a vacuum state with unbroken chiral symmetry for 
Nf > Nc, These exotic vacua contain massless composite fermions and especially, in some cases 
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dynamically generated gauge bosons. This indicates that it is not straightforward to obtain a 
complete understanding of non-perturbative QCD starting from supersymmetric QCD. However 
one encouraging result is that Seiberg's electric-magnetic duality seems to persist in the presence 
of small soft supersymmetry breaking. 

In fact, due to the existence of the superpotential W = qiM^^q^ in the dual magnetic theory, 
the Lagrangian (|7.4|) does not exhaust all the possible soft breaking terms. Another trilinear 



interaction term (called A-term) is allowed by soft supersymmetry breaking | 133 | 

Z'sB = h(j)qi(j)ljj(j)l, (7.5) 
where the trilinear coupling h is introduced as a free parameter. Note that this A-term, like 



the gaugino mass term, breaks the i?-symmetry. The effects of (7.5) on the phases of the 
range Nf>Nc + 1, the vacuum structure and the fate of duality in the soft breaking = 1 
supersymmetric QCD was investigated in Refs. [134, 135]. With the inclusion of (|7.5|), the whole 



scalar potential containing the soft breaking term is: 



V{<t>q, 4>q, <t>M) = ^Tr (^(t>q(t>l(t>~4'q) + T^Tr [(j)q(j)M4>\l4>\ + 



2 



+ iL- (^Tr0Tr>, - Tr</>~r>y +m^Tr(0T^,)+m^Tr(<Ai<Aj) 



+ 



mljTvicpljcPM) - (hTT4)q,4>ii^ct>i + h.c.) , (7.6) 



where is the generator of the magnetic gauge group SU (Nf — Nc) and g is the gauge cou- 
pling constant. The third term is the i^-term of the magnetic gauge theory, kg, are the 
normalization parameters for q and M so that their kinetic terms (Kahler potentials) take 



the canonical form |132, 133 1 



K{q, q, M) = fegTr {q^e^q + qe'^q^^ + ku (m^ ■ (7.7) 

The phase structure can be revealed by analyzing the minimum of the above scalar potential. 
With the assumption that h is real, the minimum of the potential can be obtained along the 
diagonal direction 

,r^f^W'5''. i,r = l,...,A^-A, A,L=\^q{^^"^ hr = I, ■ ■ ■ , N f - 

[0 i = Nf-N^ + l,---,Nf ' 1 i = Nf-Nc + l,---,Nf ' 



i>Mj 



i,j = Nf-Nc + l,---,Nf ■ 



(7.8) 



It is found that the trilinear term plays an important role in the realization of the broken phase 
and leads to a rich vacuum structure [134| , |135[ . 

• In the direction (/>g(j) = q and (t>^(^i) = (or = and (t^(^i-) = O) ■, tbe vacuum expectation 
value {4>M{i)) = 0- If < i^^ < 0)) the scalar potential will be unbounded from 
below |134[| and the theory becomes unphysical. If > (or m~ > 0), the scalar potential 
has the minimum V = at q = and thus the theory is in the gauge and chiral symmetric 
phase. 
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In the flat direction of the L'-term, (j)q(^i) = 'P^i^i) = ^i- A broken phase arises when the 
solution of the expectation value equation 



G 



-{4'M{i)) - h f{{4>M{i))) 



-m 



M 



(</'Af(i)) 



(7.9) 



satisfies the following inequalities 



f{{4'M{i))) = Tr{4>M{i)f - '^H(t>M(i)) +ml+ m~<0. 



(7.10) 



Otherwise, the theory will be in a (gauge and chiral) symmetric phase. ( |7.9D requires that 
the soft breaking parameters should satisfy 



2 / 9 

h > — m„ + m- 



(7.11) 



having then a non-trivial solution: 



h- ^h^- 2{ml + ml)/kg ^ ^ h+ ^h^- 2{ml+ml)/kq 



2/kq 



2/fcq 



(7.12) 



The sufficient condition for the existence of a broken phase is that the local maximum 



point of G 
of of G 



should be within the region ( [7.12 ) and further at that point the value 



A/(i)/ 



should not be negative. This requires 

3 

m~ \ 
-± 1 

S/cm 3 kq 



1 



m 



M 



h >0. 



(7.13) 



Depending on the ratio p=2m\j / (m'^ + m~)kq/kM-, the phase structure in these D-ffat 



directions can present various patterns [134]. For example, in the phase diagram labelled 
by {h?, (m^ -|- m~)/2), when /) = 1, the theory has only a chiral symmetry breaking phase 

and an unbroken phase if all m^, m~ and are positive, whereas when p = 20, e.g., the 
theory presents two unbroken phases and two kinds of broken chiral symmetry phases. In 
addition, in this direction, if all m^, m~ and m\j are negative, the scalar potential is still 
unbounded from below and hence the theory becomes unphysical. 

We still use the 't Hooft anomaly matching to check the survival of duality in the presence of 
the trilinear term. Since the trilinear term violates the i2-symmetry explicitly, it can be checked 
that in the unbroken phase the 't Hooft anomalies S'C/i{_R)(-^/)^ ™d S'C//,{_R)(-^/)^t^B(l) still 
match as in the supersymmetric limit. This seems to imply the existence of Seiberg's duality 
in this phase after soft supersymmetry breaking with the inclusion of the trilinear term. In the 
broken phase, the situation will become complicated since a large symmetry breaking takes place. 
However, there is a simple case where conclusions can be drawn. It should be first emphasized 
that when adding the soft supersymmetry breaking terms we break the global fiavour symmetry 
SUL{Nf-N,) X SUR{Nf-N,) into SUL{Nf-N,-l) x Ul{1) x SUR{Nf-N,) x Ur{1) breaking 
terms |133| . Assume that in the dual magnetic theory the first flavour has soft scalar masses ruqi 
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and rn-^, different from the other Nj — 1 ffavours, and m~and that only mqi and satisfy 
the conditions ( 7.12 ) and ( [7.13 ) for the broken phase. In this case only the vacuum expectation 



values = {4^q{i)) = ^-iid (0Af(i)) do not vanish. Consequently, the following gauge 

symmetry breaking occurs, 

SU{Nf - Nc) — >SU{Nf -Nc- 1). (7.14) 

Furthermore, the other A'^^ — 1 flavours of the dual magnetic quarks and {Nf — 1)^ singlet 
fermion components ipM remain massless. Thus the resulting theory has the global symmetry 
SUL{Nf — l)xSUii{N f — 1)xUbi{^)i under which massless dual quarks, ijjq, and the singlet 
fermion ^jm transform as (N f,Q,Nc/{Nf-Nc-l)), {0, Nj, -Nc/{Nf - Nc-l)) and (iV/,]V/,0), 
respectively. 

Now let us consider the corresponding electric theory. The soft breaking Lagrangian consist- 
ing only of the mass terms of squarks and gaugino is If at the supersymmetry breaking 
scale, the flavour symmetry is broken in the same way as in the magnetic theory, i.e. the re- 
maining global flavour symmetry is SUiiNf — l)xSUR{Nf — 1), then nothing can prevent the 
appearance of the superpotential Wi = MiQ^-Qi. Consequently, a soft breaking term corre- 
sponding to this superpotential can be added to (|7.lD . Especially, a i?-term, —M^Q^-Qi can 
also arise as a soft breaking term. Thus the (mass)^ matrix of the first flavour of squarks, (j)Qi 
and can be written as follows, 

^1 



M!i= ^_,.2 . . (7.15) 



If det(Mf^) > 0, the potential minimum corresponds to {(I)q\) = {4>q^) = and the gauge 
symmetry SU{Nc) remains unbroken. In this case it can be checked that the 't Hooft anoma- 
lies SUL(^f>-j{Nf — 1)^ and 5f7i(^)(A^/ — 1)'^Ub{1) match with those in the magnetic theory, 
SUL(^fi){Nf - 1)3 and SU^n^iNf - 1)2[/b/(1). This seems to suggest that the iV = 1 duality 
remains after supersymmetry breaking with a trilinear term even in the broken phase. 

In the case that det(Mf^) < and m^i + m~ + 2Mf > 2|M^|, the squarks 0qi and (p-^ 

will acquire the vacuum expectation values and the gauge symmetry is broken to SU{Nc — 1). 
This case seems to correspond to the dual magnetic theory with the scalar potential unbounded 
from below and hence the duality disappears [134|. 



It was further shown that the trilinear soft breaking term plays an important role in de- 
termining the vacuum structure in the cases Nf<Nc + 1 Jl35| |. In particular, for the range 
Nf = Nc + 1, the trilinear term is just the flavour interaction among the scalar components of 
the baryon and mesons. 

The chiral symmetry can be broken if \h'\ is sufficiently large. This is completely different from 



the case that the soft breaking Lagrangian is only composed of mass terms of superpartners 1 132 , 
|133|| , where the chiral symmetry is always preserved for Nj = Nc + 1. 

Overall, the duality should have physical applications in exploring non-perturbative dynam- 
ics, but ahead of us there is still a long way to go. 
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